
Matthias Ludewig

String differential topology
and the spinor bundle on loop space

Habilitationsschrift

vorgelegt bei der

Fakultät für Mathematik
der Universität Regensburg



2



Erklärung

Ich habe die vorliegende Arbeit selbstständig verfasst und keine anderen als die ange-
gebenen Quellen verwendet. Die Teile der Arbeit, die in Zusammenarbeit mit anderen
angefertigt wurden, sind entsprechend kenntlich gemacht.

Regensburg, den 27. Juni 2024

Matthias Ludewig

3



4



Inhaltsverzeichnis

Introduction 7

I The Clifford algebra bundle on loop space 17

II The spinor bundle on loop space 51

IIIA representation of the string 2-group 145

IV The stringor bundle 171

5



6 INHALTSVERZEICHNIS



Introduction

The subject of loop space spin geometry was started over 35 years ago with the seminal
paper [21] of Witten, where he calculated the S1-equivariant index of the Dirac operator on
loop space, arriving at a manifold invariant now called the Witten genus. Closely related to
this is a famous conjecture of Stolz [16], which says that if a closed 4k-dimensional string
manifold admits a metric of positive Ricci curvature, then its Witten genus vanishes.
If true, this would be the only known obstruction against positive Ricci curvature on
simply-connected closed manifolds of dimension greater than 4.

While a lot of progress has been made since then in understanding the Witten genus
from the point of view of algebraic topology [2], little progress has been made on the
geometric side; in particular the Stolz conjecture remains wide open.1

On a basic level, even the definition of a spinor bundle on loop space (let alone the
corresponding Dirac operator) remained unclear, even though the notion of a loop space
spin structure was introduced by Killingback [5] around the time of Witten’s work. Some
suggestions how to proceed were made by Stolz and Teichner [15], which, through the
work of Waldorf [17, 18], led to a good understanding of the interplay of Killingback’s
loop space spin structures and the string condition.

This thesis contains my work on the construction of the spinor bundle on loop space.
It consists of four different papers, the first two single-authored, the last two joint with
Kristel and Waldorf. Explicitly, in Papers I&II, I construct the Clifford algebra bundle,
respectively the spinor bundle on the loop space of a Riemannian manifold, together with
its so-called fusion product. These structures yield a higher-differential geometric object
on the manifold itself, the stringor bundle, obtained by descending the loop space spi-
nor bundle with its fusion product to the manifold itself. Papers III&IV then describe
this structure using a different, representation theoretic approach. The work is differen-
tial topological and not yet differential geometric, as no connections (nor curvature) are
considered on the emergent structures.

In the remained of this introduction, we give an overview over the contents of these
papers.

1Although, while not directly related to the topic of this work, the Stolz-Teichner program on functorial
quantum field theory should be mentioned, which conjecturally provides a geometric way to interpret the
Witten genus and the cohomology theory of topological modular forms that the Witten genus, in its
refined form, takes values in).

7



8 INHALTSVERZEICHNIS

Finite-dimensional spinc manifolds. Being related to a central extension by U(1),
the construction of the spinor bundle on loop space is rather analogous to that of the
spinor bundle of a finite-dimensional spinc-manifold. We therefore first recall the relevant
constructions in this finite-dimensional case.

In spin geometry, there are (at least) two possible approaches to constructing a spinor
bundle: One using the representation of a group (the spin group) and one using the
representation of an algebra (the Clifford algebra). In finite dimensions, this looks as
follows:

(A) Recall that for d ∈ N, the Lie group Spinc(d) is a central extension of compact Lie
groups

U(1) Spinc(d) SO(d).

It is characterized homotopy theoretically by the property that the frame bundle
SO(X) of an oriented Riemannian manifold X admits a lift of its structure group
to Spinc if and only if its third integral Stiefel-Whitney class W3(X) vanishes. A
spinc structure on X is then the choice of such a lift. That is, a principal Spinc(d)-
bundle Spinc(X) together with a map Spinc(X) → SO(X) that intertwines the
group actions along the homomorphism 󰂄.
Given the choice of a spinc-structure, one may construct the corresponding spinor
bundle S using the associated bundle construction,

S = Spinc(X)×Spinc(d) Sd,

where Sd is the spinor representation of Spinc(d).

(B) Another approach uses the algebra bundle Cl(X) obtained from applying the Clifford
algebra construction to each tangent space of the Riemannian manifold X. A spinor
bundle on X is then simply a bundle S of graded, irreducible left Cl(X)-modules.
If d is even, the fibers Cl(X)x are Morita equivalent to C, while if d is odd, they
are Morita equivalent to Cl1, the Clifford algebra on on one odd generator. A spinor
bundle S then automatically has the structure of a pointwise invertible2, graded
Cl(X)-C-bimodule bundle, respectively that of a graded Cl(X)-Cl1-bimodule bundle
if d is odd.

By [4], general super algebra bundles A over X with fiber a fixed, finite-dimensional,
central simple super algebra A0 are classified up to isomorphism by two characteristic
classes: an orientation class or(A) ∈ H1(X,Z2) and the Dixmier-Douadi class DD(A) ∈
H3(X,Z). These classes vanish if and only if A admits a graded A-A0-bimodule bundle
M that is invertible at each point. In the special case that A = Cl(X), we have [4,
Lemma 7]

or
󰀃
Cl(X)

󰀄
= w1(X), DD

󰀃
Cl(X)

󰀄
= W3(X),

2A (graded) A-B-bimodule M is invertible if there exists a (graded) B-A-bimodule N with the property
that there exist bimodule isomorphisms M ⊗B N ∼= A and N ⊗A M ∼= B. Equivalently, M is a Morita
equivalence (of super algebras).
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the first respectively third integral Stiefel-Whitney class of X. In other words, we again
recover the condition that X must be orientable and have vanishing W3(X) in order to
admit a spinc-structure.

Of course, any spinor bundle obtained, as in Approach (A), via the associated bundle
construction has a canonical Cl(X)-module structure and hence yields a spinor bundle in
the sense of Approach (B) and it is not hard to see that any spinor bundle in the sense
of Approach (B) gives rise to a lift of structure groups as in Approach (A) (in fact, all
this comes from an equivalence between suitable categories). As we explain below, both
approaches have analogs when replacing X by its loop space. Also the stringor bundle
can be understood in two different ways, roughly corresponding to the Approaches (A)
and (B) above.

The Clifford algebra bundle on loop space. A prerequisite for carrying over the
Approach (B) to the loop space LX = C∞(S1, X) of a Riemannian manifold X is the
construction of a suitable Clifford algebra bundle Cl(LX). This is carried out in Paper I
and we briefly outline the relevant points. The tangent space TγLX at a loop γ ∈ LX
may be identified with the space of smooth sections of the pullback bundle γ∗TX → S1,
which is a pre-Hilbert space with the usual L2 inner product induced by the pullback
Riemannian metric on γ∗TX. We may therefore apply the Clifford algebra construction
to each tangent space, obtaining a bundle of (now infinite-dimensional) super algebras.
These Clifford algebras are, in fact, graded ∗-algebras and, moreover, turn out to have a
canonical completion to a C∗-algebra bundle Cl(LX).

At this point, it may be tempting to define a loop space spinor bundle as a bundle
S of graded, irreducible left modules for Cl(LX), analogous to the finite-dimensional
Approach (B) above. However, it turns out that the C∗-algebra bundle Cl(LX) is always
trivial (see Thm. 4.1 in Paper I), so the existence of such a spinor bundle would not be
coupled to any topological information.

The main new insight of Paper I below is that one needs to further complete Cl(LX)
to a bundle of (super) von Neumann algebras. Recall that one way to obtain a von
Neumann completion of a C∗-algebra is to choose a ∗-representation on a Hilbert space
and to take the double commutant of its image. The important observation in the present
situation is that, while the fibers of Cl(LX) do not possess canonical representations, the
geometric context provides a canonical equivalence class of ∗-representations, which all
lead to canonically isomorphic von Neumann completions. This yields to a bundle ALX

of von Neumann algebras over LX, whose fibers are super factors of type I in the Murray-
von Neumann classification. Moreover, if X is oriented and d = dim(X) is even, then its
fibers are Morita equivalent to C (in a suitable sense), while if d is odd, they are Morita
equivalent to Cl1.3

Curiously, von Neumann algebra bundles A over X with typical fiber a properly
infinite type I super factor have not previously been considered in the literature (to my

3While this is not discussed in detail in Paper I, one may show more generally that the fiber of ALX

at γ ∈ LX is Morita equivalent to C if w1(γ
∗TX) ≡ d mod 2 and Morita equivalent to Cl1 otherwise;

see the discussion at the beginning of §1.3 of Paper II.



10 INHALTSVERZEICHNIS

knowledge). We show in Paper I that such bundles are classified, up to isomorphism, by
an orientation class or(A) ∈ H1(X,Z2) and a Dixmier-Douady class DD(A) ∈ H3(X,Z),
extending the Donovan-Karoubi classification of finite-dimensional super algebra bundles
[4]. The main result of Paper I is then the calculation of these classes for the Clifford
von Neumann algebra bundle on loop space in terms of the transgression of characteristic
classes on X itself. Explicitly, one has

or(ALX) = τ
󰀃
w2(X)

󰀄
, 2 ·DD(ALX) = τ

󰀃
p1(X)

󰀄
.

Moreover, if X is spin, then DD(ALX) equals the transgression of the fractional Pontrjagin
class 1

2
p1(X).

The spinor bundle on loop space. In view of the above, a spinor bundle on LX
may now be defined, as in the finite-dimensional Approach (B), as a bundle S of irre-
ducible graded left modules for the Clifford von Neumann algebra bundle ALX . This is
Definition 1.17 of Paper II.

Even though the generalization of Approach (A) is less straight forward, it is much
more classical. In the work of Killingback [5], a loop space spin structure is defined as
follows: The loop space of an oriented Riemannian manifold X of dimension d naturally has
structure group the loop group LSO(d), in the sense that the looped frame bundle LSO(X)
is a principal LSO(d)-bundle with the property that we have a canonical isomorphism

TLX ∼= LSO(X)×LSO(d) LRd.

If X is spin, the structure group moreover admits a lift to LSpin(d), and Killingback
defines a loop space spin structure as a further lift of structure groups to the basic central
U(1)-extension 󰁩LSpin(d). LSpin(d) has a canonical projective Fock space representation
S0, which unprojectivizes to an honest representation of its basic central extension. Given
a loop space spin structure 󰁩LSpin(LX) in the sense of Killingback, a loop space spinor
bundle may therefore by defined as in Approach (A) above as an associated bundle,

S = 󰁩LSpin(LX)×󰁩LSpin(d) S0. (󰂏)

As in the finite-dimensional case, such a spinor bundle has a canonical action of the loop
space Clifford algebra ALX , yielding an equivalence of both approaches.

The fact that some central extension of LSpin(d) acts on Fock space is already dis-
cussed in Pressley–Segal [14, Chapter 12] and was used in [13] to construct a loop space
spinor bundle using the associated bundle construction from a loop space spin structure in
the sense of Killingback. However, the first proof that the extension acting on Fock space
is actually the basic central extension of LSpin(d) was – to my knowledge – much later gi-
ven by Kristel and Waldorf [11, §3.6]. Another construction of a loop space spinor bundle
was given by Ambler in his thesis [1], given the trivialization of the so-called Lagrangian
gerbe on LX. However, he was unable to relate his construction to loop spin structures
in the sense of Killingback, a connection that was only established in my Paper II. Mo-
reover, the observation that a loop space spinor bundle obtained by an associated bundle
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construction as in (󰂏) yields an irreducible graded left module bundle for a Clifford von
Neumann algebra bundle on LX is entirely new.

The fusion product. Recall that a spin manifold X is called string4 if the fractional
Pontrjagin class 1

2
p1(X) vanishes, which is, due to the possible presence of torsion, a

stronger condition than just the vanishing of p1(X) itself. It follows from the results of
McLaughlin [13] or from the results of Paper I that any string manifold admits a loop
space spinor bundle S. However, this discussion also shows that a loop space spinor bundle
exists already under the weaker condition that only the transgression of 1

2
p1(X) vanishes.

In other words, the converse conclusion, namely that the existence of a spinor bundle on
LX implies that X admits a string structure, is false in general.

A suggestion how to remedy this situation was given by Stolz and Teichner [15].
They define a certain structure on a loop space spinor bundle, the fusion product, and
claim that such a product exists if and only if X admits a string structure. They were,
however, unable to prove this assertion at the time, which is why their draft [15] remained
unpublished.

A partial proof of this assertion was recently given by Kristel in his thesis [6] and
subsequent papers of Kristel and Waldorf [11, 10, 9]. Their work is based on previous
work of Waldorf, who showed that a string structure on a spin manifold X is equivalent
to a so-called fusive loop spin structure [18]. Given such a fusive loop spin structure, Kristel
and Waldorf construct a spinor bundle on loop space, together with a fusion product in the
sense of Stolz and Teichner. However, their work does not answer whether the existence of
a fusion product on some loop space spinor bundle S necessarily implies that the manifold
X admits a string structure.

A full answer to this question is given in Paper II below, which shows that a spinor
bundle with fusion product exists on a spin manifold X if and only if X admits a string
structure. Moreover, we show that given a loop space spinor bundle S on LX, the ob-
struction to the existence of a fusion product is geometrically represented by a certain
bundle 2-gerbe Fus(S), which we call the fusion 2-gerbe. We then show that the charac-
teristic degree 4-class classifying Fus(S) is precisely the first fractional Pontrjagin class
1
2
p1(X) obstructing the existence of a string structure. In other words Fus(S) is trivial if

and only if X admits a string structure.5

The stringor bundle. As already observed by Stolz and Teichner in their draft [15],
the existence of a fusion product on a spinor bundle S on LX makes it behave “local
in X” in the sense that it constitutes a “higher differential geometric” object on the
manifold X itself. In recent joint work with Kristel and Waldorf [7], we developed a
suitable framework to make this statement precise. The main insight is that a loop space

4As in the case of spin manifolds, one might insist to call a manifold X with 1
2p1(X) = 0 stringable

and reserve the term string for a manifold with a chosen string structure.
5We remark that the answer to the existence question of a fusion product on S is slightly subtle:

Triviality of Fus(S) is equivalent to the existence of a fusion product on the tensor product S ⊗ L, for
some complex line bundle L.
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spinor bundle with fusion product gives rise to a 2-vector bundle on X. Consisely, a 2-
vector bundle is an object of the 2-stackification of the presheaf of bicategories on the site
of manifolds that assigns to a manifold X the bicategory of algebra bundles, bimodule
bundles and intertwiner families over X. In other words, a 2-vector bundle looks locally
like an algebra, but in an open cover description, one does not have automorphism-valued
transition functions, but instead glues along bundles of invertible bimodules.

Summarizing, the results of Kristel–Waldorf [11, 10, 9] and Paper II say that a choice
of (differential topological) string structure on X gives rise to a loop space spinor bundle
with fusion product and hence to a 2-vector bundle S on X. We call this 2-vector bundle
the (Stolz–Teichner) stringor bundle corresponding to the given string structure.

Associated 2-vector bundles. The construction of a stringor bundle from a given
string structure outlined above may seem rather ad hoc. A more conceptual approach
might be the following. A string structure on a spin manifold X may be defined as a lift
of the structure group Spin(d) to the string group String(d) (see Appendix B of Paper IV
for a comparison to other notions of string structures). Given such a lift, one might try to
define a stringor bundle as an associated bundle for a suitable “stringor” representation
of String(d). However, no such representations of the topological string group are known.

In the Papers III & IV below, we show that the situation may be remedied using
techniques from higher differential geometry. Namely, it turns out to be most fruitful to
realize String(d) as a (strict) 2-group, which we denote by String(d) [3, 12]. In Paper III,
we construct a unitary representation of String(d), which we call the stringor represen-
tation. Here by a representation, we mean a (strict) homomorphism of (strict) 2-groups
into the unitary automorphism 2-group of a 2-Hilbert space. In our work, the preferred
model the bicategory of 2-Hilbert spaces is that of von Neumann algebras, bimodules and
intertwiners, which connects well to the above-mentioned notion of 2-vector bundles (see
the introduction of Paper III for more motivation of this choice). In the case of the stringor
representation, the representation 2-Hilbert space is a suitable von Neumann completion
of an infinite-dimensional Clifford algebra to a hyperfinite type III1 factor.

A string structure in this higher differential geometric context is a principal String(d)-
2-bundle String(X) over X lifting the the structure group of Spin(X) to String(d). The
main new input of Paper IV is then the associated 2-vector bundle construction, which,
quite generally, associates to a principal G-2-bundle for a strict Lie 2-group G and a
unitary representation 󰂄 : G → U(A) of G on a 2-Hilbert space (i.e., von Neumann
algebra) A an associated 2-vector bundle P ×G A. In particular, given a string structure
String(X), we may form the associated 2-vector bundle

S = String(X)×󰂄 A, (󰂏󰂏)

where 󰂄 is the stringor representation. This gives another higher differential geometric
object deserving the name “stringor bundle”. The main theorem of Paper IV is then that
this associated 2-vector bundle S is canonically isomorphic to the Stolz–Teichner stringor
bundle obtained from the construction above. This can be viewed as a stringor bundle
version of the equivalence of Approaches (A) & (B) for the construction of a spinor bundle.
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Main techniques. We now give a brief overview of novel techniques used in the papers
below, which we glossed over so far in order to streamline the presentation.

The main new tool that is used substantially in all four papers is the theory of (con-
tinuous) von Neumann algebra and bimodule bundles, which is developed in Appendix B
of Paper II (with some parts of it contained in §2.3 of Paper I). A crucial tool here is the
new notion of an implementing bimodule (see Definition B.13 of Paper II), which makes
the relative tensor product of bimodule bundles well defined. This notion was introduced
in the finite-dimensional context in a joint paper with Kristel and Waldorf [8].

In particular, the stringor bundle in both versions discussed above is a 2-vector bundle
with “typical fiber” a 2-Hilbert space/von Neumann algebra, a notion which depends
crucially on the framework just explained. We remark that this is in contrast to work of
Kristel and Waldorf [10, 9], where the different, more complicated notion of rigged von
Neumann algebra bundles is used. The problem here is that this notion does not seem to
lead to a good theory of 2-vector bundles and hence does not yield a suitable framework
for the construction of a stringor bundle.

The constructions of von Neumann algebra completions of Clifford algebras depend
on the well-known theory of Fock representations, which partially goes back to the 1960’s
(in particular the Shale–Stinespring equivalence criterion for Fock states). Surprisingly
however, while the completion of the Clifford algebra of an infinite-dimensional separable
Hilbert space to a hyperfinite type II1 factor is often studied in the literature, its comple-
tions to factors of type I∞ and type III1 (which are the ones relevant for this paper) have
received comparatively little attention. Moreover, the goal to endow the resulting objects
with a bundle structure requires to view some of the classical results in a new light.

Another feature of our work that is particularly important in Papers I & II is the
consequent use of Z2-graded objects, i.e., super von Neumann algebras and super bundle
gerbes. While these gradings are trivial in the case that the underlying manifold X is spin,
they cannot be ignored in the general case. While any super line bundle or super bundle
gerbe is an ordinary line bundle/bundle gerbe after forgetting the grading, it is observed
in Paper II (see Appendix C) that the same is not0 true for super bundle 2-gerbes. In
particular, if S is a spinor bundle of the loop space of a manifold X with w2(X) ∕= 0,6
then the corresponding fusion 2-gerbe Fus(S) is a super bundle 2-gerbe, but not a bundle
2-gerbe in the ordinary sense.

Outlook. Papers I–IV give a self-contained, complete solution to the differential topo-
logical part of constructing a loop space spinor bundle with fusion product, as outlined by
Stolz and Teichner around 20 years ago [15]. What is not discussed is the geometric part
of the program, in particular a definition of a Dirac operator on loop space, as suggested
by Witten in his seminal paper [21]. While the Dirac operator may stay elusive, our work
should provide a solid basis to tackle the task of equipping the loop space spinor bundle
with a connection or a “conformal connection” as suggested by Stolz and Teichner [15].

This first requires to first come up with a suitable notion of connection on a 2-vector

6In other words, the transgression τ(w2(X)) vanishes, but now w2(X) itself.
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bundle. We believe that the associated bundle version (󰂏󰂏) of the stringor bundle will
be very helpful for such considerations as connections on principal 2-bundles have been
well-studied to far [19, 20].

The investigation of such geometric structures is beyond the scope of this work and is
left for future research.
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Abstract

We construct a Clifford algebra bundle formed from the tangent bundle of the
smooth loop space of a Riemannian manifold, which is a bundle of super von Neu-
mann algebras on the loop space. We show that this bundle is in general non-trivial,
more precisely that its triviality is obstructed by the transgressions of the second
Stiefel-Whitney class and the first (fractional) Pontrjagin class of the manifold.

1 Introduction
The bundle of Clifford algebras Cl(X) constructed from the tangent bundle over a Rie-
mannian manifold X is fundamental to spin geometry. In particular, X has a spinc

structure if and only if it is oriented and the Dixmier-Douady class of Cl(X) vanishes. In
particular, the spinc condition is related to (partial) triviality of Cl(X). The purpose of
this paper is to obtain similar results for the analogous bundle on the loop space LX of
an oriented Riemannian manifold, which is fundamental to string geometry (i.e., to spin
geometry on the loop space).

The Riemannian metric on X (which we assume to be oriented throughout) induces
a natural metric on the smooth loop space. Forming the (infinite-dimensional) algebraic
Clifford algebra on each tangent space is unproblematic, but in order to make the setting
amenable to analysis, we must complete these algebras in some way.

It is a fact that the infinite-dimensional Clifford algebra has a unique C∗ norm, and
completing the fibers with respect to this norm yields a bundle of C∗-algebras. However,
it turns out that this bundle is always trivial, hence does not encode any information on
whether the loop space satisfies a spin condition.

Instead, we consider a fiberwise completion in a suitable weak topology, which leads
to a continuous bundle ALX of von Neumann algebras. The canonical grading of the
Clifford algebra carries over to the von Neumann completion, and in fact, the fibers are
super factors of type I, meaning that the fibers are type I von Neumann algebras with
trivial graded center.

1



Super factors of type I come in two stable isomorphism classes: Those of even kind,
which are stably isomorphic to C, and those of odd kind, which are stably isomorphic to
Cl1. It turns out that if the dimension of X is even, then the fibers of ALX are of even
kind, while otherwise, they are of odd kind.

The classifying space of the automorphism group Aut(A) of a non-trivially graded,
properly infinite super factor of type I turns out to be a product of Eilenberg-MacLane
spaces, BAut(A) ≃ K(Z, 3) ×K(Z2, 1). Hence bundles A → X with typical fiber A are
classified by two characteristic classes

DD(A) ∈ H3(X,Z), or(A) ∈ H1(X,Z2), (1.1)

which we call the Dixmier-Douady class and the orientation class. The first is an analog
of the class first defined in [10]. The second class comes from the fact that we work with
bundles of super algebras, and that all automorphisms considered are required to respect
the grading.

Our main result is the calculations of these characteristic classes for the loop space
Clifford algebra bundle ALX , which in particular shows that it is non-trivial in many
cases. Explicitly, we find:

Main Theorem. Let X be an oriented Riemannian manifold of dimension d ≥ 5. Then

2 ·DD(ALX) = τ(p1(X)), or(ALX) = τ(w2(X)),

where τ denotes transgression, and where p1(X) and w2(X) are the first Pontrjagin class,
respectively the second Stiefel-Whitney class. Moreover, if X is spin, then DD(ALX) equals
the transgression of the fractional Pontrjagin class 1

2
p1(X).

In fact, we have a more refined version of the above theorem (see Thm. 4.16): There is
a canonical characteristic class S(X) ∈ H3(LX,Z) on the loop space such that 2 ·S(X) =
τ(p1(X)), which we call loop spin class (see Def. 4.12), and DD(ALX) is expressed in terms
of this class. The interesting point is that while the fractional Pontrjagin class 1

2
p1(X)

only exists when X is spin, the corresponding class S(X) on the loop space always exists.
The typical fiber of the bundle ALX is a suitable completion Ad of the algebraic Clifford

algebra on Hd = L2(S1,Rd). The loop group LSO(d) acts naturally on the von Neumann
completion Ad by Boguliubov automorphisms, and it turns out that ALX can be written
as an associated bundle to the looped frame bundle LSO(X) of X. Our proof of Thm. 1.1
is then based on the fact that the map ΩSO(d) → Aut(Ad) induces an isomorphism on
πk for k ≤ 2; in other words, Aut(Ad) is the Postnikov truncation of ΩSO(d).

The relation of our Clifford von Neumann algebra bundle to other objects from loop
space spin geometry, such as the transgression of the Chern-Simons gerbe [33] and the
loop space spinor bundle [17, 16, 15] is best understood using the language of 2-vector
bundles [18]. This point of view is discussed in §1 of [19].

Recall that a spin manifold X is called a string manifold if the fractional Pontrjagin
class 1

2
p1(X) vanishes. Our theorem therefore implies in particular that the loop space
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Clifford algebra bundle ALX of a string manifold X is trivializable. Hence ALX admits a
bundle of irreducible modules, the loop space spinor bundle, so that LX is spin.

The converse of the above statement is false, as the transgression τ(1
2
p1(X)) may

vanish without 1
2
p1(X) being zero. It is a general fact that such converses require the

extra condition of fusion [31, 34, 32]. In the present context, it turns out that the bundle
ALX is the transgression of a certain bundle of free fermion conformal nets [12], which
(on a spin manifold) is classified by 1

2
p1(X). This will be discussed in future work.
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2 Bundles of super von Neumann algebras
In this section, we define bundles of von Neumann algebras with fiber a super factor of
type I, a notion that will be explained in the next subsection. Throughout the paper, all
Hilbert spaces are assumed to be separable and all von Neumann algebras are σ-finite.
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2.1 Super factors of type I and their classification

A super von Neumann algebra is a von Neumann algebra A together with a normal (i.e.,
ultraweakly continuous) involutive ∗-automorphism γ. Such an automorphism gives a
direct sum decomposition A = A0 ⊕ A1, such that Ai · Aj ⊂ Ai+j. The graded center of
A is defined as

Z(A) = {a ∈ A | ∀b ∈ A : [a, b] = 0},

where the graded commutator is defined by [a, b] = ab − (−1)|a||b|ba on homogeneous
elements and extends to all of A by bilinearity.

Definition 2.1 (Super factor). We say that a von Neumann algebra A is a super factor
of type I if it is type I (as an ungraded von Neumann algebra) and its graded center is
equal to C. We say that A is properly infinite if its even part A0 is properly infinite in
the usual sense.

Lemma 2.2. Let A be a super factor. Then the ungraded center Zun(A) is a graded
subalgebra, which is isomorphic to either C (trivially graded) or to C⊕C (with the grading
operator given by swapping the two summands).

Proof. Let a = a0 + a1 ∈ Zun(A). Then comparing the odd and even components of ab
and ba, for b homogeneous, shows that both a0, a1 ∈ Zun(A). Hence Zun(A) is a graded
subalgebra.

Zun(A) is an abelian von Neumann algebra, hence isomorphic to L∞(X) for some
measure space X. As it is a graded subalgebra, we can write Zun(A) = Z0 ⊕ Z1 for
its graded components. That A is a super factor implies that Z0 = C · 1, as any even
element in the ungraded center is also an element of the graded center, which is trivial
by assumption. Hence Zun(A) = C · 1⊕ Z1, where Z1 satisfies Z1 · Z1 ⊆ C · 1. Suppose
that Zun(A) ∕= C. Then there exists a projection p ∕= 0, 1 in Zun(A). Write p = λ1 + p1

with λ ∈ C, p1 ∈ Z1(A). Then λ ∕= 0, as projections cannot be purely odd. Now, for any
other non-zero projection q = µ1+ q1 with pq = 0, we have

0 = pq = λµ1+ p1q1 + λq1 + µp1.

Considering the odd part, we obtain λq1 + µp1 = 0. Hence (as both λ, µ ∕= 0) q1 is a
multiple of p1, so that q lies in the span of 1 and p. As von Neumann algebras are gener-
ated by their projections, this implies that Zun(A) is two-dimensional. An isomorphism
Zun(A) ∼= C ⊕ C of super von Neumann algebras is then obtained by mapping λ1 + µp1

to (λ+ µ,λ− µ) ∈ C⊕ C, where p1 ∈ Z1(A) is a self-adjoint element of norm one. □

Definition 2.3 (Even/odd kind). We say that a super factor A of type I is of even
kind if its ungraded center Zun(A) is trival, and of odd kind otherwise.

Example 2.4. The complex Clifford algebra Cld on Rd is a finite-dimensional super factor
of type I. It is of even kind when d is even and of odd kind when d is odd.
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Example 2.5. If H is a graded Hilbert space with grading operator Γ, then B(H) is a
super factor of type I with grading automorphism given by conjugation with Γ. B(H)
is always of even kind, and it is non-trivially graded if and only if Γ is non-trivial and
properly infinite if and only if both H0 and H1 are infinite-dimensional.

Example 2.6. A type I super factor of odd kind is obtained by taking the super tensor
product B(H)⊗ Cl1, where Cl1 is the complex Clifford algebra of degree one.

Theorem 2.7. Let A be a super factor of type I. If A is of even kind, then it is isomorphic
to B(H), with the grading operator given by conjugation with some unitary involution Γ
of H. If A is of odd kind, then it is isomorphic to B(H) ⊕ B(H), with grading operator
given by exchanging the two summands.

Proof. We distinguish by the two cases of Lemma 2.2.
(i) If Zun(A) = C, then A is an ordinary type I factor, hence isomorphic to B(H). As

any automorphism of B(H) is inner, the grading automorphism γ is given by conjugation
with a unitary Γ, which must satisfy Γ2 = z · 1 for some z ∈ U(1) as γ is an involution.
If w is some square root of z, then Γ̃ = wΓ also implements γ and satisfies Γ̃2 = 1.

(ii) If Zun(A) = C⊕ C, then (as A is type I), we have A = B(H)⊕ B(K) for Hilbert
spaces H and K. The grading operator γ of A is then given by conjugation with a unitary

Γ =

!
u z
x w

"

on H ⊕K. Since the restriction of γ to Zun(A) swaps the two factors, we have
!
0 0
0 1K

"
=

!
u z
x w

"!
1H 0
0 0

"!
u∗ x∗

z∗ w∗

"
=

!
uu∗ ux∗

xu∗ xx∗

"

and !
1H 0
0 0

"
=

!
u z
x w

"!
0 0
0 1K

"!
u∗ x∗

z∗ w∗

"
=

!
zz∗ zw∗

wz∗ ww∗

"

This implies that u and w are zero, hence x and z are unitary. After modifying Γ by an
element of U(1) as above, we may assume that Γ2 = 1. Then x and z are inverses to each
other, and identifying K with H using x gives an isomorphism of A to a super factor of
type I of the form claimed. □

Remark 2.8. A reformulation of the previous theorem is that each super factor is isomor-
phic to either B(H) for some super Hilbert space H or to B(H) ⊗̄Cl1 for some ungraded
Hilbert space H.

Remark 2.9. By the isomorphism Cl1 ⊗̄Cl1 ∼= B(C2), the previous remark implies that
if A and B are two super factors of type I, then their spatial super tensor product A ⊗̄B
is again a super factor of type I. Here the product in A ⊗̄B is on homogeneous elements
defined by

a1 ⊗ b1 · a2 ⊗ b2
def
= (−1)|a2||b1|a1a2 ⊗ b1b2.

5



Remark 2.10. The isomorphism classification of super factors of type I is complicated
by the fact that some Hilbert spaces involved may be finite-dimensional. In particular, in
the case that A = B(H) for some super Hilbert space H, there is a variety of possibilities,
as the even and the odd part of H may have different dimensions.

Calling type I super factors A, B stably isomorphic when A ⊗̄B(H) ∼= B ⊗̄B(H) for
some super Hilbert space H, the set of equivalence classes forms a group (isomorphic to
Z2 and generated by Cl1), which is an infinite-dimensional version of the graded Brauer
group1 considered in [35].

2.2 The automorphism group of super factors of type I

We will now calculate the automorphism group (i.e., the group of grading-preserving ∗-
automorphisms) of a non-trivially graded, properly infinite super factor A of type I.2 To
this end, let H be a Hilbert space and define involutions Γev and Γodd on H ⊕H by

Γev
def
=

!
1 0
0 −1

"
, Γodd

def
=

!
0 1
1 0

"
. (2.1)

Set moreover
Aev = B(H ⊕H), Aodd = B(H)⊕ B(H),

with grading automorphisms given by conjugation with Γev, respectively Γodd. Then Aev

is of even kind, while Aodd is of odd kind. One can also show that any non-trivially graded,
properly infinite super factor of type I is isomorphic to either Aev or Aodd, assuming that
the Hilbert space H is infinite-dimensional.

Proposition 2.11. The automorphism groups of Aev and Aodd are given as follows.

(i) Aut(Aev) ∼= P (U(H)× U(H))⋊ Z2, where Z2 acts by permuting the factors.

(ii) Aut(Aodd) ∼= PU(H)× Z2.

Here the letter P denotes the corresponding projective group, i.e., the quotient by
U(1) (where U(1) acts diagonally on U(H)× U(H)).

Proof. (i) It is well known that the group of (not necessarily grading-preserving) normal
∗-automorphisms of Aev is PU(H⊕H), the projective unitary group of H⊕H, which acts
on Aev by conjugation. That the conjugation with a unitary U ∈ U(H ⊕ H) is grading
preserving is equivalent to the requirement

ΓevUaU∗Γev = UΓevaΓevU
∗ ∀a ∈ Aev.

1
This is the group of equivalence classes of finite-dimensional central simple algebras. We remark that

over C, such algebras are the same thing as a finite-dimensional von Neumann algebras.
2
We remark that ∗-automorphisms of a von Neumann algebra are automatically normal, i.e., ultra-

weakly continuous.
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Hence ΓevU
∗ΓevU is in the (ungraded) center of Aev, which consists only of multiples of

the identity. Consequently, there exists λ ∈ U(1) such that ΓevUΓev = λU . Writing

U =

!
u z
x v

"
,

we get !
u z
x v

"
= λ

!
u −z
−x v

"

which implies that λ ∈ {±1} and, moreover, this implies that either x = z = 0 (when
λ = 1) or u = v = 0 (when λ = −1). Hence the non-zero entries must be unitary, and we
obtain

Aut(Aev) = Gev/U(1), (2.2)

where
Gev =

#!
u 0
0 v

"$$$$u, v ∈ U(H)

%
∪
#!

0 z
x 0

"$$$$ x, z ∈ U(H)

%
. (2.3)

There is an obvious short exact sequence

P (U(H)× U(H)) → Aut(Aev) → Z2,

which is split by sending the generator of Z2 to the operator Γodd defined in (2.1). This
realizes Aut(Aev) as a semidirect product of P (U(H)× U(H)) with Z2.

(ii) It is straightforward to see that the group of not necessarily grading-preserving
automorphisms of Aodd is precisely Aut(Aev). The additional requirement that such an
automorphism preserves the grading operator means that UΓoddaΓoddU

∗ = ΓoddUaU∗Γodd

for all a ∈ Aodd, where U is a representing unitary. This is the case if and only if if and
only if ΓoddUΓodd = λU for some λ in the (ungraded) center of Aodd, which in this case is
generated by the identity operator and Γev. As U is either diagonal or off-diagonal, this
means that

!
u 0
0 v

"
=

!
λv 0
0 µu

"
respectively

!
0 z
x 0

"
=

!
0 λx
µz 0

"

for some λ, µ ∈ C. So u = λv, respectively z = λx. Hence

Aut(Aodd) = Godd/U(1), (2.4)

where
Godd =

#!
u 0
0 u

"$$$$u ∈ U(H)

%
∪
#!

0 u
u 0

"$$$$u ∈ U(H)

%
. (2.5)

But clearly, Godd
∼= U(H)× Z2, hence Aut(Aodd) ∼= PU(H)× Z2. □

The automorphism group Aut(A) of a von Neumann algebra A will always be endowed
with Haagerup’s u-topology (see [14, §3]). Under the identification of Prop. 2.11, this
coincides with the (quotient of the) strong topology on Gev/U(1), respectively Godd/U(1)
[14, Corollary 3.8].
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Remark 2.12. The subgroups Gev and Godd of U(H⊕H) defined in (2.3) and (2.5) both
have two connected components. It is clear that the continuous group homomorphism i
from Gev/odd to Aut(A) (sending a unitary U to the automorphism given by conjugation
with U) induces an isomorphism on π0.

Remark 2.13. Observe that Gev equals the set of homogeneous unitaries inside Aev. It
follows that all automorphisms of Aev are inner. As Aodd ∩ Godd = (Godd)0, the identity
component of Godd, only the automorphisms in the identity component Aut(Aodd)0 are
inner.

Observe that the automorphism group Aut(Aodd) is a subgroup of the the automor-
phism group Aut(Aev). We will need the following lemma.

Lemma 2.14. If H is infinite-dimensional, then the inclusion Aut(Aodd) → Aut(Aev) is
a weak homotopy equivalence.

Proof. Consider the commutative diagram

0 U(1) Godd Godd/U(1) = Aut(Aodd) 0

0 U(1) Gev Gev/U(1) = Aut(Aev) 0

with exact rows. It is clear that the inclusion Godd → Gev is a weak homotopy equiva-
lence, as it is on π0 by inspection, and the connected components of Gev and Godd are
contractible. We obtain that the first two vertical maps induce isomorphisms on πk for
all k, hence so must the third. □

Corollary 2.15. The classifying space of the automorphism group of a non-trivially graded,
properly infinite super factor A of type I has the homotopy type

BAut(A) ≃ K(Z, 3)×K(Z2, 1),

and the map induced by the inclusion Aut(A)0 → Aut(A) of the identity component is
trivial in the second component.

Proof. If A is of odd kind, then the result follows from the isomorphism Aut(A) ∼=
PU(H)× Z2 (Prop. 2.11(ii)) and the fact that PU(H) is a K(Z, 2), hence its classifying
space is a K(Z, 3). If A is of even kind, its automorphism group is homotopy equivalent
(as a group) to the automorphism of an odd factor, i.e., to PU(H)×Z2, by Lemma 2.14.
This induces a weak homotopy equivalence between the classifying spaces. □

In particular, we obtain that the homotopy groups of Aut(A), for A a non-trivially
graded, properly infinite super factor of type I, are given by

πk(Aut(A)) =

&
'(

')

Z2 k = 0

Z k = 2

0 otherwise.
(2.6)
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2.3 Bundles of graded type I factors

Let S be a topological space and let As, s ∈ S be a collection of super von Neumann
algebras. For a subset U ⊂ S, we write A|U for the disjoint union of all As, s ∈ U . By a
local trivialization, we mean a map ϕ : A|U → U × A, A a super von Neumann algebra,
that restricts to grading preserving ∗-homomorphisms As to {s} × A for each s ∈ U .
Two local trivializations are called compatible if the corresponding transition function is
continuous as a map U ∩ V → Aut(A) (endowed with Haagerup’s u-topology).

Definition 2.16. A collection A as above together with a maximal compatible collection
of transition functions is called a (continuous) von Neumann algebra bundle with typical
fiber A.

If P is a principal Aut(A)-bundle over S, then the associated bundle

A = P ×Aut(A) A

is a von Neumann algebra bundle with typical fiber A in the sense of Definition 2.16.
It follows that that isomorphism classes of super von Neumann algebra bundles over S
correspond bijectively to isomorphism classes of principal Aut(A)-bundles (see, e.g., [13,
§4]). As (for sufficiently nice spaces S) such bundles are in turn classified by maps to the
classifying space BAut(A), we obtain the following result.

Proposition 2.17. Isomorphism classes of von Neumann algebra bundles with typical
fiber A over a paracompact Hausdorff space S are in bijection with homotopy classes of
maps S → BAut(A).

Cohomology classes over BAut(A) provide characteristic classes for bundles with typ-
ical fiber A via pullback. If A is a non-trivially graded, properly infinite super factor of
type I, Corollary 2.15 implies that

H3(BAut(A),Z) ∼= Z, H1(BAut(A),Z2) ∼= Z2.

Denote by or the generator of H1(BAut(A),Z2). There is also a preferred generator DD
of H3(BAut(A),Z), defined as the transgression of the first Chern class of the canonical
U(1)-bundle over Aut(A) (which over the identity component is U(A0) → Aut(A)0); see
Appendix A for more details.

Definition 2.18 (Characteristic classes). Let A be a non-trivially graded, properly
infinite super factor of type I and let A be a von Neumann algebra bundle with typical
fiber A and classifying map f : S → BAut(A). The characteristic classes

DD(A)
def
= f ∗DD ∈ H3(S,Z), or(A)

def
= f ∗or ∈ H1(S,Z2).

will be called the Dixmier-Douady class, respectively the orientation class of A.
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The terminology for DD(A) follows that for the analogous class for bundles with
typical fiber the algebra of compact operators, first defined by Dixmier and Douady [10].

By Corollary 2.15, for a non-trivially graded, properly infinite super factor of type I,
BAut(A) is a product of Eilenberg-Maclane spaces. As these are classifying spaces for
cohomology, we obtain the following result.

Proposition 2.19. Suppose that S has the homotopy type of a CW complex and let A be
a von Neumann algebra bundle with typical fiber A over S, where A is a super factor of
type I. Then A is trivializable if and only if the characteristic classes DD(A) and or(A)
are zero.

Remark 2.20. For CW-complexes S, the characteristic classes of Definition 2.18 can be
conveniently described using Čech cohomology, as follows. Over a suitable open cover
{Oα}α∈I , we can choose super Hilbert spaces Hα and grading-preserving ∗-isomorphisms
φα : A|Oα → B(Hα). Over two-fold intersections, we can choose families Uαβ : (Oα∩Oβ)×
Hα → Hβ of homogeneous unitaries such that φα ◦ φ−1

β is given by conjugation with Uαβ.
A Z2-valued Čech 1-cocycle is obtained by defining εαβ = {±1}, depending on whether
Uαβ is grading preserving or grading reversing. Over Oα ∩Oβ ∩Oγ, we have

UγαUβγUαβ = λαβγ · idα

for some function λαβγ : Oα ∩Oβ ∩Oγ → U(1), so we obtain a U(1)-valued Čech cochain
{λαβγ}αβγ∈I . One checks that this cochain is closed with respect to the Čech coboundary,
and that a cochain obtained from another choice of unitaries {Ũαβ}αβ∈I differs from this
cochain by a coboundary. Hence we obtain a well-defined element in Ȟ2(S,U(1)). Under
the Bockstein homomorphism for the sequence Z → R → U(1), this element corresponds
to the Dixmier-Douady class.

The Dixmier-Douady class can also be defined for bundles A with typical fiber a finite-
dimensional non-trivially graded super factor A of type I. One way to do this is through
the Čech picture from Remark 2.20. A second, equivalent, way is via stabilization: We
replace A by the bundle A ⊗̄B(H) for some infinite-dimensional super Hilbert space H
such that both H0 and H1 are infinite-dimensional and take the characteristic classes in
the sense of Definition 2.18 of this bundle.

Remark 2.21. Let A = Aev or Aodd be one of the super factors from §2.1, constructed in
terms of a finite-dimensional Hilbert H. In this case, it turns out that H1(BAut(A),Z2) =
Z2 and H3(BAut(A),Z) = Zn, where n = dim(H). We get a group homomorphism
Aut(A) → Aut(A ⊗̄B(H ′)) (where H ′ is an infinite-dimensional Hilbert space as above)
by sending ϕ → ϕ⊗ id, and one can show that pullback along this homomorphism induces
an isomorphism on H1 and is reduction mod n on H3. If now A is a bundle over S with
typical fiber A, the classifying map for A ⊗̄B(H ′) factors through BAut(A), which shows
that the Dixmier-Douady class of such a bundle is n-torsion.
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Remark 2.22. A bundle A with typical fiber a properly infinite super factor of type I
is trivial if and only if A = B(H) for some bundle H of super Hilbert spaces over S.
For the class DD(A) to be zero it suffices that H exists as a bundle of Hilbert spaces
which is not necessarily globally graded (i.e., H does split locally into two subbundles
but not necessarily globally). The class or(A) is zero if H splits into the direct sum of
two subbundles, but may only be a projective bundle. In the ungraded setting, projective
bundles of Hilbert spaces were discussed in [3].

Let A and B be two von Neumann algebra bundles over a space S with typical fibers
type I super factors A and B. Then the fiberwise spatial super tensor product A ⊗̄B
has a canonical structure of a von Neumann algebra bundle with typical fiber A ⊗̄B,
which is again a type I super factor (see Remark 2.9). The proof of the following result
is analogous to that of Lemma 9 (respectively Lemma 4) in [11].

Proposition 2.23. We have

or(A ⊗̄B) = or(A) + or(B), DD(A ⊗̄B) = DD(A) + DD(B) + β(or(A) ⌣ or(B)),

where β : H2(S,Z2) → H3(S,Z) is the Bockstein homomorphism.

3 Clifford von Neumann algebras
In this section, we explain the construction of the von Neumann algebra completion of the
algebraic Clifford algebra, given the choice of an equivalence class of (sub-)Lagrangians,
and we recall the action by restricted orthogonal transformations on this algebra. Gen-
eral references for the theory of Clifford (and, closely related, CAR) algebras and Fock
representations are, e.g., [2, 24, 26, 27, 28, 29, 36]. The completion of the Clifford algebra
to a hyperfinite factor of type II1 is considered in [24, §1.3], but the subsequent discussion
of a completion to a factor of type I∞ seems to be new.

3.1 Clifford algebras and Fock spaces

Let H be a real Hilbert space and denote its complexification by HC. Let Clalg(H) be the
algebraic Clifford algebra, generated by elements of HC, subject to the relation

v · w + w · v = −2〈v, w〉.

In order to make the situation accessible to analysis, we have to complete Clalg(H) to
C∗-algebra, using the ∗-operation given by

(v1 · · · vn)∗ = vn · · · v1, v, w ∈ HC.

In fact, any ∗-representation of Clalg(H) induces the same C∗-norm on Clalg(H) [28,
Prop. 1], and it follows that the Clifford algebra has a unique norm-completion Cl(H) to
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a C∗-algebra, which turns out to be isomorphic to the infinite tensor product M2(C)⊗∞

[2]. It is moreover a Real C∗-algebra, as the complex conjugation of H extends to an
anti-linear ∗-automorphism of Cl(H).

The situation is quite different when we ask for completions of Clalg(H) to a von
Neumann algebra. Such a completion can be obtained by the choice of a Lagrangian, which
is a complex subspace L ⊂ HC such that L⊥ = L. The Clifford algebra Clalg(H) then
has a natural representation πL on the Fock space FL = ΛL (the Hilbert space exterior
power of L) where elements v ∈ L ⊂ HC act by exterior multiplication and elements
v ∈ L ⊂ HC act by contraction. We can therefore take the von Neumann completion
ClL(H) := πL(Clalg(H))′′ in the space B(FL) of bounded operators on FL. The Fock
space is a super Hilbert space with its even/odd grading and the Fock representation
is a graded representation, hence ClL(H) is naturally a super von Neumann algebra.
However, the real structure on Clalg(H) does not extend to a real structure on ClL(H)
if H is infinite-dimensional. It follows from irreducibility of the Fock representation FL

[24, Thm. 2.4.2] that any bounded operator on FL commuting with the Clifford action is
scalar, hence

ClL(H)
def
= πL(Clalg(H))′′ = B(FL), (3.1)

is a super factor of type I, of even kind.
The choice of Lagrangian can be partially eliminated as follows: Two Lagrangians L1,

L2 ⊂ H are equivalent if the difference PL1 − PL2 is a Hilbert-Schmidt operator, where
PLi

denotes the orthogonal projection onto Li. By the Segal-Shale equivalence criterion,
two Fock representation πL1 and πL2 are unitarily equivalent if and only if L1 and L2

are equivalent [24, Thm. 3.4.1]. Moreover, the unitary implementing the equivalence is
grading-preserving if and only if dim(L1 ∩ L2) is even [25, Thm. 1.22], [24, Thm. 3.5.1].
We denote the equivalence class of a Lagrangian L by [L].

For any L′ ∈ [L], ClL′(H) is a completion of Clalg(H) with respect to the pullback via
πL′ of the weak operator topology on B(FL′). However, as all representations πL′ , L′ ∈ [L],
are equivalent, all these topologies coincide. As any two completions of a topological vector
space are canonically isomorphic, we obtain a universal Clifford algebra associated to an
equivalence class of Lagrangians.

Remark 3.1. An explicit description of this von Neumann algebra is as the set of equiv-
alence classes (aL′)L′∈[L] with aL′ ∈ ClL′(H), which are related by ϕL′,L′′(aL′) = aL′′ , with
ϕL′,L′′ the unique normal ∗-homomorphism B(FL′) → B(FL′′) sending πL′(v) to πL′′(v)
for every v ∈ H. Another approach is to take the abstract completion of Clalg(H) with
respect to the ultraweak topology induced by any πL, defined in terms of equivalence
classes of Cauchy nets.

A sub-Lagrangian is a closed subspace L ⊂ HC such that L ⊆ L⊥ and such that L+L
has finite codimension in HC. Again, two sub-Lagrangians L1, L2 are called equivalent
if PL1 − PL2 is a Hilbert-Schmidt operator. Associated to an equivalence class of sub-
Lagrangians, we still have a canonical completion of Clalg(H), constructed as follows.
First we need the following lemma.
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Lemma 3.2. If L1, L2 are two equivalent sub-Lagrangians, then dim(L1 ⊕ L1)
⊥ and

dim(L2 ⊕ L2)
⊥ have the same parity.

Proof. Consider the operators JC
i = i(PLi

−PLi
) on HC. Since PLi

= PLi
, the operators JC

i

commute with complex conjugation, hence are the complex linear extension of operators
on H denoted by Ji. Observe that these operators are skew-adjoint, hence by [4], they
have a well-defined index ind(Ji) = dimker(Ji) mod 2 ∈ Z2. Observe that ker(Ji)⊗RC =
ker(JC

i ) = (Li⊕Li)
⊥, hence ind(Ji) = dim(Li⊕Li)

⊥ mod 2. However, by the assumption
that L1 and L2 are equivalent, the difference J1 − J2 is a Hilbert-Schmidt operator, in
particular compact. This implies that ind(J1) = ind(J2), so the lemma follows. □

For a sub-Lagrangian L, consider the complex subspace K = (L ⊕ L)⊥ of HC. The
construction of the desired completion of Clalg(H) depends on the dimension of K.

(i) If K is even-dimensional, we can find a Lagrangian F ⊂ K, and L + F ∈ [L] is
a Lagrangian in HC. This yields the completion ClL+F (H) of Clalg(H). If L′ is a
sub-Lagrangian equivalent to L, then by Lemma 3.2, K ′ = (L′ ⊕ L

′
)⊥ is still even-

dimensional, and for any Lagrangian F ′ ⊂ K ′, L′+F ′ is equivalent to L+F . Hence
ClL′+F ′(H) is canonically isomorphic to ClL+F (H).

(ii) If K is odd-dimensional, then K ⊕ C is even-dimensional and admits a Lagrangian
F ⊂ K ⊕ C. Then L + F is a Lagrangian in HC ⊕ C, equivalent to the sub-
Lagrangian L⊕ {0}. Hence we obtain the completion ClL+F (H) of Clalg(H ⊕ R) ∼=
Clalg(H)⊗Cl1. In particular, we get a completion of Clalg(H), as a closed subalgebra
of ClL+F (H). If L′ ⊂ HC is a sub-Lagrangian equivalent to L, K ′ = (L′ ⊕ L

′
)⊥ is

still odd-dimensional, by Lemma 3.2, and for any Lagrangian F ′ ⊂ K ′⊕C, L′+F ′ is
equivalent to L+ F . Hence ClL′+F ′(H) is canonically isomorphic to ClL+F (H), and
the isomorphism induces an isomorphism between the corresponding completions of
Clalg(H).

We denote by Cl[L](H) the canonical von Neumann completion of Clalg(H), determined
by the equivalence class [L] of sub-Lagrangians, as constructed above.

Observe that in the case that K is even-dimensional, (3.1) implies that Cl[L](H) ∼=
B(FL′), for any Lagrangian L′ ∈ [L]. Hence Cl[L](H) is of even kind. If K is odd-
dimensional, then Cl[L](H) ⊗ Cl1 ∼= B(FL) for some Lagrangian L in HC ⊕ C equivalent
to L⊕ {0}. Hence Cl[L](H) is of odd kind.

3.2 The restricted orthogonal group

The algebraic Clifford algebra Clalg(H) has an action of the orthogonal group O(H) by
Bogoliubov automorphisms, by its universal property. This action extends to an action
on the C∗-Clifford algebra Cl(H). In contrast, by the Segal-Shale equivalence criterion,
the Clifford algebra Cl[L](H) does no longer have an action of the entire orthogonal group
O(H).
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Definition 3.3 (Restricted orthogonal group). The restricted orthogonal group of
H with respect to an equivalence class [L] of sub-Lagrangians, denoted by Ores(H, [L]),
consists of those orthogonal transformations g of H such that the commutator [g, PL] with
the orthogonal projection PL onto L is a Hilbert-Schmidt operator. If the equivalence class
[L] is clear from the context, we write just Ores(H).

That Ores(H, [L]) acts on Cl[L](H) is well known in the case that L is equivalent to a
Lagrangian (see e.g., [2, §6]). To get the same statement in the odd case, embed

Ores(H, [L]) −→ Ores(H ⊕ R, [L⊕ 0])

with the upper left corner embedding. Then L⊕ 0 is equivalent to a Lagrangian and the
latter group now acts on the Clifford von Neumann algebra Cl[L](H⊕R) ∼= Cl[L](H)⊗Cl1
of even kind. Then Ores(H, [L]) preserves the subalgebra

Cl[L](H) ∼= Cl[L](H)⊗ C ⊂ Cl[L](H)⊗ Cl1.

We always consider Ores(H, [L]) with the coarsest topology finer than the norm topol-
ogy induced from O(H) that makes the group homomorphism

θ : Ores(H) → Aut(Cl[L](H)) (3.2)

continuous, which sends an orthogonal transformation to its Bogoliubov automorphism.
In fact, Ores(H, [L]) is a Banach Lie group with this topology [26, §6.2 & §2.4].

Theorem 3.4. The map θ from (3.2) induces an isomorphism on πk for k ≤ 5.

The proof uses the bundle of implementers, defined as follows. Depending on whether
the equivalence class [L] contains a Lagrangian or not, we may choose a Lagrangian L
either in HC or in HC⊕C and let FL be the corresponding Fock space. For g ∈ Ores(H, [L]),
define

Impg = {U ∈ U(FL) | ∀v ∈ H : πL(gv) = UπL(v)U
∗}.

By irreducibility of the Fock representation, Impg is a U(1)-torsor. It follows from the
proof of Prop. 2.11 that U is either even or odd. Let Imp be the union of all Impg, a
subgroup of U(FL). Then Imp can be equipped with the structure of a Banach Lie group
such that the map Imp → Ores(H) is a central extension of Banach Lie groups (where the
fiber over g is Impg), see [17, §3.5].

Proof. First suppose that Cl[L](H) is of even kind. In this case, we may assume that L is a
Lagrangian, so that Cl[L](H) ∼= B(FL). Now, the group Ores(H) is well known to have the
homotopy type of the based loop space of the infinite orthogonal group [26, Prop. 12.4.2].
In particular, the first few homotopy groups are

πk(Ores(H)) =

&
'''(

''')

Z2 k = 0

0 k = 1

Z k = 2

0 k = 3, 4, 5.

(3.3)
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Comparing with (2.6), we observe that it has the same homotopy groups as Aut(Cl[L](H))
for k ≤ 5. For k /∈ {0, 2}, the statement of the theorem is therefore automatic, and it
remains to consider the cases k = 0 and k = 2.

For k = 0, we use that when g does not lie in the identity component of Ores(H), then
dim(gL∩L) is odd [24, Thm. 3.5.1]. Hence the (projectively unique) unitary U : FgL → FL

with πgL(a) = UπL(a)U
∗ (which exists as gL and L are equivalent) is parity reversing.

Let Λg : FL → FgL be the unitary map given by taking the exterior power of g. As Λg is
parity preserving, the unitary UΛg on FL is still parity reversing. By Remark 2.12, this
implies that the ∗-automorphism of Aut(Cl[L](H)) ∼= B(FL) given by conjugation with
UΛg lies in the non-identity component of Aut(Cl[L](H)). But UΛg implements θ(g),
hence [θ(g)] is the non-trivial element in π0(Aut(Cl[L](H))).

We now consider k = 2. Here we use the fact that Imp is a generator for the group of
line bundles over the identity component Ores(H)0, i.e., the first Chern class of Imp is a
generator for H2(Ores(H)0,Z) ∼= π2(Ores(H)) ∼= Z [29, Prop. 1.2].

On the other hand, Imp is (by definition) the pullback of the canonical line bundle
over Aut(Cl[L](H)) (given over the identity component by U(A0)), the first Chern class
of which is a generator for H2(Aut(Cl[L](H))0,Z) ∼= Z. But this implies that θ is an
isomorphism on H2, hence also on π2 (applying the Hurewicz isomorphism to the identity
component).

This finishes the proof in the even case, so we now discuss the odd case. Then there
exists a sub-Lagrangian L in the fixed equivalence class such that K = (L ⊕ L)⊥ is one-
dimensional. The Clifford algebra Cl[L](H

′), is then of even kind, where H ′ ⊂ H is the
real subspace of K⊥. We now have the commutative diagram

Ores(H
′) Aut(Cl[L](H

′))

Ores(H) Aut(Cl[L](H)),

where the right vertical map is θ 5→ θ⊗idCl1 (using the isomorphism Cl[L](H) ∼= Cl[L](H
′)⊗

Cl1) and the left vertical map is the upper corner embedding Ores(H
′) → Ores(H). The

latter is a homotopy equivalence, as the quotient Ores(H
′)/Ores(H) is homeomorphic to

the unit sphere in H, which is contractible. The long exact sequence for homotopy groups
therefore implies that the map Ores(H

′) → Ores(H) is a weak homotopy equivalence. By
the first part of the proof, the bottom horizontal map induces an isomorphism on πk for
k ≤ 5. The same statement for the top horizontal map now follows from commutativity
of the diagram and the fact that all groups involved are either Z or Z2. □

4 The loop space Clifford algebra bundle
In this section, we define the loop space Clifford algebra bundle and calculate its charac-
teristic classes. We also discuss transgression and define the loop spin class.
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4.1 Definition of the bundle

Let X be an oriented Riemannian manifold of dimension d and let LX = C∞(S1, X) be
its smooth loop space. LX is an infinite-dimensional manifold, modeled on the nuclear
Fréchet space C∞(S1,Rd). Its tangent space TγLX at a loop γ ∈ LX can be identified with
the space C∞(S1, γ∗TX) of vector fields along γ. It has a natural inner product coming
from the standard parametrization of S1 and the Riemannian metric of X, turning it into
a pre-Hilbert space. As we will form completed Clifford algebras (which are insensitive to
whether the underlying pre-Hilbert space is complete or not [24]), it is natural to consider
the completion

Hγ
def
= L2(S1, γ∗TX), (4.1)

of the tangent space. These Hilbert spaces fit together to a bundle H of Hilbert spaces over
LX. To describe the bundle structure of H, let SO(X) be the oriented frame bundle of
X and LSO(X) its loop space. LSO(X) is a principal LSO(d)-bundle as X is orientable3.
Now, LSO(d) acts on the Hilbert space

Hd def
= L2(S1,Rd) (4.2)

by pointwise multiplication, and we have the canonical identification

H = LSO(X)×LSO(d) H
d.

Here we interpret elements q ∈ LSO(X) as orthogonal transformations Hd → Hγ. As the
group LSO(d) acts smoothly on Hd, this bundle is a smooth bundle of Hilbert spaces4.

For each γ ∈ LX, we can form the algebraic Clifford algebra Clalg(Hγ) and its canonical
C∗-completion Cl(Hγ). These algebras fit together to a continuous bundle of C∗-algebras,
which, as above, can be identified with the associated bundle LSO(X) ×LSO(d) Cl(H

d),
where LSO(d) acts on Cl(Hd) through O(Hd), by Bogoliubov automorphisms. Here it is
important that the homomorphism LSO(d) → O(Hd) → Aut(Cl(Hd)) is continuous when
O(Hd) carries the norm topology [1, Prop. 4.35]; this implies that Cl(H) has the structure
of a continuous bundle of C∗-algebras. However, this bundle seems rather uninteresting
for loop space spin geometry, by the following.

Theorem 4.1. The bundle Cl(H) is trivial.

Proof. The action of LSO(d) extends to an action of the orthogonal group O(Hd) of Hd,
which is contractible by Kuiper’s theorem. So Cl(H) is an associated bundle for the
principal O(Hd)-bundle LSO(X)×LSO(d) O(Hd), which must be trivial by contractibility
of O(Hd) and its classifying space BO(Hd). Hence Cl(H) is trivial as well. □

3
Here one only needs to show that any loop γ has a lift to LSO(X). Such a lift exists precisely if

γ∗TX is trivializable. Now, a vector bundle E over S1
is trivializable if and only if w1(E) = 0. For

E = γ∗TX, we have w1(γ
∗TX) = γ∗w1(TX), which is zero for all loops γ if and only if X is orientable.

4
We remark that often, Hilbert spaces bundles are only continuous (namely when they have the

structure group U(H) with its strong topology, which is not a Lie group). But in this case, the map

LSO(d) → O(Hd) is smooth when the latter group carries its Banach Lie group structure.
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Remark 4.2. As an infinite tensor product algebra, Cl(Hd) is an example of a so-called
strongly self-absorbing C∗-algebra, which has a contractible automorphism group [8, 9].
Hence any bundle with typical fiber Cl(Hd) must in fact be contractible. However, this
argument does not take into account the grading or the real structure, while the above
argument also shows that Cl(H) is trivial as a bundle of graded, real C∗-algebras.

In order to obtain a non-trivial bundle, we now construct a suitable completion of
Clalg(H) to a bundle of von Neumann algebras. To this end, we observe that the model
space Hd

C admits a canonical sub-Lagrangian

Ld = span{ξ ⊗ eint | n ∈ N, ξ ∈ Cd}. (4.3)

The space (Ld + L
d
)⊥ is just the space of constant functions on the circle, which has

dimension d. By the discussion in §3.1, we therefore obtain a canonical von Neumann
completion

Ad
def
= Cl[Ld](H

d), (4.4)

which is of even kind when d is even and of odd kind when d is odd.
To obtain a von Neumann completion Aγ of Clalg(Hγ) for γ ∈ LX, we observe that any

lift q ∈ LSO(X) gives a Lagrangian qLd ⊂ Hγ. It is now crucial that the multiplication
action of LSO(d) on Hd is in fact by elements of the restricted orthogonal group Ores(H

d) =
Ores(H

d, [Ld]) and that we get a continuous group homomorphism

LSO(d) −→ Ores(H
d), (4.5)

see [26, Prop. 6.3.1], [17, Prop. 3.23]. Hence for any two lifts q, q′ ∈ LSO(X) of γ, the
Lagrangians qLd and q′Ld are equivalent. We therefore obtain a well-defined von Neumann
completion

Aγ
def
= Cl[qLd](Hγ), (4.6)

independent of the choice of q. These algebras can be canonically identified with the fibers
of the bundle

ALX
def
= LSO(X)×LSO(d) Ad. (4.7)

This is a continuous bundle of von Neumann algebras as the homomorphism

θ̃ : LSO(d) Ores(H
d) Aut(Ad) (4.8)

obtained by composing (4.5) with the Boguliubov action (3.2) is continuous.

Remark 4.3. An alternative construction of the von Neumann completion of Clalg(Hγ)
is the following. Let Dγ = i∇

dt
be the operator acting on the bundle γ∗TX ⊗ C using the

pullback of the Levi-Civita connection on TX. Let Lγ be the Hilbert space direct sum of
eigenspaces to negative eigenvalues of Dγ. This is a sub-Lagrangian in HC

γ , which can be
shown to be equivalent to qLd for any q ∈ LSO(d). For details, see [19, §1.3].
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Remark 4.4. A closely connected bundle of Clifford algebras on LX has recently been
considered in the somewhat different context of rigged von Neumann algebra bundles by
Kristel and Waldorf [16].

For a Lie group G, we denote by ΩG ⊂ LG the based loop space of G, i.e., the set of
smooth loops γ : S1 → G with γ(0) = e, the neutral element of G. For G = SO(d), the
restriction of (4.5) to based loops gives a continuous group homomorphism

ΩSO(d) −→ Ores(H
d). (4.9)

Lemma 4.5. If d ≥ 5, the above homomorphism induces an isomorphism on πk for k ≤ 2.

Proof. For d even, this statement is well known: By [26, 12.5.2], for any m ∈ N, the map
ΩSO(2m) → Ores(H

2m) is (2m− 3)-connected. This shows the claim in even dimensions
d = 2m ≥ 6. For d ≥ 5 odd, we consider the commutative diagram

ΩSO(d) Ores(H
d)

ΩSO(d+ 1) Ores(H
d+1),

(4.10)

the bottom map of which is an isomorphism on πk for k ≤ d − 3 by the discussion for
the even case. The right vertical map in (4.10) is the restriction of the map O(Hd) →
O(Hd) × O(H1) ⊂ O(Hd+1). The left vertical map of the diagram is induced by the
canonical embedding SO(d) → SO(d+1), which induces an isomorphism on πk for k ≤ 3.
By [6, Prop. 7.1], the inclusion of ΩSO(d) into the continuous based loop space of SO(d)
is a homotopy equivalence. Hence ΩSO(d) → ΩSO(d+ 1) induces an isomorphism on πk

for k ≤ 2.
By the above considerations and the commutativity of (4.10), the map πk(ΩSO(d)) →

πk(Ores(H
d)) is injective, and the right vertical map in (4.10) is surjective on πk, for k ≤ 2.

As seen in (3.3), the first few homotopy groups of Ores(H
d) are Z2, 0 and Z, which implies

that all maps in the diagram must be isomorphisms on πk. □

Combining the above result with Theorem 3.4, we obtain the following result.

Corollary 4.6. If d ≥ 5, the composition

θ̃ : ΩSO(d) Ores(H
d) Aut(Ad) (4.11)

induces an isomorphism on πk for k ≤ 2.
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4.2 Transgression and the loop spin class

For a manifold Y and a coefficient group R, transgression is the composition

τ : Hk(Y,R) Hk(LY × S1, R) Hk−1(LY,R),ev∗
!
S1

where the left map is pullback with the evaluation map ev : LY × S1 → Y and the right
map is fiber integration over the S1 factor. Transgression is natural, in the sense that for
a smooth map f : Y → Y ′, the diagram

Hk(Y ′, R) Hk−1(LY ′, R)

Hk(Y,R) Hk−1(LY,R)

f∗

τ

Lf∗

τ

(4.12)

commutes. Let G = SO(d) or Spin(d). The classifying spaces BG and the universal
bundle EG admit an infinite dimensional manifold model, so that their smooth loop
space LBG is well-defined. As LEG is again contractible and LG acts freely on it, the
quotient LBG is a model for the classifying space BLG. We therefore have transgression
homomorphisms

τ : Hk(BG,R) −→ Hk−1(BLG,R).

Remark 4.7. Of course, transgression is also defined for general topological spaces, using
the continuous loop space instead of the smooth version. However, as we work with the
smooth loop space throughout, we presented the construction in this case. We recall that
the smooth loop space of a manifold is homotopy equivalent to the continuous loop space,
and the same is true for based loop spaces [6, Prop. 7.1].

The base loop group ΩG is the kernel of the evaluation-at-zero map ev0 : LG → G, so
we have the short exact sequence

ΩG LG G,

ι

(4.13)

which is split via the inclusion ι : G → LG as constant loops. This induces a fibration of
the corresponding classifying spaces, and an exact sequence

H3(BSO(d),Z) H3(BLSO(d),Z) H3(BΩSO(d),Z) (4.14)

on the corresponding cohomology groups. The first group here is Z2, generated by the
third universal integral Stiefel-Whitney class W3 (i.e., the Bockstein image of the sec-
ond universal Stiefel-Whitney class w2). As BΩSO(d) ≃ SO(d), the right group equals
H3(SO(d),Z) ∼= Z.
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Lemma 4.8. If d ≥ 5, the sequence (4.14) is split exact, hence we have a canonical
isomorphism

H3(BLSO(d),Z) ∼= Z× Z2.

Proof. As (4.13) is split exact, with G = SO(d) including into LG as constant loops, the
corresponding fibration of classifying spaces admits a section Bι. This induces a left split
of (4.14). That the sequence (4.14) is exact in the middle follows from the Serre spectral
sequence for the classifying space fibration of (4.13). The right map in (4.14) is surjective
by the following argument. By Corollary 4.6, the map Bθ̃ : BΩSO(d) → BAut(Ad)
induces an isomorphism on πk for k ≤ 3. It is moreover trivially surjective on π4 as
π4(BAut(Ad)) = 0. Hence pullback induces an isomorphism

Bθ̃∗ : H3(BAut(Ad,Z))
∼=−→ H3(BΩSO(d),Z).

On the other hand, the group homomorphism θ̃ : ΩSO(d) → Aut(Ad) extends to all of
LSO(d), hence the above isomorphism factors through H3(BLSO(d),Z). This shows that
the right map in (4.14) must be surjective. □

We are now interested in the following commutative diagram

H3(BLSO(d),Z) H3(BLSpin(d),Z)

H4(BSO(d),Z) H4(BSpin(d),Z),

τ

·2

τ ∼= (4.15)

where d ≥ 5. The bottom left group is Z, generated by the universal Pontrjagin class p1.
The bottom right group is also Z, generated by the fractional Pontrjagin class 1

2
p1, and

the bottom horizontal map has been shown to be multiplication by two on generators by
McLaughlin [21, Proof of Lemma 2.2.], more specifically it sends p1 to the class 2 · 1

2
p1.

The right transgression map is an isomorphism as BSpin(d) is 2-connected [21, p. 149].

Proposition 4.9. If d ≥ 5, the top horizontal map in (4.15) is surjective.

For the proof, we need the following lemma.

Lemma 4.10. The map H3(BΩSO(d),Z) → H3(BΩSpin(d),Z) is an isomorphism.

Proof. Observe that ΩSpin(d) is canonically identified with the identity component of
ΩSO(d). We therefore obtain the commutative diagram

ΩSpin(d) = ΩSO(d)0 Aut(Ad)0

ΩSO(d) Aut(Ad).

20



The horizontal maps of this diagram induce isomorphisms on πk for k ≤ 2, by Corol-
lary 4.6. It follows that in the corresponding diagram on classifying spaces, the horizontal
maps induce isomorphisms on πk for k ≤ 3. They are moreover trivially surjective on
π4 (since this group is trivial for the right hand side). By Whitehead’s theorem [30,
Thm. 10.28], these maps also induce isomorphisms on Hk, for k ≤ 3 (and a surjection
on H4). From the universal coefficient theorem and the five lemma, we obtain that they
also induce isomorphisms on Hk, for k ≤ 3 (and a surjection on H4). Moreover, the
map H3(BAut(Ad),Z) → H3(BAut(Ad)0,Z) is an isomorphism by Corollary 2.15. The
Lemma follows. □

Proof (of Prop. 4.9). Consider the commutative diagram

H3(BLSO(d),Z) H3(BLSpin(d),Z)

H3(BΩSO(d),Z) H3(BΩSpin(d),Z)
∼=

The bottom horizontal map is an isomorphism by Lemma 4.10. The left horizontal map
is surjective by Lemma 4.8. Now the counterclockwise composition is surjective, hence so
must be the clockwise composition. As the two rightmost groups are isomorphic to Z, we
obtain in particular that the top horizontal map must be surjective, as claimed. □

We conclude that the square (4.15) takes the following form

Z× Z2 Z

Z Z

pr1

(·2,0)

·2

(4.16)

Corollary 4.11. If d ≥ 5, there is a unique class S ∈ H3(BLSO(d),Z) such that

2 ·S = τ(p1) and Bι∗S = 0,

where Bι : BSO(d) → BLSO(d) is induced by the splitting (4.13). Moreover, under the
homomorphism H3(BLSO(d),Z) → H3(BLSpin(d),Z), this class is sent to τ(1

2
p1).

Proof. Using Lemma 4.8, an inspection of the diagram (4.16) shows that there are two
solutions for the equation 2 ·S = τ(p1), which differ by the 2-torsion class ev∗0W3. The
condition Bι∗S = 0 removes this ambiguity. The additional statement also follows from
the commutative diagram (4.16). □

Definition 4.12 (Universal loop spin class). We call the class S ∈ H3(BLSO(d),Z)
from Corollary 4.11 the universal loop spin class.
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4.3 Proof of the main theorem

In this section, we express the characteristic classes of ALX in terms of transgression and
hence prove the main theorem from the introduction. Let X be an oriented Riemannian
manifold of dimension d ≥ 5 and let f : X → BSO(d) be the classifying map for its
oriented frame bundle SO(X). Then the looped map Lf : LX → LBSO(d) = BLSO(d)
classifies the principal LSO(d)-bundle LSO(X).

Definition 4.13 (Loop spin class). The loop spin class of X is

S(X)
def
= Lf ∗S ∈ H3(LX,Z).

Let ALX be the Clifford von Neumann algebra bundle on LX constructed in §4.1.
Its typical fiber is the Clifford von Neumann algebra Ad from (4.4). By Prop. 2.17, the
bundle is therefore classified by a map

h : LX −→ BAut(Ad).

The characteristic classes of ALX are then by definition the pullback along h of the
universal classes or and DD on BAut(Ad). On the other hand, by (4.7), ALX is an
associated bundle to LSO(X), via the action (4.8) of LSO(d) on Ad. This means that the
classifying map h of the bundle ALX admits the factorization

h : LX BLSO(d) BAut(Ad).
Lf Bθ̃

Proof (of the Main Theorem). We first consider the orientation class. To this end, we
consider the following commutative diagram.

H1(BAut(Ad),Z2)

H1(LX,Z2) H1(BLSO(d),Z2) H1(BΩSO(d),Z2)

H2(X,Z2) H2(BSO(d),Z2)

Bθ̃∗ ∼=

h∗

Lf∗

τ

f∗

τ ∼=

(4.17)

Here all groups independent of X are Z2, and all the maps independent of X are isomor-
phisms: Indeed, it is well known that H2(BSO(d),Z2) = Z2, generated by the universal
Stiefel-Whitney class w2. That the right transgression map is an isomorphism has been
shown by McLaughlin [21, Proof of Prop. 2.1]. This implies H1(BLSO(d),Z2) ∼= Z2.
That also H1(BAut(Ad),Z2) = Z2 follows from (2.6) and the Hurewicz isomorphism.
The rightmost vertical map is an isomorphism by Corollary 4.6. It follows that the map
H1(BLSO(d),Z2) → H1(BΩSO(d),Z2) is surjective. That it is also injective is clear as
all groups involved are Z2.
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The above discussion implies that Bθ̃∗or = τ(w2). Hence using commutativity of the
left rectangle in (4.17), we obtain

h∗or = Lf ∗Bθ̃∗or = Lf ∗τ(w2) = τ(f ∗w2) = τ(w2(X)),

where we recall that the pullback f ∗w2 is by definition the second Stiefel-Whitney class
w2(X) of X. This proves the claim.

For the third integer cohomology, we consider the commutative diagram

H3(BAut(Ad),Z)

H3(LX,Z) H3(BLSO(d),Z) H3(BLSpin(d),Z)

H4(X,Z) H4(BSO(d),Z) H4(BSpin(d),Z).

Bθ̃∗
h∗

∼=

Lf∗

τ

f∗

τ

·2

τ∼=

(4.18)

Here we use that LSpin(d) acts on Ad along the homomorphism Lp : LSpin(d) → LSO(d),
which induces a map BLSpin(d) → BAut(Ad). The bottom right square is just (4.15).

Lemma 4.14. The top right vertical map in (4.18) is an isomorphism.

Proof. Consider the following commutative diagram.

H3(BAut(Ad),Z) H3(BLSpin(d),Z)

H3(BΩSO(d),Z) H3(BΩSpin(d),Z)

∼=

∼=

(4.19)

The left vertical map is an isomorphism by Corollary 4.6. The bottom horizontal map is
an isomorphism by Lemma 4.10. Hence the diagonal map in (4.19) is an isomorphism.
The fact that all groups involved are isomorphic to Z then implies that also the right
vertical map in (4.19) is an isomorphism. □

Both the top and bottom right groups in (4.18) are canonically isomorphic to Z, with
generators the universal Dixmier-Douady class DD, respectively the fractional universal
Pontrjagin class 1

2
p1. By Lemma 4.14 and the fact that the bottom right map is an

isomorphism (seee the discussion below (4.15)), we observe that the transgression of 1
2
p1

equals the pullback of DD along the top right vertical map in (4.18), up to a possible sign.
This sign turns out to be +1, but establishing this involves rather intricate calculations
which we defer to the appendix. By a diagram chase, we then get that 2 ·Bθ̃∗DD = τ(p1),
hence

τ(p1(X)) = τ(f ∗p1) = Lf ∗τ(p1) = 2 · Lf ∗Bθ̃∗DD = 2 · h∗DD = 2 ·DD(ALX).

This finishes the proof of the Main Theorem. □
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Remark 4.15. Replacing the Lagrangian Ld with (Ld)⊥ results in a different von Neu-
mann algebra bundle ÃLX , satisfiying DD(ÃLX) = −DD(ALX). This follows from the
fact that the Lie algebra cocycle for the group extension Imp → Ores(H

d) is replaced by its
negative under this change, by the calculation in [2, Thm. 6.10]. Hence any choice of sign
for the Dixmier-Douady class (in comparison to τ(p1)) can be achieved by a modification
of the Clifford algebra construction.

The following is a more refined version of the Main Theorem.

Theorem 4.16. Let d ≥ 5. Then we have

or(ALX) = τ(w2), DD(ALX) = S(X) + ev∗0W3(X).

Proof. With a view on Lemma 4.8, it follows from the Main Theorem that

DD(ALX) = S(X) + n ev∗0W3(X), for n ∈ {0, 1}.

We have ι∗XS(X) = 0 and ι∗Xev
∗
0W3(X) = W3(X), where ιX : X → LX is the inclusion as

constant loops and ev0 : LX → X is evaluation at zero. For the proof of Thm. 4.16, it is
therefore left to show that ι∗XDD(ALX) = W3(X). By naturality of the Dixmier-Douady
class, we have ι∗XDD(ALX) = DD(ι∗XALX).

Now, the bundle ι∗XALX over X can be written as an associated bundle,

ι∗XALX
∼= SO(X)×SO(d) Ad,

where SO(d) acts on Ad through Boguliubov automorphisms, induced by the multiplica-
tion with constant loops on Hd. Denote by K ⊂ Hd the subspace of constant functions.
Then both KC and Ld are invariant under the action of SO(d) and Ld is a Lagrangian in
H ′ = K⊥

C . Let A′
d = B(FLd) be the von Neumann algebra completion of Clalg(H ′) with

respect to this Lagrangian. Then identifying Cl(K) ∼= Cld, we have Ad = A′ ⊗̄Cld and
ι∗XALX splits as a tensor product,

ι∗XALX
∼= A′ ⊗̄Cl(X),

where A′ = SO(X)×SO(d) A
′ and Cl(X) is the usual complex Clifford algebra bundle on

X. By Thm. 2.23, we have

DD(ι∗XALX) = DD(A′) + DD(Cl(X)) + β(or(A′) ⌣ or(Cl(X))).

It is well known that DD(Cl(X)) = W3(X) [11, Lemma 7], [20]. We show that A′ is
trivializable, which finishes the proof. To this end, observe that as A′ is associated to
SO(X), its classifying map X → BAut(A′) factors through BSO(d). We now show that
the map BSO(d) → BAut(A′) is contractible. To this end, observe that the action of
ι(SO(d)) ⊂ LSO(d) preserves Ld. This means that for each q ∈ SO(d), multiplication by
ι(q) commutes with the complex structure J = i(PLd − P

L
d). The image of ι(SO(d)) in

Ores(H
d) therefore lies in the subgroup U(Hd

J) ⊂ Ores(H
d), which is contractible. Hence

the classifying map SO(d) → LSO(d) → Ores(H
d) → Aut(A′) of A′ is null-homotopic,

and so is the induced map on classifying spaces. This proves the claim. □
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4.4 A twisted Clifford algebra bundle

There is a variant for the construction of the loop space Clifford algebra bundle which
takes the model space

Hd
S = L2(S1,Rd ⊗ S)

as input, where S is the Möbius bundle over S1. This has been considered, e.g., in [16,
§6.2]. The main difference here is that this space has a canonical Lagrangin Ld

S, which
under the identification of Hd

S with 2π-anti-periodic functions on R can be written as

Ld
S = {ξ ⊗ eit(n+

1
2
) | n ∈ N0, ξ ∈ Rd}. (4.20)

Hence the corresponding Clifford von Neumann algebra AS
d = Cl[Ld

S ]
(Hd

S) is of even kind
in any dimension d. In a similar fashion to before, we obtain a bundle AS

LX of super type
I factors.

Theorem 4.17. Let d ≥ 5. Then the characteristic classes of AS
LX are

or(AS
LX) = τ(w2(X)), DD(AS

LX) = S(X).

Proof. This is shown analogously to the proof of Thm. 4.16. The only difference is the
calculation of ι∗XDD(ALX) = DD(ι∗XAS

LX). In this case, ι∗XAS
LX can be identified with the

associated bundle SO(X)×SO(d) A
S
d. The point is now that the action of SO(d) preserves

the Lagrangian Ld
S, hence the homomorphism SO(d) → Ores(H

d
S) → Aut(AS

d) factors
through the contractible subgroup U((Hd

S)J), with J the complex structure determined
by Ld

S. Therefore ι∗XAd
LX is trivializable and DD(ι∗XAS

LX) = 0. □

A Sign discussion
In this appendix, we fix the sign indeterminacy present in the proof of Thm. 4.16 above.
Precisely, we prove the following.

Proposition A.1. For d ≥ 5, the transgression

τ(p1) ∈ H3(LBSO(d),Z) = H3(BLSO(d),Z)

of the universal first Pontrjagin class equals two times the pullback of the universal
Dixmier-Douady class DD ∈ H3(BAut(Ad),Z) along the map on classifying spaces in-
duced by the composition

θ̃ : LSO(d) Ores(H
d) Aut(Ad).

j θ

For definiteness, we emphasize that we use the (standard) convention for Pontrjagin
classes that for any complex line bundle L with underlying real bundle LR, we have
p1(LR) = c1(L)

2.
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We recall the definition of the universal Dixmier-Douady class DD. To begin with,
recall that for a topological group G with classifying space fibration G → EG → BG,
there is a homomorphism

τ̃ : Hk(BG,R) −→ Hk−1(G,R), (A.1)

natural in G, which is called transgression and should not be confused with the notion of
transgression discussed in §4.2.5 In the case of G = Aut(Ad) and k = 3, the transgression
homomorphism

τ̃ : H3(BAut(Ad),Z) −→ H2(Aut(Ad),Z) (A.2)

is an isomorphism, and the universal Dixmier-Douady class DD is by definition the class
that is sent to the first Chern class c1(Gd) ∈ H2(Aut(Ad),Z) of the canonical U(1)-bundle
Gd over Aut(Ad).

As the classes we are interested in are not torsion, we may work over real coefficients.
We consider the diagram

H3(BAut(Ad),R) H3(BOres(H
d),R) H3(BLSO(d),R) H4(BSO(d),R)

H2(Aut(Ad),R) H2(Ores(H
d),R) H2(LSO(d),R) H3(SO(d),R),

Bθ∗

∼=

τ̃

Bj∗

∼=

τ̃ τ̃

τ
∼=

τ̃

θ∗ j∗

∼=
τ

which commutes by naturality of the transgression maps (A.2). By the results of §4 and
the universal coefficient theorem, all groups in this diagram are isomorphic to R and all
maps are isomorphisms.

In a first step, we observe that the pullback of the bundle Gd under the map θ is
precisely the implementer bundle Imp → Ores(H

d), so that the statement of Prop. A.1 is
equivalent to the equality

2 · j∗c1(Imp) = τ(τ̃(p1)). (A.3)

Since the three groups on the right are all Fréchet Lie groups, we may work with
de Rham cohomology instead of singular cohomology. Here the transgression homomor-
phisms τ̃ may be described as follows. Let α ∈ Hk

dR(BG) and let π∗α ∈ Hk
dR(EG) be

its pullback. Then since EG is contractible, π∗α = dβ for some β ∈ Ωk(EG). The
transgression of α is then defined by

τ̃(α) = ι∗β, (A.4)

where ι : SO(d) → ESO(d) is the inclusion of a fiber.
The de Rham cohomology groups Hk

dR(SO(d)) are best understood using the isomor-
phism with the Lie algebra cohomology group Hk(so(d),R), which identifies a Lie algebra
k-cocycle α with the left-invariant 3-form α on SO(d) that coincides with α at the identity.
We now have the following general statement.

5
Both this notion of transgression and the one discussed in §4.2 are special cases of the more general

notion of transgression in a fiber bundle [5].
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Lemma A.2. We have τ̃(p1) = σ, the left invariant 3-form corresponding to the Lie
algebra cocycle

σ(x, y, z) =
1

8π2
〈x, [y, z]〉, x, y, z ∈ so(d).

The proof uses the theory of Chern and Simons [7], which we recall now. Let ω
be a connection 1-form on a principal G-bundle E over B with curvature Ω. Let P ∈
Sym2(g∗)G be an invariant polynomial on g. Then the corresponding Chern-Simons form
is TP (ω) ∈ H3(E,R) defined by

TP (A) = P (ω ∧ Ω)− 1

6
P (ω ∧ [ω,ω]),

see formula (3.5) of [7]. Denoting by ι : G → E the inclusion of a fiber (for some fixed
base point e ∈ E), one uses that the curvature form Ω is horizontal, so that ι∗Ω = 0,
while ι∗ω = ωG, the Maurer-Cartan form of G. Hence

ι∗TP (ω) = −1

6
P (ωG ∧ [ωG,ωG]), (A.5)

which differs from the formula (3.11) in [7] by a factor of 2. Going through the conventions
used in [7] for the wedge product and commutator of g-valued differential forms (see [7,
p. 50]), one obtains that ι∗TP (ω) is the left-invariant form corresponding to the Lie
algebra cocycle

α(x, y, z) = −1

3
P (x⊗ [y, z] + y ⊗ [z, x] + z ⊗ [x, y]). (A.6)

Proof. We take G = SO(d) and E = ESO(d), B = BSO(d), the universal bundles.
Choosing models for these that are infinite-dimensional Fréchet manifolds (for example,
the infinite Grassmannian and Stiefel manifold), we may choose a connection 1-form
ω ∈ H1(ESO(d), so(d)). Setting P (X ⊗ Y ) = −tr(XY )/8π2, Prop. 3.2 of [7] states that

dTP (ω) = P (Ω⊗ Ω) = − 1

8π2
tr(Ω2).

By the usual Chern-Weil formulas for Pontrjagin classes, we see that this equals the
pullback π∗p1 of the de Rham representative of the universal first Pontrjagin class along
the bundle projection π : ESO(d) → BSO(d).

Using the description (A.4) of the transgression homomorphism, we see that τ̃(p1) =
ι∗TP (ω). As discussed above, the pullback ι∗TP (ω) is the left invariant differential form
that corresponds to the Lie algebra cocycle α given by (A.6). For our particular choice of
P , we get

α(x, y, z) =

!
−1

3

"
·
!
− 1

8π2

"
tr(x[y, z] + y[z, x] + z[x, y]) = σ(x, y, z). □
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Lemma A.3. We have τ(σ) = −ω/2π, where ω is the left-invariant 2-form on LSO(d)
corresponding to the Lie algebra cocycle

ω(X, Y ) =
1

2π

*

S1

tr(X(t)Y ′(t)), X, Y ∈ Lso(d).

This result can be found as Prop. 4.4.4 in [26], but with incorrect prefactors and an
incomplete proof, which is why we repeat the proof below.

Proof. Tangent vectors X, Y at γ ∈ LSO(d) can be identified with those elements of
LMatd×d such that X̃ ∈ Lso(d), where X̃(t) = γ(t)−1X(t). We now calculate

τ(σ)γ(X, Y ) =

*

S1

σ(γ′(t), X(t), Y (t))dt

=

*

S1

σ(γ(t)−1γ′(t), γ(t)−1X(t), γ(t)−1Y (t))dt

=
1

8π2

*

S1

tr(γ(t)−1γ′(t)[X̃(t), Ỹ (t)])dt.

Let β ∈ Ω1(LSO(d)) be given by

βγ(X) =

*

S1

tr(γ(t)−1γ′(t)X̃(t))dt.

For the exterior derivative of β, we find

dβγ(X, Y ) = ∂X{β(Y )}γ − ∂Y {β(X)}γ − βγ([X, Y ])

=

*

S1

+
tr(X̃ ′(t)Ỹ (t))− tr(Ỹ ′(t)X̃(t))− tr(γ(t)−1γ′(t)[X̃(t), Ỹ (t)])

,
dt.

for suitable extensions of X and Y to vector fields on LSO(d). Integrating by parts, we
see that

dβ = −2 · 2π · ω − 8π2 · τ(σ),

hence 2π · τ(σ) and −ω are cohomologous. □

Let G̃ → G be a central U(1)-extension of a Fréchet Lie groups, inducing a Lie algebra
homomorphism g̃ → g. Choosing a linear section of the Lie algebra homomorphism g̃ → g
gives an identification g̃ = g⊕R. With respect to this choice, the Lie bracket of g̃ is given
by

[(X,λ), (Y, µ)] = ([X, Y ],Ω(X, Y )).

for some continuous Lie algebra cocycle 2-cocycle Ω, which represents a class in H2
c (g,R).

The first Chern class of the principal U(1)-bundle G̃ → G is then given by

c1(G̃) =
1

2π
Ω, (A.7)
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where Ω denotes the associated left-invariant 2-form, see for example [26, Prop. 4.5.6].
In the case that G = Ores(H, [L]) and G̃ = ImpL for some real Hilbert space with a

Lagrangian L ⊂ HC, the relevant Lie algebra cocycle has been computed in several places;
see, e.g., [2, Thm. 6.10], [22, Thm. 10.2] or [23, Thm. 6]. The result is

Ω(X, Y ) =
1

8
tr(J [J,X][J, Y ]), X, Y ∈ ores(H

d), (A.8)

where Γ = i(PL − PL) is the complex structure determined by the Lagrangian L.
When trying to apply these results to the specific Hilbert space Hd defined in (4.2),

we face the difficulty that the subspace Ld ⊂ Hd defined in (4.3) is only a sub-Lagrangian.
We deal with this issue as follows:

(1) If d is even we let K = (Ld ⊕ L
d
)⊥ be the even-dimensional subspace of constant

functions and choose a Lagrangian L0 ⊂ K. Then L = Ld+L0 ⊂ Hd
C is a Lagrangian.

(2) If d is odd, we let K = (Ld ⊕ L
d
)⊥ ⊕ C and again choose a Lagrangian L0 ⊂ K.

Then L = Ld +L0 is a Lagrangian in Hd
C ⊕C. By definition, the implementer bundle

over Ores(H
d) is the restriction of the implementer bundle over Ores(H

d ⊕ R), hence
the group cocycle associated to this extension is the restriction of the cocycle (A.8)
to ores(H

d) ⊂ ores(H
d ⊕ R). Given an element g ∈ LSO(d), the element j(g) acts on

Hd ⊕ R through multiplication by g on the first summand and the identity on the
second, and consequently, for X ∈ Lso(d), the operator j∗X acts by multiplication
with X on the first summand and by zero on the second.

To have a uniform notation, we write H for either the Hilbert space Hd or for Hd ⊕R in
the case that d is odd and let L ⊂ H be the Lagrangian described above.

Lemma A.4. We have 2 · j∗c1(Imp) = −ω/2π.

A similar computation, for the the Lagrangian (4.20) instead of L, can be found in
[17]; unfortunately, the result is off by a factor of ±i. Prop. 6.7.1 in [26] is an analogous
result for the basic central extension of restricted unitary group Ures(H) of a polarized
complex Hilbert space H.

Proof. We will establish the cocycle identity

2 · j∗Ω = −ω, (A.9)

which gives the result by (A.7). By continuity and bilinearity, it suffices to verify that both
Lie algebra cocycles evaluate identically on the specific Lie algebra elements X,Y ∈ Lso(d)
of the form

X(t) = ae−ikt, Y (t) = be−iℓt, a, b ∈ so(d), k, ℓ ∈ Z.
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On these elements, the right hand side of (A.9) is given by

ω(X, Y ) =
1

2π

* 2π

0

tr(X(t)Y ′(t))dt = − iℓ

2π

* 2π

0

tr(ab)e−i(k+ℓ)tdt

=

-
−iℓ · tr(ab) k + ℓ = 0

0 otherwise

(A.10)

To calculate the left hand side of (A.9), we write

j∗X =

!
x′ x
x x′

"
, j∗Y =

!
y′ y
y y′

"

with respect to the decomposition HC = L ⊕ L. In other words, x′ = PLXPL and
x = PLXPL and similarly for y′ and y, while x denotes the conjugation of x by the real
structure of HC. Then since j∗X and j∗Y are restricted, the off-diagonal entries x and y
are Hilbert-Schmidt operators and a straightforward calculation gives

Ω(j∗X, j∗Y ) =
i

2
tr(xy − yx). (A.11)

Write Vn = {ξ ⊗ eint | ξ ∈ Cd} ⊂ Hd
C. We observe that j∗X sends Vn to Vn+k and

j∗Xj∗Y sends Vn to Vn−k−ℓ. On the other hand, PL and PL preserve the subspaces Vn

for n ∕= 0 and send V0 to K (where K = V0 if d is even, while K = V0 ⊕ C if d is
odd). We conclude that both xy and xy send Vn to Vn−k−ℓ, respectively Vn−k−ℓ ⊕ C if
d is odd. Choosing an orthonormal basis adapted to the decomposition HC =

.
n∈Z Vn,

respectively HC = (
.

n∈Z Vn)⊕C to calculate the trace on the right hand side of (A.11),
we see that the result can be non-zero only if k + ℓ = 0.

So suppose now that k = −ℓ and let ξ ⊗ eint ∈ V C
n , n ≥ 1. Then we have

xy(ξ ⊗ χn) =

&
'(

')

abξ ⊗ χn 1 ≤ n ≤ ℓ− 1

aP 0bξ ⊗ χn n = ℓ

0 otherwise.

yx(ξ ⊗ χn) =

&
'(

')

baξ ⊗ χn 1 ≤ n− 1 ≤ −ℓ− 1

bP 0aξ ⊗ χn n = −ℓ

0 otherwise.

where P0 is the orthogonal projection onto L0 in K. For ξ ⊗ 1 ∈ V0, we find

xy(ξ ⊗ 1) =

&
'(

')

P0abξ ⊗ 1 ℓ > 0

P0aP 0bξ ⊗ 1 ℓ = 0

0 otherwise.

yx(ξ ⊗ 1) =

&
'(

')

P0baξ ⊗ 1 ℓ < 0

P0bP 0aξ ⊗ 1 ℓ = 0

0 otherwise.
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Concluding, if ℓ > 0, we obtain

Ω(j∗X, j∗Y ) =
i

2
tr(xy) =

i

2

/
ℓ−10

n=1

tr(ab) + tr(aP 0b) + tr(P0ab)

1
=

iℓ

2
tr(ab).

Here we used that tr(aP 0b) + tr(P0ab) = tr(ab), which follows from the following calcula-
tion. First, because a and b are real and skew-adjoint and P0 is self-adjoint, we get

tr(aP0b) = tr(baP0) = tr((baP0)∗) = tr(P0(−a)(−b)) = tr(P 0ab).

hence
tr(aP 0b) + tr(P0ab) = tr(P 0ab) + tr(P0ab) = tr(ab),

using P 0 + P0 = id. If ℓ < 0, we obtain in a similar fashion

Ω(j∗X, j∗Y ) = − i

2
tr(yx) = − i

2

2

3
|ℓ|−10

n=1

tr(ba) + tr(bP 0a) + tr(P0ba)

4

5 = − i|ℓ|
2
tr(ab).

Finally, if ℓ = 0, then

Ω(j∗X, j∗Y ) =
i

2
tr(xy − yx) =

i

2

+
tr(P0aP 0b)− tr(P0bP 0a)

,

=
i

2

+
tr(P0ab)− tr(P0aP0b)− tr(P0ba) + tr(P0bP0a)

,

=
i

2

+
tr(P0ab)− tr(ba) + tr(P 0ba)

,

= 0.

Comparing with (A.10), this establishes (A.9). □
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Abstract
We give a construction of the spinor bundle of the loop space of a string manifold

together with its fusion product, inspired by ideas from Stolz and Teichner. The
spinor bundle is a super bimodule bundle for a bundle of Clifford von Neumann
algebras over the free path space, and the fusion product is defined using Connes
fusion of such bimodules. As the main result, we prove that a spinor bundle with
fusion product on a manifold X exists if and only X admits a string structure.
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Introduction
The idea study the spinor bundle of the free loop space of a Riemannian manifold came
up in the 1980’s, in the context of string theory [19]. Most notably, Witten formally
calculated the S1-equivariant index of the Dirac operator on loop space, arriving at a
modular form valued characteristic class, now known as Witten genus [57].

Recall that a manifold X is string if it is spin and the characteristic class 1

2
p1(X) van-

ishes. The string condition implies that the loop space LX of X admits a spin structure,
in the sense that its structure group (which, for a spin manifold is canonically reduced
to LSpin(d)) can be lifted to its basic central extension. However, early on it became
apparent that the spin condition for LX does not in turn imply the string condition for
the manifold X itself. More precisely, a spinor bundle on LX can be defined already if
the transgression ⌧(1

2
p1(X)) vanishes, a weaker condition than the vanishing of 1

2
p1(X)

itself [32].
As the vanishing of 1

2
p1(X) (and not only of its transgression) is crucial for Witten’s

machinery to work (in particular, only under this condition, the Witten genus takes values
in topological modular forms [58, 2]), one is lead to ask for an additional structure on the
loop space spinor bundle which only exists under the string condition on X. In the very
influential draft [45], this answer was conjectured by Stolz and Teichner almost 20 years
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ago: The spinor bundle over LX admits a fusion product if and only if X admits a string
structure. The purpose of the current paper is to make this statement precise and to give
a proof.

Our work is highly influenced by the work of Kristel and Waldorf [27, 26, 25], based
on the PhD thesis of Kristel [22]. Given a string structure on a manifold X, Kristel
and Waldorf construct a spinor bundle on the loop space of X, together with a fusion
product. Apart from simplifying and somewhat generalizing their construction, the main
contribution of this paper is to show the converse implication: If a spinor bundle with
fusion product on LX exists, then X admits a string structure.

We now give an overview over the contents of the present paper.

The spinor bundle. After reviewing some required preliminary facts on Clifford al-
gebras, Lagrangians and Fock spaces, we give a construction of the spinor bundle on
loop space. Since it is related to a central extension by U(1), the construction of the
spinor bundle on loop space is analogous to the construction of the spinor bundle on an
even-dimensional spinc manifold, where a spinor bundle S can be defined as a bundle
of irreducible super Cl(TX)-modules. In the infinite-dimensional case, it is crucial that
we complete the relevant bundle of algebraic Clifford algebras to a bundle of von Neu-
mann algebras. Throughout the paper, we crucially depend on the notion of a (locally
trivial) bundle of von Neumann algebras, and, correspondingly, bundles of bimodules for
these. While these notions have not been worked out before, they are more or less straight
forward to define; we give an account in Appendix B.

We now briefly summarize our construction. For a loop � 2 LX, consider the Hilbert
space

H� = L2(S1, S⌦ �⇤TCX),

where S denotes the spinor bundle on S1 for the bounding spin structure. Up to the
twist by S (which is negligible in even dimensions but necessary in odd dimensions for
index-theoretic reasons), this is just the completion of the (complexified) tangent bundle
TLX with respect to its canonical L2-metric. H� is a “real” Hilbert space, i.e., a complex
Hilbert space with a real structure, and the twisting by the bundle S ensures that it
carries a canonical polarization Lag, i.e., an equivalence class of Lagrangian subspaces
L ⇢ H�. The algebraic Clifford algebras Cl(H�) can be completed, with respect to this
polarization, to super von Neumann algebras C� of type I1, which, varying �, form a
(continuous) bundle of super von Neumann algebras over LX [29]. The definition of a
loop space spinor bundle is now directly analogous to the finite-dimensional case.

Definition. A loop space spinor bundle is a (continuous) bundle S of irreducible super
left modules for the Clifford von Neumann algebra bundle C.

It is important here to insist that the fibers S�, � 2 LX, are a modules for the
von Neumann algebra C� and not only for the algebraic Clifford algebra Cl(H�); this is
necessary to ensure that S� has the correct isomorphism type.
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We show that the obstruction for the construction of a loop space spinor bundle is
geometrically represented by the Lagrangian gerbe LagLX , a super bundle gerbe on LX
previously considered in [1, 26], but without taking into account its grading. In fact, if X
is spin, then LagLX is ungraded, and isomorphic to the obstruction gerbe for lifting the
structure group of LX from LSpin(d) to its basic central extension. Hence we obtain the
following result.

Theorem A. For a spin manifold X of dimension d � 5, a loop space spinor bundle
S on LX exists if and only if LX admits a lift of structure groups to the basic central
extension of LSpin(d).

Constructions of some version of a spinor bundle on loop space have been previously
given by several authors [1, 42], starting with McLaughlin [32, p. 150]. However, as far as
we know, as bundle of modules for a von Neumann algebra bundle, a spinor bundle first
appears in [26].

A principal achievement in the work [26] of Kristel and Waldorf is to make the spinor
bundle smooth, by working within a framework of rigged von Neumann algebras and mod-
ules. We incorporate smoothness differently: While S, just as the Fock space bundle over
the bundle of Lagrangians is only a continuous bundle, it turns out that the Lagrangian
gerbe is a smooth bundle gerbe (stemming from the fact that the Pfaffian line bundle
has a canonical smooth structure). We then define a smoothing structure on a spinor
bundle S as a certain additional structure ensuring that spinor bundles with smoothing
structures correspond precisely to smooth trivializations of the Lagrangian gerbe.

The fusion product. Next we explain the notion of a fusion product on a given spinor
bundle S over LX. Roughly speaking, this encodes a certain compatibility of S with
respect to the decomposition of loops into paths. Throughout, we use the path space PX
of smooth paths in X that have vanishing derivatives to all orders at both end points,
which ensures that we can glue two paths �1, �2 2 PX with the same end points to a
smooth loop �1 ~ �2 2 LX. For a path � 2 PX, we consider the Hilbert space

V� = L2([0, ⇡], �⇤TX).

We show that the Clifford algebra Cl(V�) has a canonical completion to a von Neumann
algebra A� (more precisely, to a hyperfinite type III1 factor), and that these von Neumann
algebras glue together to a locally trivial bundle A of von Neumann algebras over PX.

As claimed by Stolz and Teichner [45], if �1, �2 2 PX are two loops with common end
points, the spinor bundle S�1~�2 becomes an A�2 -A�1 -bimodule in a canonical way. Con-
structing this bimodule structure precisely is a somewhat non-trivial task and the main
achievement of §2. Our construction then produces a (continuous) bundle of bimodules
over the subspace PX [2] ⇢ LX of loops that decompose into two paths in PX.

Definition. A fusion product for a loop space spinor bundle S consists of an grading
preserving unitary isomorphism

⌥ : S�2~�3 ⇥A! 2
S�1~�2 �! S�1~�3
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of A�3 -A�1 -bimodules for each triple of paths �1, �2, �3 2 PX with common end points.
We require ⌥ to depend continuously on the paths �i and to be associative for each
suitable quadruple of paths.

S�2~�3 ⇥A! 2
S�1~�2

⌥�! S�1~�3

In the definition of the fusion product, ⇥ denotes the Connes fusion product over
A2, i.e., a bundle version of the appropriate tensor product of (Hilbert) bimodules for
von Neumann algebras; see Appendix A.3&B.3. We stress that it is crucial in the above
definition to work in a von Neumann algebra setting, as the algebraic tensor product of
S�2~�3 and S�1~�2 over Cl(V�2) will not be isomorphic to S�1~�3 . The main result of
this paper is the following theorem, which gives a proof of the assertions formulated as
Theorems 1 & 2 in [45].

Theorem B. Let X be an oriented Riemannian manifold of dimension d � 5. Then
there exists a spinor bundle S with fusion product over X if and only if X admits a string
structure.

In fact, we will prove the following more refined statement, which starts with an
arbitrary loop space spinor bundle S. We show that if X admits a string structure, then
– while there may not exist a fusion product for S itself – there exists a line bundle T over
LX such that S⌦ T admits a fusion product. This extends the result of [25]. Moreover,
in the presence of a smoothing structures for a spinor bundle S, as alluded to above, one
has a natural notion of smoothness for fusion products.

As discussed by Stolz and Teichner [45], a spinor bundle with a fusion product over
LX behaves locally in X, and should therefore be viewed a “higher” differential geometric
object over the manifold itself. We argue that, using the language developed in [23], this
stringor bundle is naturally a super 2-vector bundle; we give a definition in §2.5.

Super bundle 2-gerbes. Our proof of Thm. B uses the machinery of higher differential
geometry, more precisely that of super bundle 2-gerbes, which where first introduced
(without grading) in [43] and whose definition generalizes in a rather straightforward
fashion to the super case. As many facts needed seemed not to be available in the
literature (at least for the super case), we give an account in §C.

To prove Thm. B, we show that given a spinor bundle S over LX, the obstruction for
the existence of a fusion structure on S is given by a certain super bundle 2-gerbe Fus(S)
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over X ⇥ X, which we call the fusion 2-gerbe. This higher gerbe is easily described in
terms of the path fibration PX ! X ⇥ X: It is given by a super line bundle over the
space PX [3] of triples (�1, �2, �3) of paths with common end points. Explicitly, the fiber
of this line bundle over such a triple is the space Hom(S�2~�3 ⇥A! 2

S�1~�2 ,S�1~�3) of
A3-A1-bimodule homomorphisms.

On the other hand, it turns out that (via an explicit, canonical isomorphism of super
bundle 2-gerbes) Fus(S) is isomorphic to the another super bundle 2-gerbe LagX on X⇥
X, defined independently of a loop space spinor bundle S. We call LagX the Lagrangian
2-gerbe (see §3). We show that LagX is ungraded if and only X is spin, and that, in
this case, it is isomorphic to a certain lifting 2-gerbe (often called Chern-Simons 2-gerbe),
which in dimension d � 5 is known to characterize the string condition.

Further discussion. The main new idea of this paper is to combine the theory of
von Neumann algebras with the techniques used in higher differential geometry, in order
to represent the obstruction against existence of a spinor bundle and/or fusion product
within the geometric framework of bundle gerbes. However, for this to work, we had to
make some modifications to the existing theory; in particular, we had to develop some
theory of locally trivial super von Neumann algebra bundles, which to our knowledge is
not present in the existing literature and therefore is presented in Appendix §B.

Moreover, it is crucial to work in the super, i.e., Z2-graded, setting throughout. This
becomes particularly apparent for the Lagrangian 2-gerbe LagX : While super bundle
gerbes become ordinary bundle gerbes after forgetting the grading, a super bundle 2-
gerbe does not define an ordinary bundle 2-gerbe.

What is not contained in this work is an investigation of the geometric features of the
loop space spinor bundle envisioned in [45], in particular the construction of the conformal
connection on the spinor bundle [45, Definition 3]. This seems to require working with
super bundle (2-)gerbes with connection throughout, which is beyond the scope of the
current paper.

Acknowledgements. It is a pleasure to thank Peter Kristel, André Henriques, Stephan
Stolz and Konrad Waldorf for helpful discussions, and Peter Teichner for greatly inspir-
ing my research and for his support over many years. I would also like to gratefully
acknowledge support from SFB 1085 “Higher invariants” funded by the German Research
Foundation (DFG).

0 Preliminaries on Clifford algebras
In this section, we review well-known classical results on Clifford algebras and Fock rep-
resentations.

Throughout, by a “real” Hilbert space H, we mean a complex Hilbert space with a
real structure, i.e., a complex antilinear involution v 7! v. An orthogonal transformation
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between “real” Hilbert spaces H, H 0 is a unitary map H ! H 0 that intertwines the real
structures. In particular, for H 0 = H, we have the orthogonal group O(H) ⇢ U(H) of H.

0.1 Cli!ord algebras

The (algebraic) Clifford algebra Cl(H) of a “real” Hilbert space is the quotient of the
tensor algebra of H by the Clifford relations

v · w + w · v = �2hv, wi · 1, v, w 2 H. (0.1)

Here the inner product on H is taken to be complex antilinear in the first component
so that the expression on the right hand side of (0.1) is complex bilinear. Cl(H) is a
⇤-algebra, with ⇤-operation determined on the generating set H ⇢ Cl(H) by the formula

v⇤ = �v, v 2 H. (0.2)

It is a fact that Cl(H) has a unique norm satisfying the C⇤-identity [3]. The tensor algebra
of H has a natural Z-grading by tensor number, which is not respected by the Clifford
relations. However, since both sides of (0.1) are even, the grading is respected modulo 2,
hence Cl(H) is a super algebra.

The Clifford algebra has the universal property that for any unital ⇤-algebra A and
any linear map f : H ! A satisfying the relations

f(v)f(w) + f(w)f(v) = �2hv, wi · 1A and f(v) = �f(v)⇤,
for all v, w 2 H, there exists a unique ⇤-homomorphism Cl(H) ! A extending f . In
particular, for any orthogonal transformation g : H ! H 0 ⇢ Cl(H 0) between “real”
Hilbert spaces, we obtain an induced ⇤-isomorphism

Clg : Cl(H)! Cl(H 0). (0.3)

If H 0 = H so that Clg is an automorphism of Cl(H), these are often called “Bogoliubov
automorphisms”. The assignment g 7! Clg is compatible with composition.

If H is a Hilbert space with a real structure v 7! v, its opposite �H is the “real”
Hilbert space with the same underlying complex vector space, but with real structure
v 7! �v. The universal property of the Clifford algebra provides a canonical isomorphism

Cl(�H) ⇠= Cl(H)op (0.4)
of the Clifford algebra of the opposite Hilbert space to the opposite super algebra of Cl(H)
(see § A.1), which is the determined by v 7! vop on the generating subset H ⇢ Cl(�H).

0.2 Lagrangians and Fock representations

A Lagrangian in a “real” Hilbert space H is a subspace L ⇢ H with L = L?. For a
Lagrangian L ⇢ H, denote the Fock space associated to L by

FL
def
= ⇤L =

1!

n=0

⇤nL.

7



Here the right hand side denotes the Hilbert space completion of the algebraic direct
sum with respect to its canonical inner product, so that FL is a Hilbert space. FL is Z2-
graded via the even/odd grading of the exterior algebra. Consequently, the space B(FL)
of bounded operators on FL is a super von Neumann algebra. There is a canonical grading
preserving ⇤-representation

⇡L : Cl(H)! B(FL),

called the Fock representation, which is uniquely determined by the properties

⇡L(v)⇠ = v ^ ⇠, v 2 L, ⇠ 2 FL

⇡L(v) = �⇡L(v)⇤, v 2 H
(0.5)

on the subset H ⇢ Cl(H). Each Fock representation is irreducible [38, Thm. 2.4.2].
If g : H ! H 0 is an orthogonal transformation between “real” Hilbert spaces and

L ⇢ H is a Lagrangian, then gL ⇢ H 0 is a Lagrangian in H 0. The corresponding Fock
representations ⇡L and ⇡gL of Cl(H) and Cl(H 0) are related by

⇡gL(gv) = ⇤g⇡L(v)⇤
⇤
g, v 2 H, (0.6)

where ⇤g : FL ! FgL is the map on Fock spaces induced by g|L : L ! gL. This relation
can be easily verified by checking that both sides satisfy the defining properties (0.5); it
can be interpreted as saying that ⇤g : FL ! FgL is an intertwiner along the ⇤-isomorphism
Clg : Cl(H)! Cl(H 0) induced by g via the universal property of the Clifford algebra.

0.3 Equivalence and implementation

By definition, two Fock representations FL and FL! are equivalent (as ungraded represen-
tations) if there exists a unitary isomorphism1 U : FL ! FL! such that

⇡L! (v) = U⇡L(v)U
⇤, v 2 H. (0.7)

The Segal-Shale equivalence criterion states that two Fock representations FL and FL!

are equivalent in this sense if and only if the difference PL � PL! of the corresponding
orthogonal projections is a Hilbert-Schmidt operator [38, Thm. 3.4.1]. This criterion
motivates the following definition.

Definition 0.1 (Equivalence of Lagrangians). Two Lagrangians L,L0 ⇢ H
are equivalent if the difference PL � PL! of orthogonal projections is a Hilbert-Schmidt
operator. A polarization on a “real” Hilbert space H is the choice of an equivalence class
Lag of Lagrangians.

It turns out that a unitary U : FL ! FL! satisfying (0.7) is always either parity-
preserving or parity reversing [38, §3.5]. More precisely, U is parity-preserving if and only
if dim(L \ L

0
) is even and parity-reversing otherwise [38, Thm. 3.5.2], [39, Thm. 1.22].

This gives a grading to the Pfaffian lines defined below.
1U is not necessarily grading preserving, see the discussion below.
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Definition 0.2 (Pfaffian line). Let H be a “real” Hilbert space with a polariza-
tion Lag. The Pfaffian line of two equivalent Lagrangians L, L0 2 Lag is the space of
Cl(H)-module homomorphisms

Pf(L,L0) = Hom(FL,FL! ), (0.8)

which can be described as the space of bounded linear maps � : FL ! FL! that are either
grading preserving or grading reversing and satisfy the relation

⇡L! (v)� = (�1)|�|� ⇡L(v), v 2 H. (0.9)

The Pfaffian line is graded by parity of its elements.

Remark 0.3. The additional sign in (0.9) comes from the Koszul rule; see §A.2 for
the general definition of intertwiners between super bimodules. A unitary map satisfying
relation (0.9) can be turned into a unitary map satisfying (0.7) by composing with the
grading operator.

There are the following additional structures on the Pfaffian lines.

(1) As L1 and L2 are equivalent, their Pfaffian line is non-zero. On the other hand, it fol-
lows from the irreducibility of the Fock representations that two elements of Pf(L1, L2)
differ only by a scalar � 2 C, in other words, Pf(L1, L2) is one-dimensional, hence
indeed a complex line. As there always exist unitary intertwiners U : FL1 ! FL2

between Fock representations for equivalent Lagrangians, which are either grading
preserving or grading reversing, it follows that any element � 2 Pf(L1, L2) is neces-
sarily a scalar multiple of a unitary.

(2) From the fact that its elements are multiples of unitaries, it follows that Pf(L1, L2)
carries a natural inner product. It satisfies

�⇤�0 = h�,�0iPf · idFL 1
(0.10)

and is uniquely determined by this relation. The inner product induces an identifica-
tion Pf(L1, L2)⇤ ⇠= Pf(L2, L1) of the dual Pfaffian line.

(3) For any triple of Lagrangians L1, L2, L3 2 Lag, composition of operators provides a
grading preserving isomorphism of super lines

Pf(L2, L3)⌦Pf(L1, L2) �! Pf(L1, L3). (0.11)

Let (H,Lag) and (H 0,Lag0) be polarized “real” Hilbert spaces. An orthogonal trans-
formation g : H ! H 0 is restricted if gL 2 Lag0 for all L 2 Lag. In particular, for H 0 = H,
one makes the following definition.
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Definition 0.4 (Restricted orthogonal group). Let H be a “real” Hilbert
space with a polarization Lag. The corresponding restricted orthogonal group is defined
as

Ores(H)
def
= {g 2 O(H) | 8L 2 Lag : gL 2 Lag}.

The Pfaffian lines enjoy the following equivariance with respect to Ores(H): If g 2
Ores(H) and L,L0 2 Lag, there is a grading preserving isomorphism

Pf(L,L0) �! Pf(gL, gL0), � 7�! ⇤g�⇤
⇤
g. (0.12)

Fix a “real” Hilbert space H with a polarization Lag. Historically, for L,L0 2 Lag
the task of constructing an intertwiner FL ! FL! between Fock modules is known as the
equivalence problem. Closely related is the implementation problem, which is the task of
implementing the Bogoliubov automorphism corresponding to an orthogonal transforma-
tion on some Fock space. Here an implementer is a unitary operator U on FL, which is
either grading preserving or grading reversing and satisfies

⇡L(gv) = (�1)|U |U⇡L(v)U
⇤, v 2 H, (0.13)

for some g 2 Ores(H). One says that U implements the Bogoliubov automorphism Clg,
or just that U implements g. This leads to the following definition.

Definition 0.5 (Implementer group). Let L 2 Lag. The group

ImpL
def
=

"
U 2 U(FL) | 9g 2 Ores(H) : U implements g

#

of unitary transformations of FL satisfying (0.13) for some g 2 Ores(H) is called the group
of implementers for L.

Remark 0.6. The relation (0.13) differs from the usual one by a sign in the case that
U is grading reversing, due to our general sign convention (A.4) for intertwiners. Given
an implementer satisfying (0.13), one obtains an intertwiner in the sense of, e.g., [38, §3.3]
by composing with the grading operator.

Remark 0.7. An implementer U for g is grading preserving if g lies in the identity
component of Ores(H) and grading reversing otherwise [38, Thm. 3.5.1].

Any solution U to the implementation problem (0.13) gives a unitary element U⇤⇤
g 2

Pf(gL, L) of the Pfaffian line, i.e., a solution to the equivalence problem for gL and L.
For details, see [38, §3.2].
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0.4 The von Neumann completion of the Cli!ord algebra

Let H be a “real” Hilbert space. For any Lagrangian L ⇢ H, the Fock representation ⇡L
induces a topology on the Clifford algebra Cl(H) by pulling back the ultraweak topology
of B(FL) along ⇡L; explicitly, this topology consists of the sets ⇡�1

L (O), where O ✓ B(FL)
ranges over the ultraweakly open sets. Given a unitary transformation U : FL1 ! FL2 ,
a subset O ✓ B(FL1) is open for the ultraweak topology if and only if UOU⇤ ✓ B(FL2)
is open. Therefore, the relation (0.7) implies that two equivalent Lagrangians L1, L2

induce the same topology on Cl(H). In other words, this topology only depends on the
equivalence class. Hence we can make the following definition.

Definition 0.8 (Completion of Clifford algebra). Let Lag be an equiva-
lence class of Lagrangians in H. The completion C of Cl(H) with respect to Lag is the
abstract completion (in the sense of topological vector spaces) with respect to the ultra-
weak topology induced by the Fock representations ⇡L for any L 2 Lag.

Given a Lagrangian L 2 Lag, the Fock representation ⇡L : Cl(H) ! B(FL) extends
by ultraweak continuity to an isomorphism of topological vector spaces from C to the
closure of the image ⇡L(Cl(H)) inside B(FL) with respect to the ultraweak topology. By
von Neumann’s bicommutant theorem, this ultraweak closure is equal to both the closure
with respect to the weak and the strong topology, and, moreover, coincides with the
bicommutant ⇡L(Cl(H))00 ⇢ B(FL). We obtain that the completion C is a super von
Neumann algebra, and that, for any L 2 Lag, the Fock representation ⇡L extends to a
⇤-representation

⇡L : C �! B(FL). (0.14)

These extensions are ⇤-isomorphisms, so we obtain that C is a super factor of type I, of
even kind (see [29, §2.1]).

Remark 0.9. If H is finite-dimensional (necessarily even to admit a Lagrangian), this
is just the statement that the Clifford algebra of an even-dimensional complex vector
space is isomorphic to a matrix algebra, where the isomorphism is non-canonical, but
depends on the choice of a Lagrangian L and an isomorphism L ⇠= Cdim(H)/2.

If (H,Lag) and (H 0,Lag0) are two polarized “real” Hilbert spaces and g : H ! H 0 is
an orthogonal transformation sending Lag to Lag0, then the relation (0.6) implies that
the induced isomorphism (0.3) extends to a ⇤-isomorphism

Clg : C �! C0

between the von Neumann completions with respect to the polarizations. This assignment
is compatible with composition so that we obtain a functor from the category of polarized
Hilbert spaces and restricted orthogonal transformations to the category of super von
Neumann algebras and isomorphisms. In particular, for H 0 = H and Lag = Lag0, we
obtain a group homomorphism

Ores(H) �! Aut(C). (0.15)

11



The category of polarized Hilbert spaces has an involutive endofunctor which sends
a polarized Hilbert space (H,Lag) to the opposite polarized Hilbert space (�H,Lag?),
where �H is the opposite “real” Hilbert space and

Lag? = {L? = L | L 2 Lag}. (0.16)

Similarly, the category of super von Neumann algebras has an involutive endofunctor
sending a super von Neumann algebra A to its super opposite Aop (see §A.1). The follow-
ing lemma states that the functor that assigns the completed Clifford algebra intertwines
these involutions.

Lemma 0.10. Let H be a “real” Hilbert space and let Lag be an equivalence class of
Lagrangians in H. The canonical isomorphism (0.4) extends to a ⇤-isomorphism C� ⇠=
Cop, where C is the completion of Cl(H) with respect to Lag and C� is the completion of
Cl(�H) with respect to the opposite equivalence class Lag?.

Proof. For a complex vector space K, we write K for its complex conjugate, the elements
of which we denote by v, for v 2 K. Let � be the real structure of H. Choose a Lagrangian
L 2 Lag. Then we have a canonical (complex-linear) isomorphism FL

⇠= FL, given by
sending ⇠ 7! ⇤�⇠ (here ⇤� : FL ! FL denotes the map on Fock spaces induced by the real
structure �). This induces an isomorphism B(FL)

⇠= B(FL), given by conjugation with
⇤�.

Denote by ⇡�
L
: �H ! B(FL) the Fock representation corresponding to the Lagrangian

L ⇢ �H, which is characterized by ⇡�
L
(v)⇤ = ⇡L(v) for v 2 �H and ⇡L(v)⇠ = v ^ ⇠ for

v 2 L and ⇠ 2 FL. Consider the following diagram of ⇤-algebras.

Cl(�H) Cl(H)

C� B(FL) B(FL) B(FL) B(FL) C

⇡"
L

⇡L

⇡"
L
⇠=

conjugation
by ⇤! ]

conjugation
by ⇤" i ⇡L

⇠=

(0.17)

where the curved arrows are the canonical inclusions into the completions, the top squig-
gly arrow is the canonical super anti-isomorphism obtained from (0.4) and the bottom
squiggly arrow is the canonical super anti-homomorphism ] given by

a]
def
=

$
a⇤ a even
ia⇤ a odd.

(0.18)

See §A.1 for a more detailed discussion of opposite super algebras, super anti-homomorphisms
and the homomorphism ].

To show that the square in the middle of (0.17) commutes, it suffices to show that
the two compositions agree on elements of H ⇢ Cl(�H). The north east composition
Cl(�H) ! B(FL) is given on elements of H simply by v 7! ⇡L(v) (as the top squiggly
arrow is the identity on H ⇢ Cl(�H)), while the south west composition is given by

H 3 v 7�! ⇡0(v)
def
= ⇤�i(⇤�⇡

�
L
(v)⇤⇤

�
)]⇤i = i⇤�i⇡

�
L (v)⇤i.

12



It is now straight forward to show that ⇡0 satisfies the defining properties (0.5) of the Fock
representation ⇡L, so that ⇡0(v) = ⇡L(v) for all v 2 H. Therefore, the square commutes. It
follows that the composition of the bottom arrows is the desired ⇤-isomorphism C� ! Cop

extending Cl(�H)! Cl(H)op. !

0.5 The Lagrangian Grassmannian and the Pfa"an line bundle

Let (H,Lag) be a polarized Hilbert space and let C be the completion of Cl(H) with
respect to Lag (see Definition 0.8). We equip Ores(H) with the coarsest topology that
makes both the group homomorphism (0.15) into Aut(C) and the inclusion into O(H)
continuous. Here we always equip the automorphism group of a (super) von Neumann
algebra with Haagerup’s u-topology (see §B). It turns out that with this topology, Ores(H)
is a Banach Lie group [40, §6.2 & §12.4].

For a Lagrangian L 2 Lag, any unitary u 2 U(L) extends uniquely to an element of
Ores(H); this identifies U(L) with the closed subgroup of g 2 Ores(H) that commute with
the complex structure JL = i(PL � PL# ).

The obvious action of Ores(H) on Lag is transitive, with stabilizer at L 2 Lag the
closed subgroup U(L) ⇢ Ores(H). This turns Lag into a homogeneous space for Ores(H),
and there is a unique smooth structure making the action of Ores(H) smooth [9, Prop. 11 of
§III.11]. Explicitly, this structure is characterized by the property that for each L 2 Lag,
the map

↵L : Ores(H) �! Lag, g 7�! gL (0.19)

descends to a diffeomorphism Ores(H)/U(L) ⇠= Lag.
For any L 2 Lag, the group ImpL of implementers on L can be described as the

pullback of the principal U(1)-bundle U(FL) ! Aut(C) along the group homomorphism
(0.15),

ImpL U(FL)

Ores(H) Aut(C).

(0.20)

It turns out that also ImpL is a Banach Lie group [27, §3.5]; hence we obtain a central
extension

U(1) �! ImpL �! Ores(H)

of Banach Lie groups. Here the right map sends an implementer to the orthogonal trans-
formation it implements.

The Fock spaces FL, L 2 Lag glue together to a continuous bundle F of super Cl(H)-
modules, with the property that the action of Ores(H) given by

⇤g : FL ! FgL (0.21)

is continuous. In other words, F is an equivariant bundle of Hilbert spaces for the Ores(H)-
action on Lag. In fact, this determines the bundle structure completely. Observe here
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that for each L 2 Lag, the restriction of (0.21) to the stabilizer U(L) is a continuous
group action on FL, which is, however, not smooth in infinite dimensions (for the norm
topology of U(FL); see[36, §2.3]).

Notice that this equivariant structure does not intertwine the Clifford actions (hence
F is not equivariant as a Cl(H)-module bundle); instead, by (0.6), ⇤g is an intertwiner
along the “Bogoliubov” automorphism Clg of Cl(H). All statements above stay true when
Cl(H) is replaced by its completion C with respect to Lag.

Over Lag ⇥ Lag, we have the Pfaffian line bundle

Pf
def
= Hom(F1,F2),

where Fi denotes the pullback of F along the projection onto the i-th factor. In infinite-
dimensions, as F is only a continuous bundle, this only gives a continuous bundle structure
at first. However, it is straight forward to show that there is a unique smooth structure
on the Pfaffian line bundle such that composition map (0.11) is smooth and such that Pf

is smoothly Ores(H)-equivariant for the action given by (0.12). It has the property that
for each L 2 Lag, the map

ImpL �! PfL, U 7�! U⇤⇤
g 2 Pf(gL, L), (0.22)

is smooth and descends to a diffeomorphism on the quotient of the left hand side by
the subgroup U(L) when the right hand side is restricted to the subbundle of unitary
intertwiners between Fock spaces. In (0.22), U is an implementer for g.

Remark 0.11. The Lagrangian Grassmannian Lag has two connected components.
Indeed, since Lag is a homogenous space for Ores(H) with isotropy U(L), it follows from
the long exact sequence of homotopy groups and the contractibility of U(L) that Lag
is homotopy equivalent to Ores(H) (compare Prop. 12.4.2 in [40]). That the restricted
orthogonal group has two connected components is part of Thm. 6.3 in [3]. Given L,L0 2
Lag, the Pfaffian line Pf(L,L0) is even if and only if L,L0 lie in the same connected
component and odd otherwise. This follows from the (grading preserving) isomorphism
(0.22) and the corresponding fact for ImpL [38, Thm. 3.5.2].

1 The spinor bundle on loop space
In this section, we first define spinor bundles corresponding to bundles of polarized Hilbert
spaces on arbitrary (infinite-dimensional) manifolds and then specialize to the example of
the loop space.

1.1 Spinor bundles and the Lagrangian gerbe

Let M be a (possibly infinite-dimensional) manifold.

14



Definition 1.1 (Bundle of polarized Hilbert spaces). A smooth bundle of
polarized Hilbert spaces is a bundle of “real” Hilbert spaces H over M (see §B.2) such that
each fiber Hp carries a polarization Lagp. We require that there exists a collection of local
trivializations {⌧i : H|Oi ! Oi ⇥H0}i2I such that the following holds:

(i) The domains Oi, i 2 I, form an open cover of M .

(ii) The typical fiber H0 has a polarization Lag
0

such that for each i 2 I, the trivializa-
tion ⌧i is fiberwise a restricted orthogonal transformation.

(iii) By the previous requirement, the corresponding transition functions defined over
two-fold overlaps of the cover {Oi}i2I are fiberwise restricted orthogonal transfor-
mations. We now require that the corresponding functions Oi \ Oj ! Ores(H0) are
smooth.

Remark 1.2. As bundles of Hilbert spaces are often not smooth, it may be useful in
some situations to relax the above definition by dropping the smoothness requirement in
(ii) and instead require continuity of the functions Oi \ Oj ! Ores(H) for the coarsest
topology on Ores(H0) that makes the inclusion into Aut(C0) continuous, where C0 is the
completion of Cl(H0) with respect to Lag

0
(see Definition 0.8). This topology is coarser

than the Lie group topology of Ores(H0) considered here, but finer than the strong topology
induced from O(H). With this weakened notion, topological versions of the statements
below still hold; for example, the Lagrangian gerbe Lag is still defined as a topological
bundle gerbe. However, it turns out that the main example for a polarized Hilbert space
bundle in this paper (which is essentially the completed tangent bundle of the smooth
loop space of a Riemannian manifold) is smooth in the above sense, which allows to stay
in the smooth setting.

Given a bundle H of polarized Hilbert spaces over M , the fiberwise completions Cp of
the Clifford algebras Cl(Hp), p 2 M , glue together to a (continuous) bundle C of super
von Neumann algebras over M . Local trivializations for C are immediately obtained from
those of H, using continuity of the group homomorphism (0.15).

Definition 1.3 (Spinor bundle). Let H be a bundle of polarized Hilbert spaces
on M and let C be corresponding bundle of super von Neumann algebras. A spinor bundle
for H is a (continuous) bundle S of irreducible super left modules over M for the super
von Neumann algebra bundle C.

See Definition B.7 for the general notion of a bundle of super left modules for a super
von Neumann algebra bundle. In particular, the definition entails that over each p 2 M ,
the fiber Sp is a super Hilbert space together with a grading preserving ⇤-isomorphism
Cp
⇠= B(Sp).

We now construct a geometric obstruction for the existence of a spinor bundle for a
bundle H of polarized Hilbert spaces, which is a super bundle gerbe. Given a bundle of
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polarized Hilbert spaces, the fiber polarizations Lagp, p 2 M , glue together to a smooth
fiber bundle Lag ! M , whose transition functions are obtained from those of H, using
the smoothness of the action of Ores(H0) on Lag

0
(here (H0,Lag0) is the typical fiber of

H). The Fock spaces FL, L 2 Lag, form a (continuous) bundle F over Lag, the fibers
of which are super left modules for (the pullback to Lag of) the Clifford von Neumann
algebra bundle C. The Pfaffian line bundle

Pf
def
= Hom(F1,F2)

is then a smooth super line bundle over the 2-fold fiber product Lag[2]. Here, following
Notation C.1, Fi denotes the pullback of F along the i-th projection map Lag[2] ! Lag.
(We remark here that since F is only a continuous bundle, this only gives a continuous
line bundle at first. However the smooth structure of the Pfaffian line bundle Pf

0 over
the homogeneous space Lag

0
carries over to Pf by smoothness of the Ores(H0)-action on

Pf
0.) The composition map (0.11) lifts to a smooth isomorphism of super line bundles

� : Pf23 ⌦Pf12 �! Pf13 (1.1)

over the three-fold fiber product Lag[3] (see Notation C.1). These data form the La-
grangian gerbe for H, defined as follows.

Definition 1.4 (Lagrangian gerbe). Let H be a bundle of polarized Hilbert
spaces over M . The Lagrangian gerbe for H is the super bundle gerbe depicted as follows.

LagH =

%

&
&
&
&
&
&
&
&
&
'

Pf
composition

map �
associativity

of composition

Lag Lag[2] Lag[3] Lag[4]

M

(

)
)
)
)
)
)
)
)
)
*

. (1.2)

Its cover is the bundle Lag of Lagrangians in H, its super line bundle is the Pfaffian line
bundle Pf over Lag[2] and its gerbe multiplication is the composition map (1.1), which
satisfies the necessary coherence (C.1) over Lag[4] by associativity of the composition of
operators.

This super bundle gerbe has been previously considered in [26, §5] (in a somewhat
different language), but without using the grading of its defining line bundle; see also [1,
Chapter 11].

Example 1.5. Suppose that M is a Riemannian manifold of finite dimension d. Con-
sider the vector bundle H over M given by

H =

$
TCM if d is even
TCM � C if d is odd.
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It can be identified with the associated bundle O(M)⇥O(d)H0, where O(M) is the principal
O(d)-bundle of orthogonal frames on M and H0 = Cd respectively Cd+1. Then a spinor
bundle S for H exists if and only if M has a Spinc structure, and in that case, is just a
usual complex spinor bundle.

In this situation, one can show that the characteristic classes of the Lagrangian gerbe
are the first Stiefel-Whitney class w1(M) 2 H1(M,Z2) and the third integral Stiefel-
Whitney class W3(M) 2 H3(M,Z) of M , which are precisely the obstructions for the
existence of a Spinc-structure.

Example 1.6. If the bundle Lag of Lagrangians in H has a global section L : M ! Lag,
then a spinor bundle is just obtained by setting S = FL = L⇤

F. However, this assumption
is very restrictive: Indeed, the choice of a Lagrangian in Hp is the same thing as the
choice of an orthogonal complex structure in Hp (where a Lagrangian L corresponds to
the complex structure JL = i(PL � PL)). Hence in the context of Example 1.5 with d
even, a global section of Lag is the same thing as an almost complex structure on M .
But many spinc manifolds do not admit an almost complex structure; for example, it is
well-known that M = S2n only admits an almost complex structure when n 2 {1, 2, 3}.

Example 1.7. Compared to Example 1.6, a less restrictive way to obtain a spinor
bundle is to choose an open cover (Oi)i2I such that Lag|Oi admits sections Li, together
with grading preserving bundle isomorphisms Uij : FLi ! FLj defined over Oi\Oj. These
are then required to satisfy the cocycle condition

Uik = UjkUij, (1.3)

in order for the bundles (FLi )i2I over the open cover to glue together to a spinor bundle
S. In fact, any spinor bundle on M is isomorphic to one obtained this way.

Example 1.8. The data (Oi)i2I and (Uij)ij2I from Example 1.7 are a special case of a
trivialization of the Lagrangian gerbe LagH . The above construction can be generalized
as follows for an arbitrary trivialization t = (T, ⌧) of LagH , where T is a smooth super
line bundle over Lag and ⌧ : T2 ⌦ Pf �! T1 is an isomorphism of super line bundles
over Lag[2]. To obtain a spinor bundle S from the trivialization (T, ⌧), we define a bundle
S̃ ! Lag of super left C-modules by the formula S̃ = F ⌦ T. Over Lag[2], we have a
canonical isomorphism of super vector bundles

S̃2 = F2 ⌦ T2
⇠= F1 ⌦Pf⌦ T2

⇠= F1 ⌦ T2 ⌦Pf F1 ⌦ T1 = S̃1

⌧
⇠=

given by ⌧ and the canonical bundle isomorphism F2
⇠= F1⌦Pf coming from the fiberwise

application isomorphism

FL1 ⌦ Hom(FL1 , FL2)⌦ FL2 , (L1, L2) 2 Lag[2].

The three different pullbacks of this isomorphism to Lag[3] satisfy the obvious cocycle
condition, hence S̃ descends to a bundle S of super left C-modules on M . By construction,
the fiber Sp of S is isomorphic to FL for any L 2 Lagp, hence irreducible as a C-module.
In other words, S = S(T,⌧) is a spinor bundle for H.

17



We may form the category SpinBdl H whose objects are spinor bundles S for H and
whose morphisms are isomorphisms of super C-module bundles (see Definition B.8). The
construction from Example 1.8 that associates to a trivialization of LagH a spinor bundle
for H can be easily upgraded to a functor

Triv(LagH) �! SpinBdl H . (1.4)

Theorem 1.9. The above functor is essentially surjective and faithful.

In particular, the above theorem shows that non-triviality of the Lagrangian gerbe
LagH is the obstruction to the existence of a spinor bundle for H; compare also Theo-
rem 5.3.7 of [26].

Proof. That the functor is faithful follows directly from the construction.
To see that the functor is essentially surjective, given a spinor bundle S over M ,

consider the super line bundle

N = Hom(F, ⇡⇤
S), (1.5)

over Lag, where ⇡⇤
S is the pullback along the footpoint projection ⇡ : Lag ! M . N

comes with a canonical grading preserving isomorphism of super line bundles

⌫ : N2 ⌦Pf! N1, (1.6)

see Notation C.1. The tuple (N, ⌫) then forms a continuous trivialization of LagH and
there is a canonical isomorphism S ⇠= S(N,⌫), where S(N,⌫) is the spinor bundle constructed
in Example 1.8.

The category Triv (LagLX) in the domain of (1.4) is the category of smooth trivializa-
tions, but we may choose a smooth structure on N such that the canonical composition
map (1.6) is smooth. This follows from the fact that every continuous trivialization of
a bundle gerbe is (in the category of continuous trivializations) isomorphic to a smooth
trivialization. !

Remark 1.10. Using the language of (super) 2-vector bundles (see §2.5), the above
constructions can be phrased as follows. Both LagH and the Clifford algebra bundle C are
examples of super 2-vector bundles over the manifold M and the canonical isomorphism

F2 ⌦Pf �! F1

establishes that the Fock space bundle F over Lag defines an isomorphism of super 2-
vector bundles f : LagH ! C. In the finite-dimensional case, this is discused in §5 of [23].
The inverse of any trivialization is an isomorphism I ! LagH (where I is the trivial
super 2-vector bundle) and postcomposing with f gives an isomorphism of super 2-vector
bundles I! C, which is the same thing as an irreducible super left C-module.
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1.2 Smoothing structures

At this stage, we cannot upgrade the statement of Thm. 1.9 to an equivalence of categories,
because the functor constructed in the proof above is not full. The problem is here that
there is no smoothness requirement for isomorphisms in the category of spinor bundles.
This can be fixed as follows.

Definition 1.11 (Smoothing structure). Let S be a spinor bundle for H. A
smoothing structure on S is a choice of smooth structure for the super line bundle N over
Lag defined in (1.5), which makes the canonical composition map (1.6) smooth.

Remark 1.12. Following [26], a rigging of S is a smooth Cl(H)-submodule bundle
S

1 ⇢ S which is fiberwise isomorphic to the subspace F
1
L of smooth vectors for the

action of U(L). Given such a rigging, inclusion of intertwiners produces a line bundle
isomorphism

Hom(⇡⇤
S

1,F1) ⇠= Hom(⇡⇤
S,F) = N

Since the left hand side has a natural smooth structure (as both ⇡⇤
S

1 and F
1 are smooth

vector bundles), we see that any rigging provides a canonical smoothing structure on S.

We may form the category SpinBdl sm

H of spinor bundles for H with a smoothing
structure. Morphisms in this category consist of even bundle isomorphisms S ! S

0

intertwining the C-actions that make the induced line bundle homomorphism

N = Hom(F, ⇡⇤
S) �! Hom(F, ⇡⇤

S
0) = N

0

smooth.

Lemma 1.13. Every spinor bundle S admits a smoothing structure. Two spinor bundles
with smoothing structures are isomorphic in SpinBdl sm

H if and only if they are isomorphic
in SpinBdl H .

Proof. A smoothing structure for a spinor bundle S can be obtained by identifying it with
an element in the image of the functor (1.4) (which has a canonical smoothing structure).
As the functor is essentially surjective, this is always possible. The second statement
follows from the fact that (1.4) is faithful. !

The proof of the following refinement of Thm. 1.9 is now straight forward.

Theorem 1.14. The functor (1.4) refines to an equivalence of categories

Triv(LagH) �! SpinBdl sm

H . (1.7)

Proof. By Lemma 1.13, the functor is still essentially surjective. It is faithful by Thm. 1.9.
It is full as the compatibility with the smoothing structures of morphisms in SpinBdl sm

H

ensures that each isomorphism of spinor bundles with smoothing structures in the image
of (1.7) comes from an isomorphism of the corresponding trivializations of LagH . !
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1.3 Lagrangians over the circle

When applying the general constructions from §1.1 to the loop space M = LX, where X
is some (oriented) Riemannian manifold, the Hilbert space bundle should H should be a
suitable completion of the tangent bundle TLX. The crucial task, however, is to endow
its fibers with a suitable polarization, i.e., a preferred equivalence class of Lagrangians.

To analyze this problem, consider the Hilbert space

HE
def
= L2(S1, E),

where E is a “real” metric vector bundle E on S1. HE acquires a real structure from the
pointwise real structures in the fibers of E.

As HE is a Hilbert space of sections, it makes sense to consider Lagrangians L ⇢ HE

whose orthogonal projection PL is a pseudodifferential operator (necessarily of order zero),
at least up to a Hilbert-Schmidt perturbation. Two equivalent spectral projections PL

and PL! of this type must necessarily have the same principal symbol p, which is a section
of the bundle ⇡⇤End(E) over T ⇤S1. If we insist additionally that the principal symbol p
is invariant under orthogonal transformations of the fibers of E, then (up to sign), p must
necessarily be given by

p(t,#)
def
= sign(#) · idEt , t 2 S1, # 2 T ⇤

t S
1. (1.8)

It therefore seems natural to consider the equivalence class

LagE
def
= {L ⇢ HE Lagrangian | PL has principal symbol p}, (1.9)

consisting of those Lagrangians L such that the corresponding orthogonal projection PL

is (up to a Hilbert-Schmidt perturbation) a classical pseudodifferential operator with
principal symbol given by (1.8). If L and L0 are two such Lagrangians, the difference
PL � PL! has zero principal symbol which implies that it is a Hilbert-Schmidt operator,
hence L and L0 are indeed equivalent.

However, there is an index-theoretic obstruction for this approach to work. Recall
that real vector bundles E over S1 are characterized by two invariants: Their dimension
and their first Stiefel-Whitney class w1(E) 2 Z2. We now have the following.

Theorem 1.15. LagE is non-empty if and only if w1(E) = dimE mod 2.

Proof. Suppose that LagE is non-empty. Then given a Lagrangian L 2 LagE, the operator
JL = i(PL � PL# ) is real skew-adjoint and therefore has an index ind JL = dimker JL
mod 2 2 Z2, which is independent of L (as the difference JL � JL! is Hilbert-Schmidt for
L,L0 2 LagE) . However, by [4, Thm. 2.3], this index can be computed in terms of the
symbol p. Carrying out this calculation gives

ind JL = w1(E) + dimE mod 2.
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On the other hand, since L is a Lagrangian, we have H = L�L?, which implies ker JL = 0.
Hence we must have w1(E) = dimE mod 2.

For the converse direction, we construct a Lagrangian L 2 LagE, assuming w1(E) =
dimE mod 2. To this end, choose a connection rE on E. Then covariant differentiation
with respect to the canonical coordinate on S1 gives a real skew-adjoint operator rE

t ,
whose mod 2 index is w1(E) + dimE mod 2 = 0. This implies that its kernel is even-
dimensional. Define now

L± =
!

�>0

Eig(D,±�), (1.10)

the (Hilbert space) direct sum of eigenspaces to positive (negative) eigenvalues of the
self-adjoint operator D = irE

t . Then L� = L+ and the orthogonal projection onto L�
is a pseudodifferential operator with principal symbol (1.8) (see Prop. 14.2 in [7]). Now,
for any choice of Lagrangian K in the finite-dimensional “real” Hilbert space ker(D) =
ker(rE

t ) ⇢ HE, the sum L = L� + K is a Lagrangian in LagE. Such a Lagrangian K
exists as dimker(D) = indrE

t mod 2, which is zero. !

A real vector bundle E satisfying the condition (1.15) can be written in the form
E = S⌦Cd, where S is the bounding spinor bundle on the circle, i.e., the rank one “real”
bundle with nontrivial w1(S) (observe here that w1(S⌦Cd) = d ·w1(S) = d mod 2). We
therefore set

H0

def
= L2(S1, S⌦ Cd) (1.11)

and let Lag
0

be the equivalence class of Lagrangians defined by (1.9) for this choice of E,
i.e., the class of Lagrangians L ⇢ H0 such that the corresponding projection PL is, up to a
Hilbert-Schmidt perturbation, a pseudodifferential operator with principal symbol (1.8).
If d is even, we simply have Cd ⇠= S⌦ Cd but if d is odd, Thm. 1.15 shows that we need
the twist by S in order for Lag

0
to be non-empty.

It will be important that the Hilbert space H0 has a canonical action of the loop
group LSO(d), given by pointwise multiplication in the Cd factor. This action is by
orthogonal transformations, and as conjugation by elements of LSO(d) leaves the principal
symbol (1.8) invariant, these preserve the polarization Lag

0
. Hence we obtain a group

homomorphism
LSO(d) �! Ores(H0), (1.12)

which turns out to be smooth (see [40, Prop. 12.5.1], [27, Prop. 3.23]). Given a Lagrangian
L, we can pull back the implementer extension ImpL along the homomorphism (1.12) to
obtain a central extension of LSO(d). This extension can then be pulled back further
along the group homomorphism LSpin(d) ! LSO(d), obtaining a central extension of
LSpin(d). We obtain these central extensions the implementer extension of LSO(d),
respectively LSpin(d).

^LSpin(d) L̂SO(d) ImpL

LSpin(d) LSO(d) Ores(H0)

(1.13)
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Theorem 1.16. [27, Theorem 3.26] If d � 5, then the implementer extension is a
basic central extension of LSpin(d), meaning that its first Chern class is a generator for
H2(LSpin(d),Z) ⇠= Z.

This theorem is either proved by using that the first Chern class of ImpL is a generator
for H2(Ores(H),Z) ⇠= Z [42, Prop. 1.2] together with the fact that the map ⌦Spin(d) !
Ores(H0) is (d�2)-connected [40, Prop. 12.5.2]. Alternatively, one can explicitly compute
the group cocycle characterizing the extension (see [27, Lemma 3.24] or [8, Thm. 8.3])
and use [40, Theorem 4.4.1 (iv) & Proposition 4.4.6].

1.4 The loop space spinor bundle

Let now X be an oriented Riemannian manifold of dimension d with loop space LX =
C1(S1, X). The loop space has a canonical bundle of “real” Hilbert spaces HLX , the fiber
of which at a loop � 2 LX is

H�
def
= L2(S1, S⌦ �⇤TX), (1.14)

with S the bounding spinor bundle on the circle. The structure group of HLX is canoni-
cally reduced to LSO(d), in the sense that the looped frame bundle LSO(X) is a principal
LSO(d)-bundle with the property that the associated bundle LSO(X)⇥LSO(d)H0 is canon-
ically isomorphic to HLX , where H0 is the Hilbert space considered in (1.11).

As X is oriented, we have w1(�⇤TX) = �⇤w1(TX) = 0, hence the canonical polariza-
tion

Lag�
def
= {L ⇢ H� Lagrangian | PL has principal symbol p} (1.15)

of H� described in §1.3 is non-empty. We now provide HLX with the structure of a smooth
bundle of polarized Hilbert spaces according to Definition 1.1. To this end, we remark
that elements of the bundle SO(X) of orthogonal oriented frames can be viewed as ori-
ented orthogonal transformations Rd ! TxX, hence by pointwise application, elements
g 2 LSO(X) of the looped frame bundle that lift a loop � 2 LX give orthogonal transfor-
mations g : H0 ! H�. As such a g intertwines the principal symbols (1.8) for the bundles
E = S⌦Cd and S⌦�⇤TX, it is a restricted orthogonal transformation. Therefore, a local
section g of LSO(X) over an open set O ✓ LX provides a local trivialization of HLX .
If g0 is another local section over an open set O0 ✓ LX, then the transition function is
obtained from the smooth function g0g�1 : O \ O0 �! LSO(d) by postcomposing with
the Lie group homomorphism (1.12). Hence the transition functions are smooth.

As in §1.1, the fiberwise completions C� of the Clifford algebra Cl(H�) with respect
to Lag� glue together to a continuous bundle C of super von Neumann algebras over LX
(this bundle was previously considered in [29]). We repeat Definition 1.3 for the present
context.

Definition 1.17 (Loop space spinor bundle). A loop space spinor bundle is
a (continuous) bundle S over LX of irreducible super left modules for the super von
Neumann algebra bundle C.
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The fiberwise polarizations Lag� glue together to a smooth fiber bundle LagLX ! LX.
Over Lag, we have the Fock bundle F, a (continuous) bundle of super left modules for the
(pullback to LagLX of the) Clifford algebra bundle Cl(HLX) and its completion C.

Over the 2-fold fiber product Lag[2], we have the Pfaffian line bundle Pf, which is the
defining super line bundle for the Lagrangian gerbe LagLX for HLX (see Definition 1.4).
As seen in §1.1, non-triviality of the Lagrangian gerbe is the obstruction to the existence
of a loop space spinor bundle. This statement is repeated in the following theorem.

Theorem 1.18. A loop space spinor bundle on LX exists if and only if the Lagrangian
gerbe LagLX admits a trivialization.

In the present situation, non-triviality of the Lagrangian gerbe LagLX can be charac-
terized in geometric terms as follows.

Theorem 1.19. The structure group of LSO(X) can be reduced to the identity compo-
nent LSO(d)0 ⇢ LSO(d) if and only if the orientation line bundle or(LagLX) is non-trivial.

Recall here that every super bundle 2-gerbe G has an associated principal Z2-bundle
or(G), see Definition C.3.

A sufficient condition for the reduction of structure groups from Thm. 1.19 to ex-
ist is the existence of a spin structure Spin(X) of X. Indeed, the image P of the
map LSpin(X) ! LSO(X) is a principal LSO(d)0-bundle. Conversely, it was shown
by McLaughlin [32, Prop. 2.1] that in the case that X has dimension d � 4 and is simply
connected, the existence of a reduction of the structure group to LSO(d)0 implies that X
is spin.

Proof. Let P ⇢ LSO(X) be a reduction of the structure group to LSO(d)0, i.e., P is
a subbundle on which the subgroup LSO(d)0 acts fiberwise freely and transitively. Fix
some Lagrangian L 2 Lag

0
and consider the map of covers % : P ! Lag, g 7! gL.

Since the fibers of P are connected, we obtain that the pullback %⇤Pf is purely even (see
Remark 0.11). This implies the orientation bundle of the refinement of LagLX along % is
trivial.

Conversely, suppose that the orientation bundle or(LagLX) is trivial and choose a
section s of or(LagLX) and a Lagrangian L 2 Lag

0
. Then

P
def
=

"
g 2 LSO(X)� | s(�) = [gL, 0]

#
⇢ LSO(X).

is a principal LSO(d)0-bundle. !

For the next result, recall that a central extension ^LSpin(d) of LSpin(d) by U(1) is
basic if its first Chern class is a generator of H2(LSpin(d),Z) ⇠= Z.

Theorem 1.20. Suppose that X is a spin manifold of dimension d � 5. Then LagLX
admits a trivialization if and only if there exists a lift of the structure group of LX from
LSpin(d) to its basic central extension.
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Proof. Suppose that X is spin and let Spin(X) be the corresponding principal Spin(d)-
bundle. For a given Lagrangian L 2 Lag

0
, consider the map % : LSpin(X) ! Lag given

by g̃ 7! gL, where g is the image of g̃ in LSO(X) under the loop map of the double
covering map Spin(X) ! SO(X). By Thm. 1.19, LagLX has trivial orientation bundle,
and refining LagLX along the map % gives a new purely even super bundle gerbe GL

isomorphic to LagLX with cover LSpin(X).
We claim that the underlying U(1)-bundle gerbe of GL is strictly isomorphic to the

lifting gerbe Lift
Spin(X)

for the implementer extension (1.13) of LSpin(d); compare (C.6).
Recall here that the Pfaffian line bundle has a canonical metric given by (0.10) and hence
a canonical underlying U(1)-bundle gerbe, given by passing to the norm one (i.e., unitary)
elements. Now, the line bundle of GL at (g̃1, g̃2) 2 LSpin(X)[2] is Pf(g1L, g2L). Using
(0.22) and (0.12), we obtain a map

(ImpL)g
⇤
2
g1 �! Pf(g⇤

2
g1L,L) �! Pf(g1L, g2L). (1.16)

This gives an isomorphism of the subbundle of %⇤Pf consisting of unitary intertwiners
with the pullback of the principal U(1)-bundle ImpL ! Ores(H0) along the map

LSpin(X)[2]
��! LSpin(d) �! LSO(d) �! Ores(H0), (g̃1, g̃2) 7�! g⇤

2
g1.

But with a view on (1.13), this pullback is just �⇤ ^LSpin(d). The isomorphism (1.16)
moreover intertwines the composition map (0.11) with group multiplication in ImpL, so
that GL is indeed isomorphic to Lift

Spin(X)
.

By Thm. C.2, we therefore obtain that GL and hence also LagLX are trivial if and only
if the structure group of LX admits a lift from LSpin(d) to the implementer extension.
On the other hand, by Thm. 1.16 the assumption d � 5 guarantees that the implementer
extension is LSpin(d). !

Recall that on a spin manifold X, there exists a characteristic class 1

2
p1(X), which has

the property that twice this class equals the first Pontrjagin class [32, Lemma 2.2]. It was
shown by Waldorf [55, §5.2] that the Dixmier-Douady class of the obstruction gerbe to
lifting the structure group LSpin(d) to its basic central extension is ⌧(1

2
p1(X)). Conversely,

McLaughlin showed that if X is 2-connected and dim(X) � 5, then vanishing of ⌧(1
2
p1(X))

implies the vanishing of 1

2
p1(X) itself. Examples of manifolds X with 1

2
p1(X) 6= 0 but

⌧(1
2
p1(X)) = 0 have been provided in [37].

2 The fusion product
Let X be a Riemannian manifold of dimension d. In this section, we discuss fusion
products on the loop space spinor bundle. For this, it will be important to cup loops into
paths. We write

PX ⇢ C1([0, ⇡], X)
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for the subset of those paths � : [0, ⇡]! X that are flat near the end points, i.e., in some
coordinate chart (hence all coordinate charts) the derivatives of � vanish to all orders at
the end points. PX is an infinite-dimensional Fréchet manifold.

Remark 2.1. In the literature, two variations of this path space are often considered:
First, one could drop the condition that the paths be flat at the end points, which also
gives a nice Fréchet manifold of paths but has the disadvantage that after gluing two
paths with the same end points to a loop with the map (2.1) below, one does not obtain
a smooth loop. This can be repaired by considering paths with sitting instants instead,
i.e., paths that are constant near the end points. But this has the disadvantage that one
leaves the realm of manifolds and has to work with diffeological spaces instead.

For k � 2, denote by PX [k] the k-fold fiber product of PX with itself over the endpoint
evaluation map to X ⇥X. Explicitly, elements of PX [k] consist of tuples (�1, . . . , �k) of
paths �i 2 PX that each share both the same starting point and the same end point.

For (�1, �2) 2 PX [2], we set

(�1 ~ �2)(t) =

$
�2(t) t 2 [0, ⇡]

�1(2⇡ � t) t 2 [⇡, 2⇡].
(2.1)

Since �1 and �2 are flat at the endpoints, �1 ~ �2 is a smooth loop in X, and sending
(�1, �2) to �1 ~ �2 yields a smooth inclusion map PX [2] ! LX.

�1 ~ �2 =

�1 ~ �2

2.1 The von Neumann algebra bundle over the path space

In this section, we construct a bundle A of Clifford von Neumann algebras over the path
space PX of a Riemannian manifold X. We first discuss the typical fiber of this bundle.
Consider the “real” Hilbert space

V0

def
= L2([0, ⇡],Cd). (2.2)

By choosing a metric preserving trivialization of the restriction S|[0,⇡], we identify V0 with
a subspace of the “real” Hilbert space H0 defined in (1.11). We fix such a trivialization
once and for all. This induces an inclusion ⇤-algebras Cl(V0) ,! Cl(H0) ⇢ C0, where C0

is the completion of Cl(H0) with respect to the polarization Lag
0
; see (1.9). We define

A0

def
= Cl(V0)

00 ⇢ C0, (2.3)
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as the completion of Cl(V0) with respect to the ultraweak topology induced by this inclu-
sion.

Remark 2.2. Observe that S|[0,⇡] has precisely two trivializations (that preserve the
fiber metrics), which differ by a sign. Hence the two inclusions Cl(V0) ,! C0 corresponding
to these trivializations are intertwined by the grading automorphism of C0. We therefore
see that both inclusion induce the same topology on Cl(V0) and hence lead to the same
completion A0.

Lemma 2.3. The Bogoliubov automorphisms of Cl(V0) induced by elements of PSO(d)
extend to A0 by ultraweak continuity and the resulting group homomorphism

PSO(d) �!A0 (2.4)

is continuous.

Proof. Let g 2 PSO(d), which induces a Bogoliubov automorphism Clg of Cl(V0). To see
that Clg is continuous, choose an element g0 2 PSO(d) with the same start and end point
as g. Then the element g0 ~ g 2 Ores(H0) induces a ⇤-automorphism of C0 restricting to
Clg on Cl(V0). So Clg is the restriction of a ⇤-automorphism of C0, hence ultraweakly
continuous, therefore extends by continuity to A0.

To see that (2.4) is continuous, we first observe that the composition

PSO(d)[2]
~�! LSO(d) �! Ores(H0) �! Aut(C0)

is continuous, where the middle one is (1.12) and the last one is (0.15). Notice that
the image of the composition is contained in the subgroup Aut(C0)0 ⇢ Aut(C0) that
consist of automorphisms of C0 that preserve A0, hence we obtain a homomorphism
PSO(d)[2] ! Aut0(C0). Precomposition with the diagonal map PSO(d)! PSO(d)[2] and
postcomposition with the map that restricts an automorphism of C0 that preserves A0 to
an automorphism of A0 gives a factorization of the homomorphism as the composition
PSO(d)! PSO(d)[2] ! Aut(C0)0 ! Aut(A0) of continuous group homomorphisms. !

We now construct the desired bundle A with typical fiber A0 over the path space PX
of a Riemannian manifold X. For � 2 PX, consider the Hilbert space

V�
def
= L2([0, ⇡], �⇤TX). (2.5)

For (�1, �2) 2 PX [2] we can form the loop �1 ~ �2, and V�2 is naturally a subspace of
the Hilbert space H�1~�2 defined in (1.14). H�1~�2 supports the equivalence class Lag�1~�2

of Lagrangians defined in (1.15), which gives rise to the completion C�1~�2 of the corre-
sponding Clifford algebra. We therefore have inclusions

Cl(V�2) ⇢ Cl(H�1~�2) ⇢ C�1~�2 . (2.6)

To get rid of the dependence on �1, we use the following lemma.
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Lemma 2.4. The ultraweak topology induced on Cl(V�2) by the inclusion (2.6) does not
depend on the choice of �1.

Proof. Let �0
1
2 PX be another path with the same start and end points as �2. Choose

lifts g 2 LSO(X)�1~�2 and g0 2 LSO(X)�!
1~�2 that agree on [0, ⇡] (i.e, over �2). We view

these as orthogonal transformations

g : H0 �! H�1~�2 , g0 : H0 �! H�!
1~�2 .

of polarized “real” Hilbert spaces. The composition g0g�1 : H�1~�2 ! H�!
1~�2 is then also

an orthogonal transformation of polarized “real” Hilbert spaces, hence induces an isomor-
phism Clg!g" 1 on the corresponding Clifford algebras which by construction intertwines
the inclusions of Cl(V�2).

Cl(H�1~�2) C�1~�2

Cl(V�2)

Cl(H�!
1~�2) C�!

1~�2

Clg! g" 1 Clg! g" 1

On the other hand, Clg!g" 1 extends by ultraweak continuity to the von Neumann algebra
completions, which shows that both inclusions induce the same ultraweak topology. !

Notation 2.5. For � 2 PX, we denote by A� the completion of Cl(V�) with respect
to the ultraweak topology induced by any of the inclusions (2.6).

Each A�, � 2 PX, is a super von Neumann algebra, and by construction, for any
(�1, �2) 2 PX [2], we have ⇤-homomorphisms

A�2 ,! C�1~�2 .

The A�, � 2 PX, glue together to a bundle of von Neumann algebras (see Definition B.3).
Indeed, if g : O ! PSO(X) is a local section of PSO(X) over an open set O ✓ PX, we
obtain a local trivialization Clg : A|O �! A0 ⇥ O. That the transition functions are
continuous follows from Lemma 2.3.

2.2 Fock spaces as bimodules

Let H be a “real” Hilbert space together with a “real” subspace V ⇢ H, i.e., a complex
subspace of H that is preserved by the real structure. Suppose now that there exists an
orthogonal involution

� : H ! H

that exchanges V with V ?. The composition i� can be viewed as an orthogonal transfor-
mation �H ! H, hence we obtain an induced ⇤-isomorphism

Cl(V )op ⇠= Cl(�H) Cl(H),
Cli" (2.7)
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which sends Cl(�V ) to Cl(V ?), the super commutant of Cl(V ) inside Cl(H).
Given a Lagrangian L ⇢ Lag, the corresponding Fock space FL is a left super Cl(H)-

module via the Fock representation ⇡L. It also has an action of Cl(V ) ⇢ Cl(H) obtained
from restricting ⇡L. But the ⇤-isomorphism (2.7) determined by � also induces a ⇤-
representation ⇡�L of Cl(V )op on FL, explicitly given by

⇡�L(v)
def
= ⇡L(i�v), v 2 V. (2.8)

As a Hilbert space with super commuting actions of Cl(V ) and Cl(V )op, the Fock space FL

acquires the structure of a super Cl(V )-Cl(V )-bimodule, where the right action is given
on V ⇢ Cl(V ) by

⇠ / v
def
= (�1)|⇠|⇡�L(v)⇠, v 2 V. (2.9)

We now lift the above construction to the von Neumann algebra completions. Suppose
we are given a polarization Lag on H and let C be the completion of the Clifford algebra
Cl(H) with respect to Lag (see Definition 0.8). Let moreover

A = Cl(V )00 ⇢ C

be the ultraweak closure of the Clifford subalgebra Cl(V ) ⇢ Cl(H) in C. We assume
additionally that � sends the equivalence class Lag to the opposite equivalence class
Lag?; see (0.16). Then Cli� extends by ultraweak continuity to a ⇤-isomorphism C� ! C,
where C� denotes the completion of Cl(�H) with respect to Lag?. By Lemma 0.10, also
the canonical isomorphism Cl(H)op ⇠= Cl(�H) extends continuously to a ⇤-isomorphism
Cop ⇠= C�. Combining these two extensions, we obtain that (2.7) extends by ultraweak
continuity to a ⇤-isomorphism

Cop ⇠= C� C.
Cli" (2.10)

As (2.7) sends Cl(V )op to Cl(V ?), the super commutant of Cl(V ) in Cl(H), its continuous
extension sends Aop to the super commutant of A in C.

By the above, for any Lagrangian L 2 Lag, the representations ⇡L and ⇡�L extend
to supercommuting ⇤-representations of A, respectively Aop, on FL. Turning the left
Aop-action into a right A-action using (2.9) then turns the Fock space FL into a super
A-A-bimodule. It is a non-trivial fact that the image of Aop under ⇡�L is actually equal
to the super commutant of ⇡L(A); this is the so-called “twisted duality” of the Clifford
algebra, see [6] or [56, Thm. 13(iii)]. We obtain that the images of A under ⇡L and ⇡�L are
each other’s super commutant; this implies that the super A-A-bimodule FL is invertible
with respect to Connes fusion [28, Prop. 5.5]).

Remark 2.6. The above constructions extend to the slightly more general setup. Let
Ṽ ⇢ H̃ be another subspace of a polarized Hilbert space (H̃, ˜Lag) and let Ã = Cl(Ṽ )00 ⇢ C̃
be the completion of the corresponding Clifford algebra in the completion C̃ of Cl(H̃) with
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respect to ˜Lag. Then given an orthogonal transformation � : H̃ ! H sending Ṽ to V ?

and ˜Lag? to Lag, the ⇤-isomorphism

Cl(H̃)op ⇠= Cl(�H̃) Cl(H)
Cli"

extends by ultraweak continuity to a ⇤-isomorphism C̃op ! C that takes Ãop to the super
commutant of A in C.

Moreover, for any L 2 Lag, the representation ⇡�L of Cl(Ṽ ) given by the formula (2.8)
extends continuously to a ⇤-representation of Ãop on FL such that ⇡�L(Ã) is the super
commutant of ⇡L(A). This turns FL into an invertible super A-Ã-bimodule.

Any Lagrangian L in general position with respect to V (meaning that the intersections
L \ V and L \ V ? are trivial) determines an orthogonal involution � = �L as above.
Namely, since L is in general position, we have

L = graph(TL)

for some (possibly unbounded) densely defined, invertible operator TL : V ! V ?. That
L is a Lagrangian entails that T ⇤

L = �T�1

L . This relation implies that the operator �L,
defined with respect to the direct sum decomposition H = V � V ? by the matrix

�L =

+
0 �i(T ⇤

LTL)�1/2T ⇤
L

iTL(T ⇤
LTL)�1/2

,
, (2.11)

is an orthogonal involution of H that exchanges V with V ? and sends L to L (and hence,
in particular, sends Lag to Lag?).

Theorem 2.7. Let L be a Lagrangian in general position and equip the Fock space FL

with the right action (2.9) determined by the involution �L given by (2.11). Then as a
super A-A-bimodule, FL is isomorphic to the standard bimodule L2(A), via a grading
preserving unitary transformation.

Proof. By Lemma 3.3 and Prop. 3.4 in [6], the vacuum vector ⌦ 2 FL is a cyclic and
separating vector for ⇡L(A). By Remark A.1, there exists a canonical grading preserving
unitary isomorphism L2(A) ⇠= FL, which intertwines the left A-action on L2(A) with ⇡L
and the right A-action on L2(A) with the right action on FL given by

⇠ / a = J⌦⇡L(a)
⇤J⌦⇠, (2.12)

where J⌦ the modular conjugation determined by ⌦ (see Remark A.1). By Thm. 5.6 of
[6], the modular conjugation is given in this situation by

J⌦ = k⇤⇤��L , where k⇠ =

$
⇠ |⇠| even
i⇠ |⇠| odd

(2.13)
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is the Klein transformation and � is the real structure of H. With a view on 0.6, we find
that on elements of v 2 V ⇢A, the right action (2.12) is given by

⇠ / v = (�1)|⇠|⇡L(i�Lv),

which coincides with the right action (2.9) given by �L. As the right action is determined
by V ⇢ A, this shows that the two right actions agree. We obtain that the grading
preserving isomorphism L2(F) ⇠= FL is in fact a bimodule homomorphism. !

We see that for any Lagrangian L 2 Lag in general position with respect to V , there
is even a canonical unitary isomorphism FL

⇠= L2(A), namely the canonical isomorphism
determined by the vacuum vector ⌦, see Remark A.1. It is a bimodule isomorphism if
FL carries the right action determined by the involution �L For general Lagrangians, we
have the following result.

Corollary 2.8. Let � be an orthogonal involution of H such that � = �L for some
Lagrangian L 2 Lag in general position with respect to V . Then for any other Lagrangian
L0 2 Lag, the A-A-bimodule FL! , with the right action induced by �, is isomorphic to the
standard bimodule L2(A), via a unitary intertwiner that is either grading preserving or
grading reversing.

Proof. As L0 and L are equivalent, there exists a unitary intertwiner U : FL! ! FL for
the left action of Cl(H) (equivalently C) that is either grading preserving or grading
reversing, depending on the parity of dim(L0 \L). Our convention (A.4) is such that any
such intertwiner is at the same time an isomorphism of super A-A-bimodules. But by
Thm. 2.7, FL is isomorphic to the standard bimodule. !

We now apply the above general results to the circle Hilbert space H0, given in (1.11),
with the equivalence class Lag

0
as in (1.9). Let V0 be the “real” Hilbert space given in

(2.2), viewed as a subspace of H0 using the fixed trivialization of S|[0,⇡].

Definition 2.9 (Spin involution). A spin involution is a “real” metric-preserving
bundle automorphism s of S covering the flip diffeomorphism t 7! �t of S1.

A spin involution exists, because the pullback of S under the flip is isomorphic to S
(notice both S and its pullback have the same dimension and Stiefel-Whitney class), and
is unique up to sign. As the map t 7! �t is orientation-reversing, s sends the principal
symbol (1.8) to its negative; hence a spin involution s of H0 exchanges Lag

0
with its

opposite class Lag?
0
.

A spin involution s induces an orthogonal involution � of H0, given by

(�f)(t) = (s⌦ idCd )f(�t). (2.14)

Theorem 2.10. There exists a Lagrangian L 2 Lag
0

in general position with respect to
V0 such that the orthogonal involution �L given by (2.11) is induced by a spin involution
as in (2.14).
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Proof. Such a Lagrangian is explicitly given as follows. Let D = irt be the covariant
derivative with respect to the canonical “real” connection on S ⌦ Cd. The involution �
induced by a spin involution exchanges the positive and negative spectral subspaces L+

and L� of D, defined in (1.10). Combining this with the fact that D has trivial kernel,
we obtain that the subspace

L� =
!

�<0

Eig(D,�) (2.15)

is a Lagrangian. L� is in general position with respect to V0, as is not hard to see.
By Prop. 14.2 in [7], the corresponding orthogonal projection PL" has principal symbol
(1.8). It is then a non-trivial calculation that the corresponding orthogonal involution
�L" is then induced by a spin involution; this result can be found in [18, Lemma 8], [17,
pp. 57-58] or [27, Appendix B] and is a variation on a result of Wassermann, see [56,
Thm. 14(c)]. !

Sign Discussion 2.11. There are two spin involutions for S, which differ by a sign.
By Thm. 2.10 and Corollary 2.8, there exists a spin involution such that with the right
action induced by the corresponding orthogonal involution � of H0, all Fock spaces are
isomorphic to L2(A0). Replacing the spin involution (and hence �) by its negative, this
modifies the bimodule structure by twisting the right action with the grading operator of
A0. As one can show that the grading isomorphism is not inner for A0, the Fock spaces
with this modified bimodule structure will not be isomorphic to L2(A0), neither with
a grading preserving not with a grading reversing intertwiner. Hence Thm. 2.10 singles
out a spin involution s, such that the corresponding orthogonal involution makes all Fock
bimodules isomorphic to L2(A0).

According to Sign Discussion 2.11, we fix, once and for all, the orthogonal involution �
of H0 induced by a spin involution singled out by Thm. 2.10. Then with the right action
determined by �, the Fock spaces FL, L 2 Lag

0
, become super A0-A0-bimodules, where

A0 is the completion of Cl(V0) defined in (2.3). Combining Thm. 2.10 with Corollary 2.8,
we obtain the following result.

Corollary 2.12. With the bimodule structure described above, the Fock spaces FL,
L 2 Lag

0
are all isomorphic, as A0-A0-bimodules, to the standard bimodule L2(A0), via

a unitary intertwiner that is either grading preserving or grading reversing.

Remark 2.13. The above construction determines a connected component Lag+
0

of
Lag

0
defined by the property that for each L 2 Lag+

0
, the super A-A-bimodule isomor-

phism FL
⇠= L2(A0) is grading preserving. In particular, the Lagrangian L� defined in

(2.15) is contained in Lag+
0
. The other connected component consists of those L 2 Lag

0

such that the isomorphism FL
⇠= L2(A0) is grading reversing.

2.3 Fusion of Fock modules on loop space

Let X be an oriented Riemannian manifold. For a loop �1~�2 in LX coming from (�1, �2) 2
PX [2], we can consider the Hilbert space H�1~�2 defined in (1.14) and its subspace V�2
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given in (2.5). We fix a spin involution as in Sign Discussion 2.11. Together with this spin
involution, the flip diffeomorphism of S1 induces an orthogonal transformation � sending
H�2~�1 to H�1~�2 . Composing with multiplication by i (which for any “real” Hilbert space
H is an orthogonal transformation H ! �H), we obtain an orthogonal transformation

i� : �H�2~�1 �! H�1~�2 ,

which restricts to an isomorphism �V�1 ! V ?
�2

and sends the equivalence class Lag�2~�1
to

Lag?�1~�2
(recall that we also fixed, once and for all, a trivialization of S|[0,⇡] that realizes

V�2 as a subspace of H�1~�2). As explained in §2.2 (see Remark 2.6), the corresponding
isomorphism of Clifford algebras

Cl(H�2~�1)
op ⇠= Cl(�H�2~�1) Cl(H�1~�2)

Cli"

sends Cl(V�1)
op ⇢ Cl(H�2~�1)

op to Cl(V ?
�2
) ⇢ Cl(H�1~�2) and extends to a ⇤-isomorphism

Cop

�2~�1
�! C�1~�2

that sends Aop

�1
to the super commutant of A�2 in C�1~�2 (see Notation 2.5). For each

L 2 Lag�1~�2
, this equips the Fock space FL with the structure of an invertible super

A�2 -A�1 -bimodule. The following result is crucial.

Theorem 2.14. Let (�1, �2, �3) 2 PX [3] and let Lij 2 Lag�i ~�j
, i < j. Then there

exists a unitary isomorphism of A�3 -A�1 -bimodules

FL23 ⇥A! 2
FL12

⇠= FL13 ,

which is either grading preserving or grading reversing, and this isomorphism is unique
up to a scalar.

Proof. Choose a lift (g1, g2, g3) 2 PSO(X)[3] of (�1, �2, �3) and consider the orthogonal
transformations gij = gi ~ gj : H0 ! H�i ~�j . Then L0

ij = g⇤ijLij are Lagrangians in H0,
contained in the equivalence class Lag

0
. We obtain ⇤-isomorphisms Clgi : A0 ! A�i

and unitary isomorphisms ⇤gij : FL!
ij
! FLij , which are intertwining along Clgj and Clgi .

Moreover, the fusion product of ⇤g23 and ⇤g12 provides a unitary isomorphism

⇤g23 ⇥ ⇤g12 : FL!
23

⇥A0 FL!
12
�! FL23 ⇥A! 2

FL12

that intertwines the bimodule actions along Clg3 and Clg1 . This reduces claim to the
statement that there exists an isomorphism

FL!
23

⇥A0 FL!
12
⇠= FL!

13

of A0-A0-bimodules. But by Corollary 2.8, each of the super A0-A0-bimodules FL!
ij

is
isomorphic to the standard bimodule L2(A0) (although possibly via a grading reversing
intertwiner), so the existence of the isomorphism follows from the fact that the standard
bimodule is the identity with respect to Connes fusion (see Example A.6). The statement
about uniqueness follows from the fact that for any von Neumann algebra A, the only
bimodule automorphisms of L2(A) are multiples of the identity. !
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2.4 Fusion for the loop space spinor bundle

Let X be an oriented Riemannian manifold of dimension d and assume that there exists
a spinor bundle S on the loop space LX, according to Definition 1.17. At every loop
� 2 LX, S� is a super left module for the completion C� of Cl(H�).

For (�1, �2) 2 PX [2], we have the von Neumann subalgebra A�2 ⇢ Cl�1~�2 and, as seen
in §2.3, its super commutant is identified with Aop

�1
. Hence S�1~�2 attains the structure

of a super A�2 -A�1 -bimodule. That S�1~�2 is irreducible as a left Cl�1~�2 -module implies
that this bimodule is invertible with respect to Connes fusion. Recall from §2.1 that over
PX, the von Neumann algebras A� glue together to a super von Neumann algebra bundle
A. Varying fibers, we obtain that the restriction of S to PX [2] (or, more formally, its
pullback along the cup map (2.1)) is a super A2-A1-bimodule bundle, where Ai denotes
the pullback of the von Neumann algebra bundle A along the projection PX [2] i! PX.
This is according to Notation C.1, which we use throughout from now on.

Definition 2.15 (Fusion product). A (continuous) fusion product for a spinor
bundle S on LX is a grading preserving unitary isomorphism

⌥ : S23 ⇥A2 S12 �! S13

of super A3-A1-bimodule bundles over PX [3]. This isomorphism is required to make the
diagram

S34 ⇥A3 S23 ⇥A2 S12 S24 ⇥A2 S12

S34 ⇥A3 S13 S14

⌥234 ⌦id

id⌦⌥123 ⌥124

⌥134

over PX [4] commutative.

Remark 2.16. As a spinor bundle S is locally isomorphic to a Fock space bundle FL

for a section L of Lag, it follows from Thm. 2.14 that fusion products always exist locally.
However, as we will see below, their global existence is obstructed unless X admits a
string structure.

The rest of this section will discuss how to refine this definition to build in a notion
of smoothness of the fusion product. The super von Neumann algebra bundles A1 and
A2 over PX [2] can be further pulled back to bundles over the restriction to PX [2] of the
Lagrangian fibration Lag over LX (again denoted by the same symbols).

It is straightforward to show the following lemma.

Lemma 2.17. The bimodule structure defined above turns the bundle of Fock spaces F

over Lag into a super A2-A1-bimodule bundle in the sense of Definition B.7.

We denote the pullback of the Lagrangian fibration over LX to PX [2] along the cup
map again by Lag. Let Lagij be its pullback along the projection map PX [3] ! PX [2] on
the indicated factors. Denote by

Lag[1,3]
def
= Lag

23
⇥PX [2] Lag12 ⇥PX [2] Lag13

33



the fiber product of all these covers. We have three von Neumann algebra bundles A1,
A2, A3 over Lag[1,3], obtained as the pullback of the von Neumann algebra bundle A

along the map Lag[1,3] ! PX [3] i! PX. For 1  i < j  3, we have the Aj-Ai-bimodule
bundle Fij, which is the pullback of the Fock space bundle over Lagij to Lag[1,3].

Definition 2.18 (Fusion line bundle). The fusion line bundle is the line bundle
of bimodule homomorphisms

Fus
def
= Hom(F23 ⇥A2 F12,F13) (2.16)

over Lag[1,3]. It is graded by parity of its elements.

Explicitly, (�1, �2, �3) 2 PX [3], then the fiber of Fus at a triple (L23, L12, L13) of
Lagrangians such that Lij 2 Lag�i ~�j

is the super line

Fus(L23, L12, L13) = Hom(FL23 ⇥A! 2
FL12 ,FL13 ).

graded according to whether its elements are grading preserving or grading reversing.
By irreducibility of the Fock representations, it is one-dimensional. As both F23 ⇥A2 F12

and F13 are continuous super A3-A1-bimodule bundles, the corresponding homomorphism
space the structure of a continuous super line bundle. It turns out that Fus has a canonical
smooth structure. We will construct this smooth structure at the end of the section, but
for the moment take it for granted in order to define what a smooth fusion product is.

Suppose that we are given a smoothing structure on our spinor bundle S, which,
according to Definition 1.11 is a smooth structure on the associated super line bundle
N = Hom(F, ⇡⇤

S) over Lag, satisfying a compatibility condition. Then a fusion product
⌥ for S induces an isomorphism of line bundles

N
�1

13
⌦N23 ⌦N12 �! Fus,

�13 ⌦ �23 ⌦ �13 7�! �13 �⌥ � (�23 ⇥ �13)
(2.17)

over Lag[1,3], which in general is only continuous. We can now formulate the following
definition.

Definition 2.19 (Smooth fusion product). Suppose that the loop space spinor
bundle S carries a smoothing structure. We say that a fusion product ⌥ for S is smooth
if the canonical isomorphism (2.17) is smooth.

We shall turn to the question of existence of smooth fusion products for a given spinor
bundle in §3.2, see in particular Thm. 3.3.

We will now construct a smooth structure on Fus by writing it as an associated
bundle. To this end, consider the fusion line bundle over Lag

0
⇥ Lag

0
⇥ Lag

0
(also

denoted by Fus), whose fiber at (L23, L12, L13) is the space of bimodule homomorphisms
FL23 ⇥A0 FL12 ! FL13 . Here Lag

0
is the canonical polarization of the Hilbert space H0

defined in (1.11).
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Lemma 2.20. There exists a unique smooth structure on the fusion line bundle Fus over
Lag

0
⇥ Lag

0
⇥ Lag

0
that such that the composition map

Pf(L13, L
0
13
)⌦ Fus(L23, L12, L13)⌦Pf(L0

23
, L23)⌦Pf(L0

12
, L12) �! Fus(L0

23
, L0

12
, L0

13
)

is smooth in all arguments.

Proof. Clearly, for each fixed choice of L12, L23, L13, there is a unique smooth structure
on Fus (as a line bundle in the variables L0

12
, L0

23
, L0

13
) such that the above map is smooth,

using the smooth structure on the Pfaffian line bundle Pf over Lag
0
⇥ Lag

0
. That all

these smooth structures coincide follows from the smoothness of the composition map for
Pf over Lag

0
⇥ Lag

0
⇥ Lag

0
. !

There is an action of PSO(d)[3] on Lag
0
⇥ Lag

0
⇥ Lag

0
where

(q1, q2, q3) . (L23, L12, L23)
def
= (q23L23, q12L12, q13L13), qij = qi ~ qj.

The fusion line bundle Fus is equivariant for this action, with the action lifted by the
formula

(q1, q2, q3) .⌥
def
= ⇤q13 �⌥ � (⇤q23 ⇥ ⇤q12 )

⇤. (2.18)

Proposition 2.21. The action (2.18) is smooth with respect to the smooth structure
on Fus from Lemma 2.20.

Given this proposition, the fusion line bundle Fus on the fiber bundle Lag[1,3] over
PX [3] now acquires a smooth structure from the local trivializations of Lag, just as the
Pfaffian line bundle over Lag[2,2]. Here Prop. 2.21 is used to check that the corresponding
transition functions are smooth.

Proof (of Prop. 2.21). By the characterizing property of the smooth structure and the
smoothness of the action of Ores(H) on the Pfaffian line bundle Pf, it suffices to show
smoothness of the action restricted to the orbit of the triple (L,L, L) for a fixed Lagrangian
L 2 Lag

0
. Here we have have canonical isomorphisms

Fus(q23L, q12L, q13L) ⇠= Pf(L, q13L)⌦ Fus(L,L, L)⌦Pf(q23L,L)⌦Pf(q12L,L),

which are smooth in q1, q2, q3. If now ⌥ 2 Fus(L,L, L) is a unitary and Uij 2 ImpL are
implementers for qij, then under this isomorphism, the element ⇤q13 �⌥ � (⇤q23 ⇥⇤q12 )

⇤ is
sent to

(�1)|U23 ||U12 |(⇤q13U
⇤
13
)⌦

-
U13 �⌥ � (U⇤

23
⇥ U⇤

12
)
.
⌦ (U23⇤

⇤
q23

)⌦ (U12⇤
⇤
q12

);

here we use the relation (A.10). By smoothness of the map (0.22), the factors contained
in the Pfaffian lines depend smoothly on qi and Uij. Hence the smoothness of the whole
term is equivalent to smoothness of the middle term in Fus(L,L, L), which in turn is
equivalent to smoothness of the element

⌥ � (U23 ⇥ U12) �⌥⇤ 2 ImpL
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in Uij and qi. Let us choose L 2 Lag+
0
, so that Fus(L,L, L) is even and pick an even

isomorphism FL
⇠= L2(A0) (see Remark 2.13). We may choose ⌥ to correspond, under this

isomorphism, to the canonical unitor from Example A.6. A straightforward calculation
then gives the result

⌥ � (U23 ⇥ U12) �⌥⇤ = U23L
2(Clq2)

⇤U12, (2.19)

where L2(Clq2)
⇤ denotes the unitary on L2(A0) induced by the ⇤-automorphism Clq2 ; see

Remark A.2. The right hand side of (2.19) is just the fusion product of the implementer
extension, see (3.22) below. !

2.5 The stringor bundle

In their preprint [45], Stolz and Teichner argue that a fusion product ⌥ makes a spinor
bundle S on the loop space LX behave locally in X, and should therefore be called the
stringor bundle on X. In this section, we make this idea rigorous using (a von Neumann
algebra analog of) the language of 2-vector bundles developed in [23].

As a warm-up, we start by explaining the notion of finite-dimensional 2-vector bundles
and then explain how to modify this notion to meet the requirements of the present
context. A super 2-vector bundle V over a manifold X, given in terms of a cover Y ! X,
consists of a super algebra bundle A over Y , a super A2-A1-bimodule bundle M over
Y [2] and a grading preserving isomorphism

� : M23 ⌦A2 M12 �!M13

of super A3-A1-bimodule bundles over Y [3] that is associative over Y [4] (here Y [k] is the
k-fold iterated fiber product of Y ! X; see Notation C.1). Similar to bundle gerbes,
these data and conditions can be organized in a diagram as follows.

V =

%

&
&
&
&
&
&
&
&
&
&
'

A M
2-vector
bundle

product �
associativity

of �

Y Y [2] Y [3] Y [4]

X

(

)
)
)
)
)
)
)
)
)
)
*

(2.20)

Observe that this notion is a common generalization of super algebra bundles over X and
bundle gerbes over X: Any algebra bundle over X gives rise to a 2-vector bundle over X,
given in terms of the trivial cover, and any super bundle gerbe over X is a super 2-vector
bundle for which the algebra bundle A is the trivial algebra bundle.

For each X, there is a bicategory 2-sVect (X) of 2-vector bundles over X; varying the
base manifold X, super 2-vector bundles form a 2-stack over the site of manifolds. This
2-stack can be obtained by applying the plus construction of Nikolaus and Schweigert [34]
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to the pre-sheaf of bicategories sAlg of super algebra bundles, super bimodule bundles
and even intertwiners described in [24],

2-sVect def
= sAlg +. (2.21)

In [23], we described a 2-stack of super 2-vector bundles whose typical fiber A is
a finite-dimensional super algebra. In the present context, we have to allow super 2-
vector bundles whose typical fiber is a super von Neumann algebra. In view of the simple
construction (2.21), such a stack is easily obtained by applying the plus construction to the
presheaf of bicategories svNAlg of super von Neumann algebra bundles, super (Hilbert)
bimodule bundles and even unitary intertwiners sketched in Appendix B. Explicitly, such
super 2-vector bundles can be visualized also by the diagram (2.20), but now A is a super
von Neumann algebra bundle (Definition B.3) and M is a (Hilbert) super A2-A1-bimodule
bundle (Definitions B.7) whose typical fiber is implementing (Definition B.13). As the
composition of morphisms in this bicategory is the fiberwise Connes fusion product, the
2-vector bundle product in this case is a grading preserving unitary intertwiner

� : M23 ⇥A2 M12 �!M13.

Using this notion of super 2-vector bundle, it is completely straight forward to define
the stringor bundle of Stolz and Teichner. Let X be an oriented Riemannian manifold
and let S be a loop space spinor bundle (Definition 1.17), together with a fusion product
⌥ (Definition 2.15). Observe that by Thm. 3.19 below, the existence of these structures
is equivalent to the manifold X being string.

Definition 2.22 (Stringor bundle). The stringor bundle S corresponding to
the data (S,⌥) is the super 2-vector bundle over X ⇥ X given in terms of the cover
PX, with algebra bundle the von Neumann algebra bundle A described in §2.1, super
A2-A1-bundle over PX [2] the pullback of S along the cup map (2.1) and 2-vector bundle
product over PX [3] given by the fusion product ⌥.

S =

%

&
&
&
&
&
&
&
&
&
'

A S
fusion

product ⌥

associativity of
fusion product

PX PX [2] PX [3] PX [4]

X ⇥X

(

)
)
)
)
)
)
)
)
)
*

For any point x 2 X, pullback along the inclusion X ⇠= {x} ⇥ X ,! X ⇥ X gives a
stringor bundle over X.
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3 The Lagrangian 2-gerbe
In this section, we discuss the existence of fusion products for loop space spinor bundles.
Our main player here is the Lagrangian 2-gerbe LagX , a super bundle 2-gerbe obtained by
degression of the Lagrangian gerbe on the loop space. We show that LagX is ungraded if
and only if the manifold is spin. In this case, we construct a further canonical isomorphism
from the Lagrangian 2-gerbe to a certain lifting 2-gerbe, whose (non-)triviality is well
known to be equivalent to the string condition.

On the other hand, we show show that the existence of a fusion product on a spinor
bundle S is obstructed by a certain other super bundle 2-gerbe Fus(S) which we call the
fusion 2-gerbe of S. We then show that Fus(S) is isomorphic to LagX .

Throughout this section, we freely use the material of §C.3, §C.4 & §C.5.

3.1 The Lagrangian 2-gerbe

Let X be an oriented Riemannian manifold and let LagLX be the Lagrangian gerbe over
LX introduced in §1.4. In this section, we construct a super bundle 2-gerbe whose defining
super bundle gerbe is LagLX . We call this super bundle gerbe the Lagrangian 2-gerbe and
denote it by LagX .

LagX is most naturally constructed as a bundle gerbe over X ⇥ X, defined in terms
of the cover Y = PX, mapping to X ⇥X via the end point evaluations; a super bundle
2-gerbe on X can be obtained by pullback along the second factor inclusion X ,! X⇥X,
given the choice of a basepoint. As all these embeddings are homotopic, the super bundle
2-gerbes obtained this way for two different choices of basepoints are isomorphic.

We will start by describing the partial semi-bisimplicial diagram for LagX , as in (C.11),
which consists of various pullbacks and fiber products taken of the restriction (or rather
pullback along the cup map (2.1)) of the Lagrangian fibration Lag over LX to PX [2].
Abusing notation, we will denote this restriction also by Lag throughout.

Let n � 2. In view of Notation C.1, the pullback of Lag along the various projections
PX [n] ! PX [2] provides covers Lagij of PX [n]. Similarly, we can pull back the m-fold
fiber products Lag[m] of Lag with itself over PX [2], to obtain covers Lag[m]

ij . We denote
the fiber product of all these covers by

Lag[m,n] def
= Lag[m]

12
⇥PX [n ] · · ·⇥PX [n ] Lag

[m]

ij ⇥PX [n ] · · ·
/ 01 2

Þber product over PX [n ]

of all Lag
[m ]
ij , where 1  i < j  n

. (3.1)

In particular, Lag[m,2] = Lag[m], the m-fold fiber product of Lag over PX [2]. These spaces
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fit into the following partial semi-bisimplicial diagram.

...
...

...

Lag[2,2] Lag[2,3] Lag[2,4] · · ·

Lag[1,2] Lag[1,3] Lag[1,4] · · ·

PX PX [2] PX [3] PX [4] · · ·

X ⇥X

(3.2)

Explicitly, elements of Lag[m,n] over an element (�1, . . . , �n) of PX [n] consists of collections
(La

ij)
1am
1i<jn such that La

ij 2 Lag�i ~�j
. We can identify Lag[m,n] = (Lag[1,n])[m], the exterior

fiber product taken over PX [n], which gives maps

⇡i : Lag[m,n] ! Lag[m�1,n], i = 1, . . . ,m.

These are the vertical maps in (3.2). The horizontal maps in (3.2) are

⇡k : Lag
[m,n] ! Lag[m,n�1], k = 1, . . . , n

covering the k-th projection PX [n] ! PX [n�1]. Explicitly,

⇡k
3
(La

ij)
1am
1i<jn

4
= (L̃a

ij)
1am
1i<jn�1

, where L̃a
ij =

5
67

68

La
ij i < j < k

La
i,j+1

i < k  j

La
i+1,j+1

k  i < j.

In relation to (3.2), the data defining LagX can be arranged as follows.

LagX =

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

�

Pf µ

. Fus ↵

PX PX [2] PX [3] PX [4]

X ⇥X

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

(3.3)
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Explicitly, the objects over Lag[i,j] are the following.

[2, 2] Pf is the Pfaffian line bundle, introduced in §1.4.

[3, 2] � is the corresponding composition map (1.1).

[2, 3] Fus is the Fusion line bundle from Definition 2.18.

[3, 3] Denoting horizontal pullbacks by lower indices and vertical pullbacks by upper in-
dices (following Notation C.7), µ is the canonical isomorphism of super line bundles

µ : Fus2 ⌦Pf23 ⌦Pf12 �! Pf13 ⌦ Fus
1. (3.4)

over Lag[2,4], which at two triples (L12, L23, L13) and (L0
12
, L0

23
, L0

13
), both lying over

(�1, �2, �3), is defined as the cospan

Fus(L0
23
, L0

12
, L0

13
)⌦Pf(L23, L0

23
)⌦Pf(L12, L0

12
)

Fus(L23, L12, L0
13
).

Pf(L13, L0
13
)⌦ Fus(L23, L12, L13)

µ

The diagonal maps are the evident isomorphisms given by composition; here we
observe that a bounded linear map � : FLij ! FL!

ij
intertwines the left C�i ~�j actions

if and only if it intertwines the A�j -A�i -bimodule actions. Hence the elements of
the Pfaffian line can be viewed as bimodule homomorphisms.

[1, 4] To define the isomorphism ↵, we define the triple fusion line bundle over Lag[1,4] by

Fus
(3) = Hom(F34 ⇥A3 F23 ⇥A2 F12,F14),

where, generalizing Notation C.1 in an obvious way, Fij and Ai denote the pullbacks
to Lag[1,4] of the Fock space bundle F and the von Neumann algebra bundle A along
the appropriate maps in the diagram (3.2). We then have canonical isomorphisms

Fus124 ⌦ Fus234 �! Fus
(3), �⌦ 7�! � � (idF12 ⇥ )

Fus134 ⌦ Fus123 �! Fus
(3), �⌦ 7�! � � ( ⇥ idF34 ),

(3.5)

over Lag[1,4] which enable defining ↵ as the cospan

Fus124 ⌦ Fus234 Fus
(3)

Fus134 ⌦ Fus123.⇠=

↵

⇠= (3.6)

Here we implicitly use the associativity isomorphism of the Connes fusion prod-
uct to identify (F34 ⇥A3 F23) ⇥A2 F12

⇠= F34 ⇥A3 (F23 ⇥A2 F12). There is a unique
smooth structure on Fus

(3) turning the isomorphisms (3.5) into smooth bundle iso-
morphisms.
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Theorem 3.1. The data specified above constitute the structure of a super bundle 2-
gerbe.

Proof. We have to verify four coherence and compatibility conditions. The first coherence
condition is just the statement that LagLX is a super bundle gerbe and follows from
associativity of composition. The compatibility condition (C.14) for � and µ over Lag[2,3]
is straight forward to check.

To see the compatibility condition (C.15) for ↵ and µ, we observe that there is a
canonical isomorphism

µ(3) : Fus(3),2 ⌦Pf34 ⌦Pf23 ⌦Pf12 �! Pf14 ⌦ Fus
(3),1, (3.7)

defined in a similar fashion as µ. Using the identity (A.10) for the Connes fusion product,
it is then straightforward to check that the two diagrams

Fus
2

124
⌦ Fus

2

234
⌦Pf34 ⌦Pf23 ⌦Pf12 Fus

(3),2 ⌦Pf34 ⌦Pf23 ⌦Pf12

Fus
2

124
⌦Pf24 ⌦ Fus

1

234
⌦Pf12

Fus
2

124
⌦Pf24 ⌦Pf12 ⌦ Fus

1

234

Pf14 ⌦ Fus
1

124
⌦ Fus

1

234
Pf14 ⌦ Fus

(3),1

id⌦µ234 ⌦id

µ(3)

id⌦µ124

and

Fus
(3),2 ⌦Pf34 ⌦Pf23 ⌦Pf12 Fus

2

134
⌦ Fus

2

123
⌦Pf34 ⌦Pf23 ⌦Pf12

Fus
2

134
⌦Pf34 ⌦ Fus

2

123
⌦Pf23 ⌦Pf12

Fus
2

134
⌦Pf34 ⌦Pf13 ⌦ Fus

1

123

Pf14 ⌦ Fus
(3),1

Pf14 ⌦ Fus
1

134
⌦ Fus

1

123

µ(3) id⌦id⌦µ123

µ134 ⌦id

over Lag[2,4] commute, where each of the horizontal arrows is one of the canonical iso-
morphisms (3.5). Joining the first with the second along the common morphism µ(3), we
obtain (C.15), where the vertical maps give the defining cospan (3.6) for ↵.

To verify commutativity of the diagram (C.16) over Lag[1,5], we introduce the quadruple
fusion line bundle

Fus
(4) = Hom(F45 ⇥A4 F34 ⇥A3 F23 ⇥A2 F12,F15),
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a super line bundle over Lag[1,5]. There is a unique smooth structure on Fus
(4) such that

each of the canonical isomorphisms

Fus
(3)

1235
⌦ Fus345 �! Fus

(4), ⌦⌦⌥ 7�! ⌦ � (⌥⇥ idF23 ⇥A2F12 )

Fus125 ⌦ Fus
(3)

2345
�! Fus

(4), ⌥⌦ ⌦ 7�! ⌥ � (⌦⇥ idF12 )

Fus
(3)

1245
⌦ Fus234 �! Fus

(4), ⌦⌦⌥ 7�! ⌦ � (idF45 ⇥⌥⇥ idF12 )

Fus145 ⌦ Fus
(3)

1234
�! Fus

(4), ⌥⌦ ⌦ 7�! ⌥ � (idF45 ⇥ ⌦)
Fus

(3)

1345
⌦ Fus123 �! Fus

(4), ⌦⌦⌥ 7�! ⌦ � (idF23 ⇥A2F12 ⇥⌥)

(3.8)

is smooth. We now fill the diagram (C.16) as follows.

Fus125 ⌦ Fus235 ⌦ Fus345

Fus125 ⌦ Fus245 ⌦ Fus234 Fus125 ⌦ Fus
(3)
2345 Fus

(3)
1235 ⌦ Fus345 Fus135 ⌦ Fus123 ⌦ Fus345

Fus
(3)
1245 ⌦ Fus234 Fus

(4) ......................................

Fus145 ⌦ Fus124 ⌦ Fus234 Fus145 ⌦ Fus
(3)
1234 Fus

(3)
1345 ⌦ Fus123 Fus135 ⌦ Fus345 ⌦ Fus123

Fus145 ⌦ Fus134 ⌦ Fus123

Here the arrows going inward from the outer nodes are (pullbacks of) the canonical iso-
morphisms (3.5), while the arrows arriving at the middle node are the five canonical
isomorphisms (3.8). The outer triangles of this hexagonal diagram are the defining tri-
angles for ↵, and commutativity of the tetragons and of the pentagon having one vertex
Fus

(4) is straighforward to check case by case. This shows commutativity of (C.16) and
finishes the construction of the Lagrangian 2-gerbe LagX . !

3.2 The fusion 2-gerbe

Let X be an oriented Riemannian manifold. Assume that the Lagrangian gerbe LagLX
over LX is trival, so that we may construct a loop space spinor bundle; see Thm. 1.9.
Suppose we are given such a choice of loop space spinor bundle S, together with the
choice of a smoothing structure in the sense of Definition 1.11, in other words, a smooth
structure on the line bundle N = Hom(F, ⇡⇤

S) over Lag.
In this situation the pullback of S to PX [2] along the cup map (2.1) is an A2-A1-

bimodule bundle, where Ai denotes the pullback of the Clifford von Neumann algebra
bundle A ! PX along the i-th projection PX [2] ! PX (recall Notation C.1). Over
PX [3], we may therefore define the super line bundle

M
def
= Hom(S23 ⇥A2 S12,S13). (3.9)
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As pointwise, S is isomorphic to a Fock space, Thm. 2.14 implies that M is indeed a
complex line; as usual, it is graded according to whether its elements are parity-preserving
or -reversing. As S is a continuous bundle of Hilbert spaces, M is a continuous line bundle
over PX [3]. However, a smooth structure is specified by requiring that the canonical
isomorphism � over Lag[1,3], given as the cospan

⇡⇤
M⌦N23 ⌦N12 Hom(F23 ⇥A2 F12, ⇡⇤

13
S) N13 ⌦ Fus,

composition

�

composition

(3.10)
is smooth. We assume from now on that such a smoothing structure is given, in order to
stay in the setting of smooth bundle gerbes.

The line bundle M determines a super bundle 2-gerbe Fus(S) over X ⇥ X, which
we call the fusion 2-gerbe. Just as LagX , it is given in terms of the cover PX. Its cover
diagram (C.11) is trivial, in the sense that V [m,n] = PX [n] for each m and n. In particular,
its super bundle gerbe over PX [2] is trivial. Using the notation of Definition C.6, the other
data are the following.

[1, 3] Its super line bundle over PX [3] is M, defined in (3.9).

[2, 4] Its morphism µ is the identity on M.

[1, 4] The isomorphism
↵̃ : M124 ⌦M234 �!M134 ⌦M123, (3.11)

over PX [4] is defined as the cospan

M124 ⌦M234 M
(3)

M134 ⌦M123,

↵̃

involving the line bundle

M
(3) = Hom(S34 ⇥A3 S23 ⇥A2 S12,S14)

over PX [4] and the canonical isomorphisms

M124 ⌦M234 �!M
(3), ⌥124 ⌦⌥234 7�! ⌥124 � (idS12 ⇥⌥234)

M134 ⌦M123 �!M
(3), ⌥134 ⌦⌥123 7�! ⌥134 � (⌥123 ⇥ idS34 ).

Theorem 3.2. The above data constitute the structure of a super bundle 2-gerbe.

Proof. It is only necessary to verify the cocycle condition (C.16). This is checked entirely
analogously to the case of the cocycle condition for the isomorphism of ↵ of the Lagrangian
2-gerbe LagX ; see the proof of Thm. 3.1. !
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The fusion 2-gerbe Fus(S) relevant to answer the question whether a given loop space
spinor bundle admits a (smooth) fusion product according to Definitions 2.15 and 2.19.

Theorem 3.3. If the spinor bundle S admits a fusion product, then the fusion 2-gerbe
Fus(S) is trivializable. Conversely, if Fus(S) admits a trivialization, then there exists
a line bundle T over LX together with a smooth fusion product for the modified spinor
bundle S

0 = S⌦ T.

Proof. By definition, a fusion product for S is an even section ⌥ of M such that

⌥134 � (1⌦⌥123) = ⌥124 � (⌥234 ⌦ 1).

This identity means precisely that ⌥134⌦⌥123 is sent to ⌥124⌦⌥234 under the associator
(3.11), hence ⌥ determines a trivialization of Fus(S). If ⌥ is not smooth, this is only a
continuous trivialization, but any bundle 2-gerbe is continuously trivial if and only if it is
smoothly trivial.

Conversely, suppose we are given a trivialization t = (T, t, t) of Fus(S), given by a
bundle gerbe T over PX, a morphism of bundle gerbes t : T2 ! T1 and a 2-morphism

T3 T3

T2

T1 T1,

M

t23⌦1

t13
t

1⌦t12

where the super line bundle M is viewed as an automorphism of the super bundle gerbe
T3 over PX [3]. (This uses the fact that for super bundle gerbes G̃, G over a manifold M ,
the groupoid of isomorphisms Iso (G̃,G) is a torsor for the groupoid sLine (M) of super
line bundles over M ; moreover if G̃ = G, then the identity isomorphism of G provides a
base point, and hence an equivalence Iso (G,G) = sLine (M).)

Since the evaluation-at-zero map ev0 : PX ! X is a homotopy equivalence, there
is a super bundle gerbe T0 over X such that T ⇠= ev⇤

0
T0. Upon possibly modifying the

isomorphism t and the 2-isomorphism t from the definition of the trivialization t (thus
obtaining a new trivialization of Fus(S)), we may assume that T is of this form. Under
this assumption, the pullbacks T1 and T2 of T to PX [2] are actually equal, hence t is
an automorphism of super bundle gerbes over PX [2] and hence may be identified with a
line bundle T over PX [2]. Under this identification, the 2-morphism t is just a grading-
preserving isomorphism of super line bundles

⌧ : M⌦ T13 �! T23 ⌦ T12.

Since PX [2] is smoothly homotopy equivalent to LX, T is the restriction of a line bundle
over LX, which we also denote by T. Inserting the definition (3.9) of the line bundle M,
⌧ corresponds to an even element ⌥ of

Hom
-
(S23 ⌦ T23) ⇥A2 (S12 ⌦ T12),S13 ⌦ T13

.
;
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see Example A.5. But this is precisely a fusion product for S ⌦ T, where the coherence
of ⌧ provides associativity of ⌥ over PX [4]. !

Theorem 3.4. For any loop space spinor bundle S with smoothing structure, there is
a canonical isomorphism of super bundle 2-gerbes

hS : LagX �! Fus(S).

Proof. Both bundle gerbes are presented in terms of the cover PX of X ⇥X, so that we
can take Z = PX as the common cover for hS. Moreover, as the cover diagram of Fus(S)
is trivial, we may take the cover diagram (C.18) of h to coincide with the cover diagram
(3.2). The bundle gerbe H over Z = PX is then trivial trivial; in other words, both H

and ⌘ in (C.19) are trivial.
All remaining data of hS have been already considered above; they are the following.

[1, 2] The line bundle N over Lag[1,2] = Lag is just the line bundle (1.5), which acquires
its smooth structure from the smoothing structure of S.

[2, 2] The bundle isomorphism ⌫ over Lag[2,2] is the bundle homomorphism (1.6). Its
smoothness is part of the assumption of the smoothing structure of S.

[2, 3] The bundle isomorphism � over Lag[2,3] is given by (3.10).

We have to check three conditions. The diagram (C.20) becomes

N
3 ⌦Pf

23 ⌦Pf
12

N
3 ⌦Pf

13

N
2 ⌦Pf

12

N
1

N
1,

1⌦�

⌫23⌦1

⌫13

⌫12

which is obviously commutative, as fiberwise, ⌫ is just the composition homomorphism

Hom(FL! ,S�)⌦ Hom(FL,FL! ) �! Hom(FL,S�).

The diagram (C.21) collapses to

N
2

13
⌦ Fus

2 ⌦Pf23 ⌦Pf12 M
2 ⌦N

2

23
⌦N

2

12
⌦Pf23 ⌦Pf12

N
2

13
⌦Pf13 ⌦ Fus

1
M

2 ⌦N
2

23
⌦Pf23 ⌦N

2

12
⌦Pf12

N
1

13
⌦ Fus

1
M

1 ⌦N
1

23
⌦N

1

12
.

�2⌦1⌦1

1⌦1⌦µ̃

⌫13⌦1 1⌦⌫23⌦⌫12

1⌦1⌦�1

Its commutativity is straight forward to check. Finally, the commutativity of (C.22) is
easy to check as well. !
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3.3 The Lagrangian gerbe and the spin condition

Let X be an oriented Riemannian manifold and let LagX be the corresponding Lagrangian
2-gerbe, as introduced in §3.1. As to any super bundle 2-gerbe, one may form a corre-
sponding Z2-bundle gerbe or(LagX), called the orientation gerbe, see Definition C.12. The
purpose of this section is to prove the following theorem.

Theorem 3.5. The orientation gerbe or(LagX) admits a trivialization if and only if X
admits a spin structure.

We start with the following definition, see [55, §2].

Definition 3.6 (Loop space orientation bundle). The orientation bundle of
the loop space LX of a Riemannian manifold X is

L̂X
def
= LSO(X)⇥LSO(d) Z2,

a principal Z2-bundle over LX. Here the homomorphism LSO(d)! Z2 is the one labeling
the connected components.

The orientation bundle L̂X comes with a fusion product map

⌥̂ : L̂X23 ⌦Z2 L̂X12 �! L̂X13

[g2 ~ g3, ✏23]⌦ [g1 ~ g2, ✏12] 7�! [g1 ~ g3, ✏23 + ✏12]
(3.12)

over PX [3], coming from the fusion of loops (here, as usual, we use Notation C.1). The
existence of the fusion product ⌥̂ allows to degress L̂X to a Z2-bundle gerbe OX on X⇥X,
which we call the loop space orientation gerbe. Explicitly, this gerbe is given in terms of
the cover PX (with the endpoint projections), its principal Z2-bundle over PX [2] is the
pullback of L̂X along (2.1) and its bundle gerbe product is ⌥̂.

OX =

%

&
&
&
&
&
&
&
&
'

~⇤L̂X ⌥̂

PX PX [2] PX [3]

X

(

)
)
)
)
)
)
)
)
*

Let Lift
SO(X)

be the spin lifting gerbe over X, i.e., the obstruction gerbe to lifting the
structure group SO(d) of the frame bundle SO(X) to the spin group Spin(d), which can
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be depicted as follows, see §C.1.

Lift
SO(X)

=

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

Spin(d)

SO(d) �⇤Spin(d) group
multiplication

associativity
of group

multiplication
in Spin(d)

SO(X) SO(X)[2] SO(X)[3] SO(X)[4]

X

�

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

We then have the following result.

Lemma 3.7. There is a canonical isomorphism

h : OX �! pr⇤
2
Lift

SO(X)
⌦ pr⇤

1
Lift�1

SO(X)
.

of Z2-bundle gerbes over X ⇥X. In particular, the loop space orientation gerbe is trivial
if and only if X is spin.

A section s of L̂X is called fusion preserving if the identity ⌥̂(s23⌦s12) = s13 holds over
PX [3]. It was shown by Stolz and Teichner [45, Thm. 9] that fusion-preserving sections
of L̂X are in 1-1 correspondence with spin structures on X; see also [55, Thm. 2.5]. As
isomorphism classes of trivializations of Lift

SO(X)
are in 1-1 correspondence with spin

structures on X (Thm. C.2), this follows directly from the above proposition, as a fusion
preserving sections is essentially the same as trivializations of OX . As in [45] a different
description of the orientation bundle L̂X is used, we give a proof of Lemma. 3.7 in the
current setting.

Proof (of Lemma 3.7). The isomorphism h will be a span of refinements, along the two
legs of the common cover

PX PSO(X) SO(X)⇥ SO(X).
footpoint
projection

endpoint
evaluation (3.13)

To begin with, we have to construct an isomorphism

⌘ : L̂X �! pr⇤
2
�⇤Spin(d)⌦ pr⇤

1
�⇤Spin(d) (3.14)

of principal Z2-bundles over PSO(X)⇥X⇥X PSO(X) (where we suppress in notation the
pullback along the legs of (3.13)).

Let (h1, h2) 2 PSO(X) ⇥X⇥X PSO(X), with footpoint curves (�1, �2) 2 PX [2] (we
emphasize that h1, h2 do not necessarily have the same end points in PSO(X), but the
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end points of their footpoint curves coincide in X). Let moreoever (g1, g2) 2 PSO(X)[2],
where the fiber product is taken over X ⇥X, so that g1 and g2 have the same end points.
Then

qi
def
= g�1

i hi, i = 1, 2,

are two elements of PSO(d). Let q̃i 2 PSpin(d), i = 1, 2, be lifts of q1 and q2. As g1 and
g2 have matching end points, we have for t 2 {0, ⇡} that

q2(t)
�1q1(t) = h2(t)

�1g2(t)g1(t)
�1h1(t) = h2(t)

�1h1(t) = �
-
�1(t), �2(t)

.
,

where � is the difference map (C.5). Hence q̃2(t)�1q̃1(t) defines an element of �⇤Spin(d) at
(�1(t), �2(t)). For each i = 1, 2, there are precisely two choices of lift q̃i of qi, which differ
by a sign. Hence

⌘̃(g1, g2, h1, h2)
def
= q̃2(⇡)

�1q̃1(⇡)⌦Z2 q̃2(0)
�1q̃1(0)

is a well-defined element of pr⇤
2
�⇤Spin(d) ⌦Z2 pr

⇤
1
�⇤Spin(d) at (h1(0), h2(0);h2(⇡), h2(⇡)).

The map (3.14) at a point (h1, h2) is now given by

⌘([g1 ~ g2, ✏])
def
= (�1)✏⌘̃(g1, g2, h1, h2).

As the fibers of the covering Spin(d) ! SO(d) are discrete, ⌘̃ only depends on the path
component of (h1, h2) in the fibers of PSO(X)! SO(X)⇥SO(X) and the path component
of g1 ~ g2 in the fibers of PSO(X)[2] ! PX [2]. Therefore ⌘ is well defined. It is moreover
straight forward to verify that ⌘ intertwines the bundle gerbe products. !

In view of Lemma 3.7, Thm. 3.5 now follows directly from the following result.

Lemma 3.8. The orientation gerbe or(LagX) of the Lagrangian 2-gerbe is canonically
isomorphic to the loop space orientation gerbe OX .

Proof. Observe first that after fixing a given Lagrangian L 2 Lag
0
, there is a canonical

isomorphism
' : L̂X �! or(LagLX), [g, ✏] 7�! [gL, ✏+ |L|] (3.15)

of principal Z2-bundles over LX, where or(LagLX) is the orientation bundle of LagLX),
see Definition C.3. Here |L| = 0 if L 2 Lag+

0
and |L| = 1 otherwise (see Remark 2.13).

This additional sign ensures that ' does not depend on the choice of L.
We just need to verify that this isomorphism intertwines the fusion product maps over

PX [3]. For or(LagLX), this is the map

or(Lag23)⌦ or(Lag12) ⇠= or(Lag23 ⌦Lag12) or(Lag13).
or(m)

Given a lift (g1, g2, g3) 2 PSO(X)[3] of (�1, �2, �3) 2 PX [3], any element of the left hand
side can be taken to be of the form [g23L, ✏23]⌦ [g12L, ✏12], while any element of the right
hand side can be taken to have the form [g13L, ✏13] (here gij = gi ~ gj). Suppose that

or(m)
-
[g23L, ✏23]⌦ [g12L, ✏12]

.
= [g13L, ✏13].
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By definition of or(m), this implies that the parity of the fusion line Fus(g23L, g12L, g13L)
equals ✏23 + ✏12 + ✏13 (here, as usual, gij = gi ~ gj). As

Fus(L,L, L) �! Fus(g23L, g12L, g13L), ⌥ 7�! ⇤g13 �⌥ � (⇤g23 ⇥ ⇤g12 )
⇤

is a grading preserving isomorphism, both fusion lines have the same parity. As the parity
of Fus(L,L, L) is even if L 2 Lag+

0
and odd otherwise, we get the relation

✏23 + ✏12 + ✏13 = |L|. (3.16)

A simple calculation shows now that the map ' given in (3.15) intertwines the fusion
products. !

Remark 3.9. Any loop space spinor bundle S gives a section of or(LagLX) given by
s(�) = [L, 0], where L 2 Lag� is is such that the isomorphism FL

⇠= S� is even. This
section is fusion-preserving if and only if the line bundle M over PX [3] defined in (3.9) is
even. We therefore see that if a spinor bundle on loop space exists, then X is spin if and
only if a grading preserving fusion product exists projectively.

3.4 Lifting 2-gerbes

Let G be a Lie group. Recall that a multiplicative bundle gerbe over G is consists of a
bundle gerbe G over G together with an isomorphism

m : pr⇤
1
G ⌦ pr⇤

2
G �! m⇤G (3.17)

of bundle gerbes over G ⇥ G (called the multiplicative structure) and an associator 2-
morphism over G⇥G⇥G satisfying certain higher cocycle conditions over G⇥G⇥G⇥G;
see [11, §5] or [51]. Here m : G⇥G! G is the group multiplication map of G.

Construction 3.10. One way multiplicative bundle gerbes over G arise is from cen-
tral extensions of the loop group LG. Let

U(1) �! 9LG �! LG

be a central extension by U(1), meaning that 9LG is a central extension of Fréchet Lie
groups which is locally trivial principal as U(1)-bundle. Recall [55, Def. 3.4] that a
(multiplicative) fusion product on 9LG is a group homomorphism

µ : 9LG23 ⌦U(1)
9LG12 �! 9LG13 (3.18)

of Lie groups over PG[3] that is the identity on the copy of U(1) canonically contained
on both sides and that is associative over PG[4]. Here 9LGij denotes the pullback of the
central extension along the map PG[3] ! PG[2] ! LG, where the second arrow is the cup
map (2.1) and the first map is the projection onto the i-th and j-th factor.
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Any central extension with a fusion product yields a multiplicative bundle gerbe G
over G, given in terms of the cover PeG ! G, where PeG is the group of paths in G
starting at the identity element e 2 G, together with the endpoint projection to G. Its
line bundle over PeG[2] is the pullback of the line bundle 9LG⇥U(1) C over LG associated
to the central extension along the cup map PeG[2] ! LG, and its bundle gerbe product
is given by the fusion product (3.18). The multiplicative structure m of G is the image
under (C.3) of the refinement of bundle gerbes along the map

pr⇤
1
PG⇥G⇥G pr⇤

2
PeG �! m⇤PG, (q1, q2) 7! q1q2, (3.19)

whose line bundle isomorphism is given by pointwise group multiplication in 9LG. By
associativity of the group multiplication, the pullbacks of this refinement assemble to
a commutative diagram in the category Gerb ref(G ⇥ G ⇥ G) of bundle gerbes of G ⇥
G ⇥ G with refinements, hence the associator is provided by the functor (C.3) and the
corresponding cocycle condition is automatic.

Remark 3.11. Restricting a fusion product to the diagonal {(q, q, q) | q 2 PX} ⇢
PX [3], we obtain a trivialization LGq~q

⇠= U(1) and hence a smooth group homomorphism

i : PG �! 9LG,

called fusion factorization. Conversely, given any smooth group homomorphism PG !
9LG with the property that i(q) lies over q~ q, we obtain a fusion product by the formula

µ(U, V ) = Ui(q0)�1V, (3.20)

whenever U, V 2 9LG lie over q0 ~ q00, respectively q ~ q0. If G is simply connected and
semisimple, there exists a unique fusion factorization [30, Thm. 3.3.5], and hence a unique
fusion product.

Construction 3.12. As our investigations are centered around the free loop space
instead of the based loop space, it will be relevant below that a central extension 9LG
also defines a multiplicative bundle gerbe Gdbl over G ⇥ G with cover PG ! G ⇥ G,
defined in a completely analogous fashion to Construction 3.10. We call Gdbl the doubled
multiplicative bundle gerbe determined by 9LG. If G is semisimple and simply connected,
there exists a canonical isomorphism

Gdbl ⇠= pr⇤
2
G ⌦ pr⇤

1
G�1 (3.21)

of multiplicative bundle gerbes over G⇥G; see [21, §5.2 and §5.3].

Example 3.13. Consider G = Spin(d), where d � 5. As this is a simply connected
and simple Lie group, any central extension of LSpin(d) admits a unique (multiplicative)
fusion product [30, Thm. 3.3.5]. A particular example of such a central extension is the
implementer extension (1.13). Applying Construction 3.10 to this central extension yields
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a multiplicative bundle gerbe GImp over Spin(d). Construction 3.12 yields multiplicative
bundle gerbe Gdbl

Imp
over Spin(d)⇥ Spin(d).

We now describe the fusion factorization and the fusion product explicitly for this ex-
ample. By the characterization (0.20) of the extension ImpL of Ores(H0), the implementer
extension of LSpin(d) can be written as the double pullback

^LSpin(d) ImpL U(FL)

LSpin(d) Ores(H0) Aut(C0).

We choose a Lagrangian L 2 Lag+
0

and fix an even isomorphism FL
⇠= L2(A0) (see

Remark 2.13 and Corollary 2.12). Then under this isomorphism, the fusion factorization
i is given by Haagerups canonical implementation (see Remark A.2); explicitly

i(q̃) = L2(Clq),

where q 2 PSO(d) is the image of q̃ 2 PSpin(d). Indeed, i is characterized as the map

PSpin(d) Aut(A0)

PSpin(d)[2] ^LSpin(d) U(L2(A0))

LSpin(d) Aut(C0),

diagonal
i

canonical
implementation

~

provided by the universal property of the pullback, hence is continuous. It then fol-
lows that, as a homomorphism between locally exponential Lie groups, i is automatically
smooth. It must therefore be the unique fusion factorization (see [30, Thm. 3.3.5]). In
view of (3.20), the fusion product (3.20) becomes

µ(U, V ) = UL2(Clq! )⇤V, (3.22)

where U, V 2 ImpL implement q0 ~ q00, respectively q ~ q0. Here and throughout, we
use that the image of the map PSpin(d)[2] ! PSO(d)[2] ! LSO(d) is contained in the
identity component of LSO(d). Hence implementers for q1~q2 are always even if (q1, q2) 2
PSO(d)[2] lifts to (q̃1, q̃2) 2 PSpin(d)[2].

The underlying U(1)-bundle gerbe of a multiplicative bundle gerbes G over a Lie group
G can be viewed as a 2-group extension of G by BU(1). The obstruction for lifting the
structure group of a principal G-bundle P over a manifold to this 2-group is then a bundle
2-gerbe, defined as follows [35, 53].
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Definition 3.14 (Lifting 2-gerbe). Let G be a multiplicative bundle gerbe over
G and let P be a principal G-bundle over a manifold X. The corresponding lifting 2-gerbe
LiftP is the bundle 2-gerbe over X whose bundle over over P [2] is the pullback of G along
the difference map

� : P [2] �! G, (p1, p2) 7�! p�1

2
p1,

and the bundle 2-gerbe product is given by the multiplicative structure of G.

Remark 3.15. The lifting 2-gerbe LiftP is also often called Chern-Simons 2-gerbe (see
[11, 53], because its holonomy is related to the Chern-Simons action. However, in this
context, it seems conceptually more clear to call it lifting 2-gerbe.

Remark 3.16. It follows from the results of [31] together with Thm. 1.16 that the
2-group corresponding by the multiplicative bundle gerbe GImp is precisely the string
2-group String(d), which is the central extension

BU(1) String(d) Spin(d).

Hence if P is a principal Spin(d)-bundle, the corresponding lifting gerbe LiftP represents
the geometric obstruction to lifting the structure group of P to String(d). The same
is true when the central extension Imp is replaced by the dual extension Imp⇤. The
corresponding 2-groups are isomorphic via an isomorphism that is inversion on the center
BU(1).

Let 9LG be a central extension with a fusion product of the loop group LG for a Lie
group G. Given a principal G-bundle P over X, we can then consider its doubled lifting
2-gerbe LiftdblP , defined as the lifting 2-gerbe corresponding to P ⇥P , for the doubled mul-
tiplicative bundle gerbe Gdbl determined by 9LG according to Construction 3.12. It follows
from (3.21) that if G is simply connected and semisimple, then we have an isomorphism

LiftdblP
⇠= pr⇤

2
LiftP ⌦ pr⇤

1
Lift�1

P , (3.23)

in particular LiftdblP is trivial if and only if LiftP is trivial.
For later use, we note that cover diagram of LiftdblP is

...
...

...

W [2,2] W [2,3] W [2,4] · · ·

W [1,2] W [1,3] W [1,4] · · ·

P ⇥ P (P ⇥ P )[2] (P ⇥ P )[3] (P ⇥ P )[4] · · ·

X ⇥X

(3.24)
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where

W [m,n] =

5
67

68

:

;
<

+
p1 · · · pn
p̃1 · · · p̃n

,
;

:

;
<

q1ij
...
qmij

=

>
?

i<j

=

>
?

@
@
@
@
@
@
@

qaij(⇡) = �(pi, pj)
qaij(0) = �(p̃i, p̃j)

A
6B

6C
.

with (p̃1, . . . , p̃n), (p1, . . . , pn) 2 (P ⇥ P )[n], qaij 2 PG.

The line bundle over W [2,2] is, essentially, the line bundle associated to central extension
L̂Spin(d), the corresponding bundle gerbe product over W [3,2] is the fusion product, and
the third column is filled with the multiplicative structure m.

3.5 Comparison of the Lagrangian gerbe and the lifting 2-gerbe

Let X be a spin manifold and let LagX the corresponding Lagrangian 2-gerbe over X⇥X,
as discussed in §3.1. By Thm. 3.5, that X is spin implies that LagX has trivial orientation
gerbe hence is isomorphic to an ordinary, ungraded bundle 2-gerbe.

On the other hand, consider the following lifting 2-gerbe: Let GImp
$ be the multi-

plicative U(1)-bundle gerbe over Spin(d) associated to the dual Imp⇤ of the implementer
extension Imp of LSpin(d) through Construction 3.10; see also Example 3.13. According
to Construction 3.12, this multiplicative bundle gerbe together with the principal Spin(d)-
bundle Spin(X) provided by the spin structure determines a bundle 2-gerbe Liftdbl

Spin(X)

over X ⇥ X. In view of Remark 3.16, this bundle 2-gerbe geometrically represents the
obstruction to lift the structure group of X to the string 2-group.

Theorem 3.17. There exists a canonical isomorphism of bundle 2-gerbes

h : Liftdbl
Spin(X)

�! LagX . (3.25)

The proof of this theorem will be given at the end of this section. We first employ this
theorem to prove the main result of this article. To this end, we use the following notion
of a string structure; see [53, Definition 1.1.5].

Definition 3.18. A string structure on a spin manifold X of dimension d � 5 is a
trivialization of the lifting 2-gerbe LiftSpin(X) over X for GImp

$ .

Recall from Example 3.13 that the Dixmier-Douady class of GImp (and hence also of
its dual) is a generator for H3(Spin(d),Z) ⇠= Z. By Thm. 1.1.3 in[53], admits a string
structure in the above sense if and only if the characteristic class 1

2
p1(X) vanishes. The

following theorem repeats Thm. B from the introduction.

Theorem 3.19. Let X be an oriented Riemannian manifold of dimension d � 5. Then
there exists a spinor bundle S with fusion product over X if and only if X admits a string
structure.
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Proof. By (3.23), triviality of LiftSpin(X) is equivalent to triviality of the doubled lifting 2-
gerbe Liftdbl

Spin(X)
. This implies that X admits a string structure if and only if the doubled

lifting 2-gerbe Liftdbl
Spin(X)

for the dual implementer extension, given in (3.28), admits a
trivialization.

Now, first suppose that there exists a spinor bundle S with fusion product over LX.
Then, by Lemma 1.13, there exists a smoothing structure for S and a corresponding fusion
2-gerbe Fus(S) (see §3.2). By Thm. 3.3, the existence of a fusion product implies that
Fus(S) admits a trivialization. But by Thm. 3.4, Fus(S) is isomorphic to LagX . Hence
the existence of a spinor bundle with fusion product implies triviality of LagX , which in
view of the isomorphism (3.25) and the previous discussion implies that X admits a string
structure.

Conversely, suppose that X admits a string structure. In particular, X is spin, and
the string condition implies that the structure group LSpin(d) of the LX can be lifted to
its basic central extension [19, 55]. By Thm. 1.20, this implies that the Lagrangian gerbe
LagLX of the loop space admits a trivialization, hence there exists a spinor bundle S

0

with a smoothing structure over LX (Thm. 1.7). But since X admits a string structure,
the doubled lifting 2-gerbe Liftdbl

Spin(X)
for the dual implementer extension and hence (by

Theorems 3.17 & 3.4) also the fusion 2-gerbe Fus(S0) are trivializable. Therefore, by
Thm. 3.3, there exists a line bundle T over LX such that S = S

0 ⌦ T admits a smooth
fusion product. !

We finish by proving Thm. 3.17. Before we start the proof, we describe the lifting
2-gerbe LiftdblP in more detail in the case that G = Spin(d) and the multiplicative bun-
dle gerbe G is the bundle gerbe obtained by applying Construction 3.10 to the central
extension of LSpin(d) dual to the implementer extension, see Example 3.13.

We will make the following modification: By definition, every loop group central ex-
tension with fusion product has two products: The group multiplication and the (partially
defined) fusion product. In relation to the cover diagram (3.24), the fusion product lives
over W [3,2], while group multiplication lives over W [2,3]. Below, we will replace the line
bundle defining the central extension L̂Spin(d) by an isomorphic one, which roughly has
the effect that fusion product and group multiplication swap places. As in the case of the
Lagrangian 2-gerbe, multiplication of implementers lives over Lag[3,2] while their fusion
product lives over Lag[2,3], this will facilitate the construction of the isomorphism in §3.5.

Throughout, we fix a Lagrangian L 2 Lag+
0
, together with a cyclic and separating

vector in FL, which allows to identify FL
⇠= L2(A0) (see Remark 2.13). For (q, q0) 2

PSO(d)[2], we then set

Imp(q, q0)
def
= Hom

-
L2(A0)q, L

2(A0)q!

.
,

where the subscript q denotes a modification of the right action by the automorphism Clq
of A0. The adjoint operation is a U(1)-anti-equivariant map identifying Imp(q~ q0)⇤ with
Imp(q�1 ~ (q0)�1), which implies that the U(1)-equivariant map

ImpL(q ~ q0)⇤ ⇠= Imp(q�1 ~ (q0)�1) �! Imp(q, q0), U 7�! L2(Clq! )U, (3.26)

54



identifies Imp(q, q0) with the complex line associated to the U(1)-torsor dual to ImpL(q~
q0). Replacing L̂Spin(d)⇥U(1) C by Imp in Example 3.13, we obtain a multiplicative line
bundle gerbes GImp

$ and Gdbl

Imp
$ over Spin(d), respectively Spin(d) ⇥ Spin(d). We now

describe the data of the corresponding lifting 2-gerbe LiftdblP explicitly. Its cover diagram
is given by (3.24). All data depend on W [m,n] only through the elements qaij.

[2, 2] The line bundle over W [2,2] is the implementer bundle Imp.

[3, 2] It turns out that the isomorphism (3.26) intertwines the fusion product of Imp⇤
L

with composition of operators. The bundle gerbe product over W [3,2] is therefore
given by

�̃ : Imp(q0, q00)⌦ Imp(q, q0) �! Imp(q, q00), �0 ⌦ � 7�! �0�.

The bundle isomorphism of the refinement along (3.19), given by group multiplication in
Imp⇤, translates, via the isomorphism (3.26), to

Imp(q23, q
0
23
)⌦ Imp(q12, q

0
12
) �! Imp(q23q12, q

0
23
q0
12
),

�23 ⌦ �12 7�! L2(Clq!
23
)�12L

2(Clq!
23
)⇤�23.

(3.27)

To describe the data in the third column of the cover diagram (3.24), one has to calculate
the image m of this refinement under the functor (C.3) explicitly. The result is the
following.

[1, 3] The line bundle over W [1,3] is the multiplication line Mul, defined as the pullback
of Imp along the map W [1,3] ! W [1,2] given by

++
p1 p2 p3
p̃1 p̃2 p̃3

,
; q23, q12, q13

,
7�!

++
p1 p3
p̃1 p̃3

,
; q23q12, q13

,
.

Explicitly, the fibers of Mul are

Mul(q23, q12, q13)
def
= Imp(q23q12, q13).

[2, 3] Over W [2,3], we have an isomorphism

µ̃ : Mul
2 ⌦ Imp23 ⌦ Imp12 �! Imp13 ⌦Mul

1,

fiberwise given as the cospan

Mul(q0
23
, q0

12
, q0

13
)⌦ Imp(q23, q023)⌦ Imp(q12, q012)

Mul(q23, q12, q013)

Imp(q13, q013)⌦Mul(q23, q12, q13),

µ̃

composition

where the bottom right map is composition and the top right map, using formula
(3.27), is

�123 ⌦ �23 ⌦ �12 7�! �123L
2(Clq!

23
)�12L

2(Clq!
23
)⇤�23.
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[1, 4] Over W [1,4], the associator 2-morphism

↵̃ : Mul124 ⌦Mul234 �!Mul134 ⌦Mul123

is canonically provided by the functor (C.3). Explicitly, it is fiberwise given by the
cospan

Mul(q24, q12, q14)⌦Mul(q34, q23, q24)

Mul
(3)(q34, q23, q12, q14)

def
= Imp(q34q23q12, q14)

Mul(q34, q13, q14)⌦Mul(q23, q12, q13),

composition

↵̃

where the top right map is composition of operators and the bottom right map is
given by

�134 ⌦ �123 7�! �134L
2(Clq34 )�123L

2(Clq34 )
⇤.

The data described above can be arranged with respect to the cover diagram (3.24)
as follows.

LiftdblP =

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

�̃

Imp µ̃

. Mul ↵̃

(P ⇥ P ) (P ⇥ P )[2] (P ⇥ P )[3] (P ⇥ P )[4]

X ⇥X

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

(3.28)

Proof (of Thm. 3.17). The isomorphism h will be given in terms of the common cover

Spin(X)⇥ Spin(X) PSpin(X) PX.
endpoint

evaluation
footpoint
projection

Its bundle gerbe over PSpin(X) is trivial, hence the first row of its cover diagram is trivial.
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The rest of its cover diagram is

V [3,2]

V [2,2] V [2,3]

V [1,2] V [1,3] V [1,4]

PSpin(X) PSpin(X)[2] PSpin(X)[3] PSpin(X)[4]

X ⇥X

(3.29)

with

V [m,n] =

5
67

68

:

;
< g1, . . . , gn;

:

;
<

q1ij
...
qmij

=

>
?

i<j

;

:

;
<

L1

ij
...

Lm
ij

=

>
?

i<j

=

>
?

@
@
@
@
@
@
@

qaij(⇡) = gj(⇡)�1gi(⇡)
La
ij 2 Lag�i ~�j

A
6B

6C
.

Here gi 2 PSpin(X) lifts the path �i and qaij 2 PSpin(d), La
ij 2 Lag. The diagram (3.29)

maps to the cover diagrams (3.24) and (3.2) in the obvious way.
The data of h can be arranged with respect to the cover (3.29) as follows.

coherence
condition

for ⌫

⌫
coherence
condition

for �

N �
coherence
condition

for b

PSpin(X) PSpin(X)[2] PSpin(X)[3] PSpin(X)[4]

X ⇥X

(3.30)

Explicitly, these data are the following.

[1, 2] The line bundle N over V [1,2] has fibers

N(g1, g2, q, L) = Homg2 ,g1
(L2(A0)q,FL),
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where the right hand side denotes the space of unitary intertwiners L2(A0)q ! FL

along Clg2 and Clg1 (recall that L2(A0)q denotes the A0-A0-bimodule obtained from
L2(A0) by modifying the right action via the Boguliubov automorphism Clq).

[2, 2] Over V [2,2], we have a canonical isomorphism

⌫ : N2 ⌦ Imp �! Pf⌦N
1,

fiberwise given by the cospan

N(g1 ,g2 ,q! ,L!
)

1 2/ 0
Homg2 ,g1

(L2(A0)q! ,FL! )⌦

Imp(q,q!
)

1 2/ 0
Hom(L2(A0)q, L

2(A0)q! )

Homg2 ,g1
(L2(A0)q,FL).

Hom(FL,FL! )
/ 01 2

Pf(L,L! )

⌦Homg2 ,g1
(L2(A0)q,FL)

/ 01 2
N(g1 ,g2 ,q,L)

⌫

composition

composition

[1, 3] The isomorphism
� : N13 ⌦Mul �! Fus⌦N23 ⌦N12,

over V [1,3] is fiberwise given by the cospan

N(g1 ,g3 ,q13 ,L13 )1 2/ 0
Homg3 ,g1

(L2(A0)q13 ,FL13 )⌦

Mul(q23 ,q12 ,q13 )1 2/ 0
Hom

-
L2(A0)q23 q12 , L

2(A0)q13

.

Homg3 ,g1
(L2(A0)q23 q12 ,FL13 )

Hom(FL23 ⇥A! 2
FL12 ,FL13 )/ 01 2

Fus(L23 ,L12 ,L13 )

⌦Homg3 ,g2
(L2(A0)q23 ,FL23 )/ 01 2

N(g2 ,g3 ,q23 ,L23 )

⌦Homg2 ,g1
(L2(A0)q12 ,FL12 )/ 01 2

N(g1 ,g2 ,q12 ,L12 )

composition

�

where the top right arrow is composition, while the bottom right arrow is the iso-
morphism

⌥⌦ 23 ⌦ 12 7�! ⌥( 23 ⇥ 12)�
⇤
q23 ,q12

.

Here �q23 ,q12 : L2(A0)q23 ⇥A0 L
2(A0)q12 ! L2(A0)q23 q12 is the unitary isomorphism

from Example A.6.

We have to check three coherences. As the bundle gerbe H of h is trivial, the coherence

58



diagram (C.20) over V [3,2] collapses in our case to

N
3 ⌦ Imp

23 ⌦ Imp
12

N
3 ⌦ Imp

13

Pf
23 ⌦N

2 ⌦ Imp
12

Pf
23 ⌦Pf

12 ⌦N
1

Pf
13 ⌦N

1,

1⌦�̃

⌫23⌦1⌦1

⌫13

1⌦⌫12

�⌦1

which is clearly commutative.
The coherence diagram (C.21) for over V [2,3] is

N
2

13
⌦Mul

2 ⌦ Imp23 ⌦ Imp12 Fus
2 ⌦N

2

23
⌦N

2

12
⌦ Imp23 ⌦ Imp12

Fus
2 ⌦N

2

23
⌦ Imp23 ⌦N

2

12
⌦ Imp12

N
2

13
⌦ Imp13 ⌦Mul

1
Fus

2 ⌦Pf23 ⌦N
1

23
⌦N

2

12
⌦ Imp12

Fus
2 ⌦Pf23 ⌦N

1

23
⌦Pf12 ⌦N

1

12

Fus
2 ⌦Pf23 ⌦Pf12 ⌦N

1

23
⌦N

1

12

Pf13 ⌦N
1

13
⌦Mul

1
Pf13 ⌦ Fus

1 ⌦N
1

23
⌦N

1

12

�2⌦1⌦1

1⌦µ̃

1⌦⌫23⌦1⌦1

⌫13⌦1

1⌦1⌦1⌦⌫12

µ⌦1⌦1

1⌦1⌦�1

We consider this diagram over a point
+
g1, g2, g3;

+
q23 q12 q13
q0
23

q0
12

q0
13

,
;

+
L23 L12 L13

L0
23

L0
12

L0
13

,,
2 V [2,3].

Here, the bottom left line is, via composition, isomorphic to

N(g1, g3, q23q12, L
0
13
) = Homg3 ,g1

(L2(A0)q23 q12 ,FL13 ). (3.31)

A diagram chase starting with an element ⌥⌦ 23⌦ 12⌦�23⌦�12 of the top right line
reveals that proving commutativity of the diagram boils down to showing the equality

⌥( 23 ⇥ 12)�
⇤
q!

23 ,q
!
12
L2(Clq!

23
)�12L

2(Clq!
23
)⇤�23 = ⌥( 23�23 ⇥ 12�12)�

⇤
q23

inside (3.31); the left hand side corresponds to the north-west composition, while the
right hand side corresponds to the east-south composition. But this identity follows from
(A.10) and (A.8).
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Finally, it is convenient to split the diagram (C.22) into two halves,

N14 ⌦Mul124 ⌦Mul234 N14 ⌦Mul
(3)

Fus124 ⌦N24 ⌦N12 ⌦Mul234 NMul
(3)

Fus124 ⌦N24 ⌦Mul234 ⌦N12 FusN
(3)

Fus124 ⌦ Fus234 ⌦N34 ⌦N23 ⌦N12 Fus
(3) ⌦N34 ⌦N23 ⌦N12

�124 ⌦1 composition

1⌦�234 ⌦1 composition

and

N14 ⌦Mul
(3)

N14 ⌦Mul134 ⌦Mul123

NMul
(3)

Fus134 ⌦N34 ⌦N13 ⌦Mul123

FusN
(3)

Fus134 ⌦N34 ⌦ Fus123 ⌦N23 ⌦N12

Fus
(3) ⌦N34 ⌦N23 ⌦N12 Fus134 ⌦ Fus123 ⌦N34 ⌦N23 ⌦N12,

composition �134 ⌦1

1⌦1⌦�123

composition

where the horizontal arrows are the ones from the defining cospan of ↵, respectively ↵̃.
Joining those two diagrams at the common side gives (C.22), hence commutativity of the
latter follows from commutativity of those individual diagrams. Here

NMul
(3)(g1, g4, L14, q34, q23, q12) = Homg4 ,g1

-
L2(A0)q34 q23 q12 ,FL14

.

FusN
(3)(g1, g4, L14, q34, q23, q12) = Homg4 ,g1

-
L2(A0)q34 ⇥A0 L

2(A0)q23 ⇥A0 L
2(A0)q12 ,FL14

.

and the map NMul
(3) ! FusN

(3) is fiberwise given by

 7�!  �q34 q23 ,q12 (�q34 ,q23 ⇥ idL2(A0)) =  �q34 ,q23 q12 (idL2(A0) ⇥ �q23 ,q12 ),

where the equality on the right hand side follows from (A.9). Commutativity of both
diagrams is easily checked using (A.10) and (A.8) again. !

A Super von Neumann algebras and Connes fusion
In this appendix, we give some background to super von Neumann algebras and the
Connes fusion product of super bimodules between them. Standard references for the
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Connes fusion product in the ungraded case are [48, 10], but here we present its adaptation
to the ungraded case, which we were unable to find in the literature.

Throughout, all Hilbert spaces are separable and all C⇤-algebras are assumed to have
a faithful representation on a separable Hilbert space. Recall that a von Neumann algebra
is a unital ⇤-algebra A that is isomorphic to a subalgebra of B(H), H a Hilbert space,
which is closed with respect to the ultraweak operator topology (or, equivalently, the weak
or strong topology). Equivalently (by the theorem of Sakai), a von Neumann algebra is
a C⇤-algebra A that admits a predual, i.e., a Banach space A⇤ such that A, as a Banach
space, is the dual of A⇤ (the predual is unique up to unique isomorphism). The ultraweak
topology on a von Neumann algebra A is the weak-⇤-topology induced by its predual; it
coincides with the ultraweak topology induced by any faithful ⇤-representation.

For von Neumann algebras A, B, a normal ⇤-homomorphism ' : A ! B is a ⇤-
homomorphism that is continuous with respect to the ultraweak topologies. This is
equivalent to ' being the dual of a bounded linear operator '⇤ : B⇤ ! A⇤ between
the preduals. It is a fact that every ⇤-isomorphism between von Neumann operators is
automatically normal.

A.1 Super von Neumann algebras

A super Hilbert space is a Hilbert space H with a direct sum decomposition H = H0�H1,
where the summands are called the “even” and “odd” parts of H. The grading operator
of a super Hilbert space H is the operator that acts as multiplication with (�1)i on H i.

A super von Neumann algebra is a von Neumann algebra together with an involutive
⇤-automorphism ⌧ . The eigendecomposition A = A0�A1 of ⌧ gives a decomposition into
“even” and “odd” parts of A, which satisfy Ai ·Aj ✓ Ai+j. Equivalently, A is isomorphic to
an ultraweakly closed, graded subalgebra of B(H) for some super Hilbert space H, where
we say that a subalgebra is graded if it is preserved by conjugation with the grading
operator of H; the grading operator of A is then given by conjugation with that of H. ⇤-
homomorphisms between super von Neumann algebras will always be required to preserve
the grading.

Let A be a super von Neumann algebra. The (super) opposite of A is the super von
Neumann algebra Aop consisting of elements aop for a 2 A. It is equipped with the super
vector space structure such that a 7! aop is an isomorphism, but carries the opposite
multiplication and ⇤-operation,

aop · bop = (�1)|a||b|(ba)op, (aop)⇤ = (�1)|a|(a⇤)op. (A.1)

A (super) anti-⇤-homomorphism ' : A! B is a linear map satisfying

'(ab) = (�1)|a||b|'(b)'(a).

An anti-⇤-homomorphism ' : A ! B is the same thing as a ⇤-homomorphism Aop !
B or A ! Bop. If A and B are super ⇤-algebras, then the ⇤-operation is an anti-⇤-
homomorphism A ! A, but not a super anti-⇤-homomorphism unless A is purely even.
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However, the map ] given by

a]
def
=

$
a⇤ a even
ia⇤ a odd.

is a super anti-⇤-homomorphism A! A, for any super ⇤-algebra A.

A.2 Super bimodules

Let A and B be super von Neumann algebras. Recall that a super A-B-bimodule is a
super Hilbert space M together with grading preserving unital normal ⇤-representations
⇡A of A and ⇡B of Bop on M , whose images super commute. Here Bop denotes the super
opposite algebra; see (A.1). In terms of these representations, the bimodule action is
defined by

a . ⇠ / b
def
= (�1)|⇠||b|⇡A(a)⇡B(b)⇠, ⇠ 2M, a 2 A, b 2 B. (A.2)

We remark that it is crucial that ⇡B is a representation of the super opposite algebra, and
that ⇡A and ⇡B super commute in order for formula (A.2) to indeed define a bimodule
structure (where, of course, the left and right action are required to commute, not super
commute).

Every super von Neumann algebra A has a canonically associated super A-A-bimodule
L2(A), called the standard bimodule of A [16, 20], [47, IX]. It is characterized (unique up
to isomorphism) by the existence of an even, anti-linear, isometric involution J : L2(A)!
L2(A) and a self-dual cone P ⇢ L2(A) with the following properties:

(1) The right action is given by ⇠ / a = J⇡`(a⇤)J⇠, a 2 A, ⇠ 2 L2(A), where ⇡` denotes
the representation of A on L2(A) that induces the left action. Equivalently, the right
representation is given by ⇡r(a) = (�1)|a||⇠|J⇡`(a⇤)J⇠.

(2) J⇡`(A)J = ⇡`(A)0, the (ungraded) commutant in B(L2(A)).

(3) J⇠ = ⇠ for all ⇠ 2 P .

(4) P is self-dual, meaning that P = {⌘ 2 H | h8⇠ 2 P : ⇠, ⌘i � 0}.

(5) a . ⇠ / a⇤ 2 P for all a 2 A, ⇠ 2 P .

(6) J⇡`(c)J = ⇡`(c)⇤ for each c in the (ungraded) center of A.

Remark A.1. If H is a super Hilbert space with a faithful ⇤-representation ⇡ of A and
⌦ 2 H is an even cyclic and separating vector for ⇡, then there exists a unique grading
preserving unitary isomorphism L2(A) ⇠= H that intertwines the conjugation J of L2(A)
with the modular conjugation J⌦ for ⌦, obtained via Tomita-Takesaki theory, and that
sends the cone P to the self-dual cone given by

P⌦ = {⇡(a)J⇡(a)J⌦ | a 2 A}. (A.3)
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The point here is that if ⌦ 2 H and ⌦0 2 H 0 are two cyclic and separating vectors for
⇤-representations ⇡ and ⇡0, we get a canonical unitary isomorphism H ⇠= L2(A) ⇠= H 0;
however, this isomorphism does in general not send ⌦ to ⌦0, but only P⌦ to P⌦! .

Remark A.2. By uniqueness of the standard bimodule, an isomorphism � : A! B of
super von Neumann algebras induces a grading preserving unitary isomorphism L2(�) :
L2(A) ! L2(B). In particular, if B = A so that � is an automorphism, then L2(A) is a
unitary automorphism of L2(A) that intertwines both module actions along �, i.e.,

L2(�)(a . ⇠ / b) = �(a) . L2(�)⇠ / �(b), a, b 2 A, ⇠ 2 L2(A).

This is Haagerup’s canonical implementation. The map � 7! L2(�) is continuous for the
u-topology on Aut(A) (see §B below) and the strong topology on U(L2(A)) [16, Prop. 3.5],
[47, IX.1.15&1.16].

We will use the following generalized notion of bimodule homomorphisms. Let M
be a super A-B-bimodule, let M 0 be a super A0-B0-bimodule and let �A : A ! A0 and
�B : B ! B0 be (grading preserving) ⇤-isomorphisms. Then a unitary isomorphism
U : M ! M 0, which we assume to be either grading preserving or grading reversing, is
an intertwiner along �A and �B if

U(a . ⇠ / b) = (�1)|U ||a|�A(a) . U(⇠) / �B(b), a 2 A, b 2 B, ⇠ 2M. (A.4)

Intertwiners U along �A and �B can be depicted as 2-cells,

A B

A0 B0.

✓A ✓B

M

U

M !

Remark A.3. The additional sign in (A.4) involving the parity of U is according to
the Koszul sign rule. It is necessary for the following to be true: If M is a super left
A-module, then M is also a super right Aop-module, where

⇠ / aop
def
= (�1)|⇠||a|a . ⇠, ⇠ 2M, a 2 A.

Now, an even or odd unitary U : M ! M 0 intertwines the left A-actions if and only if it
intertwines the corresponding right Aop-actions.

In the main body of the paper, we will often deal with bimodule isomorphisms that
are, more generally, a scalar multiple of a unitary; this generalization causes no further
complications and will be ignored in this appendix.
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A.3 Connes Fusion of super bimodules

Let B be a super von Neumann algebra. If M is a right super B-module and N is a left
super B-module, there is a notion of a relative tensor product over B, the Connes fusion
product [56, Chapter V]; for details, see, e.g, [48]. To review its definition, fix a standard
bimodule L2(B) for B and denote by D (M) = BB(L2(B),M) the space of bounded linear
maps that intertwine the right B-actions. D (M) is graded by parity and has a graded
right B-action, given by (x / b)(⇠) = x(b . ⇠). The Connes fusion product M ⇥B N of M
with N is then defined as the completion

M ⇥B N = D (M)⌦N

of the algebraic tensor product with respect to the (degenerate) sesquilinear form

hx⌦ ⇠, y ⌦ ⌘iM⇥N
def
= h⇠, (x⇤y) . ⌘iN , (A.5)

where we use that x⇤y 2 BB(L2(B), L2(B)) = B (identifying b 2 B with its left multipli-
cation operator on L2(B)). Observe that since N is Z2-graded and the left B-action is
compatible with this grading, elements of different grading in the algebraic tensor product
D (M)⌦N are orthogonal with respect to the inner product (A.5), so M ⇥B N is a super
Hilbert space. Abusing notation, we use the same notation for elements of M ⇥B N as
for their preimages in D (M)⌦N .

Remark A.4. Elements of the form (x / b) ⌦ ⇠ � x ⌦ (b . ⇠) are in the kernel of the
inner product (A.5), hence vanish in the completion. Therefore, M ⇥B N can indeed be
viewed as a tensor product over B.

Example A.5. Let M be a super right B-module and let N be a super left B-module,
for a super von Neumann algebra B. Let V and W be finite-dimensional super Hilbert
spaces. Then M⌦V and N⌦W are again B-modules and we have a canonical isomorphism

(M ⇥B N)⌦ (V ⌦W ) �! (M ⌦ V ) ⇥B (N ⌦ E),

given by
(x⌦ ⌘)⌦ (v ⌦ w) 7�! (�1)|v||⌘|(x⌦ v)⌦ (⌘ ⌦ w),

where for x 2 D (M) and v 2 V , x ⌦ v denotes the element of D (M ⌦ V ) given by
(x⌦ v)⇠ = (�1)|⇠||v|x⇠ ⌦ v.

If M is a super A-B-bimodule and N is a super B-C-bimodule, then M⇥BN naturally
has the structure of a super A-C-bimodule, with the actions given by

a . (x⌦ ⇠) / c = (a . x)⌦ (⇠ / c), a 2 A, c 2 C, x 2 D (M), ⇠ 2 N.

Here the left A-action on D (M) is defined pointwise, (a . x)(⇠) = a . x(⇠).
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Connes fusion is associative, in the sense that there are isomorphisms

M ⇥B (N ⇥C P ) ⇠= (M ⇥B N) ⇥C P, (A.6)

called associators, which are functorial in M , N and P and satisfy the pentagon axiom
for any quadruple of bicategories [10, Prop. 3.5.3]. We will therefore drop the brackets
and just write M ⇥B N ⇥C P for the tensor product of three super bimodules.

We now discuss Connes fusion of intertwiners and its functoriality. It will be important
to define Connes fusion not only for ordinary unitary intertwiners but, more generally, for
intertwiners along ⇤-isomorphisms. Explicitly, let U : M ! M 0 be a unitary intertwiner
along �A and �B, and let V : N ! N 0 be a unitary intertwiner along �B and �C (here
it is necessary that U and V intertwine along the same middle isomorphisms). Connes
fusion then provides a composition 2-cell

A B C

A0 B0 C 0,

'A ✓B

M

U ✓C

N

V

M ! N !

=

A C

A0 C 0,

✓C ✓A

M⇥B N

U⇥V

M ! ⇥B N !

in other words, a unitary intertwiner U ⇥ V : M ⇥B N ! M 0 ⇥B! N 0, along ✓A and ✓C ,
compare [25, Prop. A.2.3], [5, Thm. 6.23]. This intertwiner is defined on D (M)⌦N by

(U ⇥ V )(x⌦ ⇠) = (�1)|V ||x|UxL2(�B)
⇤ ⌦ V ⇠, x 2 D (M), ⇠ 2 N, (A.7)

and extends by continuity. Here L2(�B) : L2(B)! L2(B0) is the unitary isomorphism of
standard bimodules induced by the isomorphism �B : B ! B0 (see Remark A.2). The
parity of U ⇥ V is the sum of the parities of U and V .

Example A.6. For an automorphism ✓ 2 Aut(A), denote by L2(A)✓ the A-A-bimodule
where the right A-action is twisted by ✓. Then given ✓1, ✓2 2 Aut(A), there are canonical
even unitary isomorphisms

�✓1 ,✓2 : L2(A)✓1 ⇥A L2(A)✓2 �! L2(A)✓1✓2

given on elements of D (L2(A)✓1)⌦ L2(A)✓2 by the formula

x⌦ ⇠ 7�! x⇠.

It is straightforward to check that these isomorphisms enjoy the following relation with
respect to intertwiners: If Ui : L2(A)✓i ! L2(A)✓!

i
, i = 1, 2, are such that U1 is right

intertwining along ' and U2 is left intertwining along ', then

�✓!
1 ,✓

!
2
� (U1 ⇥ U2) = U1L

2(✓1)L
2(')⇤U2L

2(✓1)
⇤.
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If U1 and U2 are intertwiners along the identity on both sides (in particular, ' = id), then
this can be rewritten as

�✓!
1 ,✓

!
2
(U1 ⇥ U2) = L2(✓0

1
)U2L

2(✓0
1
)⇤U1�✓1 ,✓2 . (A.8)

Moreover, these isomorphisms are associative, in the sense that we have the identity

�✓1✓2 ,✓3(�✓1 ,✓2 ⇥ idL2(A)) = �✓1 ,✓2✓3(idL2(A) ⇥ �✓2 ,✓3), (A.9)

of isomorphisms L2(A)✓1 ⇥A L2(A)✓2 ⇥A L2(A)✓3 ! L2(A)✓1✓2✓3 , for any triple ✓1, ✓2, ✓3 2
Aut(A). Here the associator (A.6) is implicit.

Connes fusion is functorial in the sense that if U : M ! M 0, V : N ! N 0 intertwine
along �B and U 0 : M 0 !M 00, V 0 : N 0 ! N 00 intertwine along �0

B, then

(U 0 ⇥ V 0)(U ⇥ V ) = (�1)|V ! ||U |U 0U ⇥ V 0V. (A.10)

B Bundles of von Neumann algebras and bimodules

In this section, we explain the notion of (continuous, locally trivial) bundles of super von
Neumann algebras and bimodules between them.

B.1 Bundles of super von Neumann algebras

The automorphism group of a super von Neumann algebra A is the group Aut(A) of
grading preserving, (normal) ⇤-automorphisms of A. The u-topology on the automorphism
group is the topology on Aut(A) ⇢ B(A) generated by the seminorms

✓ 7! sup
a2A
kak=1

|%(✓(a))| = k% � ✓kA$ , (B.1)

where % ranges over all elements of the predual of A (viewed as a linear functional on A).
The u-topology turns Aut(A) into a completely metrizable topological group.

Lemma B.1. Let X be a topological space, let A be a super von Neumann algebra and
let ✓ : X ! Aut(A) be a map. Then ✓ is continuous if and only if the corresponding map
✓̂ : X ⇥ A! A is continuous on bounded sets, when A carries its ultraweak topology and
Aut(A) carries the u-topology.

Here we say that a map X ⇥ A ! A is continuous on bounded if for one (hence for
all) r > 0, its restriction X ⇥ Ar ! Ar are continuous, where Ar = {a 2 A | kak  r}
denotes the r-ball of A. Recall here that by the uniform boundedness principle, the norm
bounded sets of A coincide with the ultraweakly bounded ones.
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Remark B.2. Similarly to Lemma B.1, it was shown in [13, Lemma 4.3] that if A is
a factor of type II1, then a map ✓ : X ! Aut(A) is continuous if and only if the corre-
sponding map ✓̂ : X⇥A! A is continuous for the pointwise 2-topology [13, Lemma 4.3].

Proof (of Lemma B.1). Suppose that ✓ is continuous and let (xi, ai)i2I be a net in X ⇥A
converging to (x, a). We have to show that for each % 2 A⇤, we have %(✓̂(xi, ai)) !
%(✓̂(x, a)). To this end, we calculate

|%(✓̂(xi, ai))� %(✓̂(x, a))| = |%(✓xi (ai))� %(✓x(a))|
 |%((✓xi � ✓x)(ai � a))|+ |%((✓xi � ✓x)(a))|+ |%(✓x(ai � a))|
 (kai � ak+ kak)k% � (✓xi � ✓x)kA$ + |%(✓x(ai � a))|.

The second term converges to zero by weak convergence of the net (ai)i2I to a. If the net
(ai)i2I is norm-bouned, the first term converges to zero by continuity of the ✓ (see (B.1)).
The second term converges to zero by weak convergence of the net (ai)i2I to a.
Conversely, suppose that ✓̂ is continuous and let (xi)i2I be a net in X, convergent to x.
We have to show that ✓xi ! ✓x in Aut(A), meaning that

k% � (✓xi � ✓x)kA$ = sup
a2A1

|%((✓xi � ✓x)(a))| �! 0

for each % 2 A⇤. Since the unit ball A1 of A is weakly compact and the functional
% � (✓xi � ✓x) is weakly continuous, the supremum is attained. Hence for each i 2 I, there
exists ai 2 A1 such that k% � (✓xi � ✓x)kA$ = |%((✓xi � ✓x)(ai))|. This gives a net (ai)i2I .
Let (ai)i2I ! , I 0 ⇢ I be any subnet. Since A1 is ultraweakly compact, there exists a further
subnet (ai)i2I !! , I 00 ⇢ I 0 that converges ultraweakly to some element a 2 A1. Then

k% � (✓xi � ✓x)kA$ = |%((✓xi � ✓x)(ai)|
= |%(✓̂(xi, ai)� ✓̂(x, ai))|
= |%(✓̂(xi, ai)� ✓̂(x, a))|+ |%(✓̂(x, a)� ✓̂(x, ai))|

As net indexed by I 00, both terms converge to zero, by continuity of ✓̂ on X ⇥ A1. We
showed that any subnet of the net (k% � (✓xi � ✓x)kA$ )i2I in R has a further subnet
converging to zero. But this implies that the net itself converges to zero. !

We now explain the notion of von Neumann algebra bundle we use in this paper. Let
X be a topological space together with a collection A = (Ax)x2X of super von Neumann
algebras. We will also write A for the disjoint union

A =
D

x2X

Ax

and call this the total space of A. It comes with a canonical footpoint projection ⇡ :
A ! X and, as usual, for O ⇢ X, we write A|O = ⇡�1(O). By a trivialization of A over
an open set O ⇢ X, we mean a map

� : A|O �! O ⇥ A,
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where A is some super von Neumann algebra, such that the fibers �x : Ax ! A are grading
preserving ⇤-isomorphisms. A bundle structure on A consists of a suitable collection of
local trivializations (�i)i2I whose transition functions

�j � ��1

i : (Oi \Oj)⇥ A �! (Oi \Oj)⇥ A

are continous on bounded sets when A carries its ultraweak topology, in the sense that
they are continuous when restricted to the sets (Oi \Oj)⇥Ar, where Ar, r > 0, denotes
the r-ball of A. By Lemma B.1, this is equivalent to requiring that the corresponding
maps Oi \ Oj ! Aut(A) are continuous with respect to the u-topology. Compatible
collections of local trivializations are ordered by inclusion.

Definition B.3 (Von Neumann algebra bundle). A super von Neumann al-
gebra bundle over a space X is a collection = (Ax)x2X of super von Neumann algebras,
together with a maximal compatible collection of local trivializations.

Note that the total space A does not canonically possess the structure of a topological
space as the transition functions need not be continuous. However, a compatible collection
of local trivializations on A induces, for each fixed r > 0, a continuous fiber bundle
structure on the set

Ar =
D

x2X

(Ax)r,

of fiberwise r-balls, each fiber carrying the ultraweak topology. Note that since each Ax,
as a super von Neumann algebra, admits a predual, the Banach-Alaoglu theorem implies
that the fibres of Ar are compact.

Definition B.4 (Bundle homomorphism). A homomorphism between super von
Neumann algebra bundles A and B is a fibre-preserving map % : A ! B whose fibers
%x : Ax ! Bx are grading preserving normal ⇤-homomorphisms and which is continuous
on bounded sets with respect to the ultraweak topologies.

Explicitly, the continuity requirement on % means that for some (hence for all) r > 0,
the map %r : Ar ! Br, given over x 2 X by the restriction of %x to the r-ball in Ax, is a
continuous when Ar and Br carry the topology explained above.

Example B.5 (Trivial bundles). If A is a super von Neumann algebra, the trivial
super von Neumann algebra bundle over X with typical fibre A is A = X ⇥ A, whose
collection of local trivializations is given by restrictions of the identity map A ! X ⇥ A
to open subsets of X.

Example B.6 (Associated bundles). Let A be a super von Neumann algebra
and let G be a topological group with a continuous group homomorphism % : G! Aut(A)
(with respect to the u-topology). Then any principal G-bundle P over X gives rise to
a von Neumann algebra bundle over X with typical fiber A by forming the associated
bundle

A
def
= P ⇥G A.
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Since G acts via grading preserving ⇤-automorphisms, the fibers Ax = Px ⇥G A carry
induced structures of super von Neumann algebras. To obtain local trivializations, let
{Oi}i2I be an open cover of X such that P admits local sections pi : Oi ! P , then
defining

�i : A|Oi ! Oi ⇥ A, [pi(x), a]! (x, a)

defines a set of local trivializations. Given i, j 2 I, there are continuous functions gij :
Oi \Oj ! Aut(A) such that

pi(x) · gij(x) = pj(x), x 2 Oi \Oj.

The transition functions for the collection of local trivializations are then

(�i � ��1

j )(x,a) = %(gij(x))(a),

As the maps gij and % are continuous, it follows from Lemma B.1 that these transition
functions are continuous on bounded sets.

B.2 Super bimodule bundles

(Super) Hilbert space bundles over a topological space X are unproblematic to define:
they are fiber bundles with typical fiber a super Hilbert space H (with its norm topology),
equipped with fibrewise Hilbert space structures, such that the local trivializations are
fiberwise grading preserving linear isometries. It is a standard fact that the continuity of
a transition function O\O0⇥H ! H is equivalent to the continuity of the corresponding
map O \O0 ! U(H). In the ungraded case, since U(H) is contractible (provided that H
is infinite-dimensional), all such bundles are trivializable. In the graded case, if we allow
both even and odd unitary transformation as transition functions, the unitary group U(H)
has two connected components, each of which is contractible (assuming that both the even
and odd part of H are infinite-dimensional). Hence such bundles H of super Hilbert spaces
over a space X are classified by a single characteristic class or(H) 2 H1(X,Z2), for which
the terminology orientation class seems sensible.

Definition B.7 (Bimodule bundle). Let A, B be super von Neumann algebra
bundles over a space X. Let M be a super Hilbert space bundle over X such that each fiber
Mx carries the structure of a super Ax-Bx-bimodule. A local bimodule trivialization of M
over an open set O ✓ X consists of local trivializations � : A|O ! O⇥A,  : B|O ! O⇥B
and U : M|O ! O ⇥M (the latter as a super Hilbert space bundle) such that for each
x 2 O, Ux is an intertwiner along �x and  x. M is a super A-B-bimodule bundle if there
exists a local bimodule trivialization in a neighborhood of each point of X.

Definition B.8 (Bimodule bundle isomorphism). An isomorphism between
super A-B-bimodule bundles M and N is a unitary isomorphism u : M ! N of super
Hilbert space bundles that fiberwise intertwines the bimodule actions.
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Remark B.9. The typical fiber for super A-B-bimodule bundles M is a somewhat
tricky notion. Naively, one might think that if if (�, U, ) is a triple of local trivializations
as in Definition B.7, then the typical fiber of M would be the A-B-bimodule bundle M .
However, in this situation, we can form a new trivialization  0 = ✓�1 � � of B for any
choice of automorphism ✓ 2 Aut(B); then U is intertwining when the target is taken to be
the A-B-bimodule M✓, obtained from M by modifying the B-action by ✓. Similarly, we
can modify � by an automorphism of A to modify the left action of M . We conclude that
the typical fiber M , as an A-B-bimodule, is only well defined up to replacing it with a
module of the form ✓M✓! , where the left and right action are modified by automorphisms.

B.3 Connes Fusion of bimodule bundles

Let A, B, C be super von Neumann algebra bundles over a topological space X, let M

be a super A-B-bimodule bundle and let N be a super B-C-bimodule bundle. In this
situation, we can form the fiberwise Connes fusion products Mx ⇥Bx Nx. The challenge
is to endow the “total space”

M ⇥B N =
D

x2X

Mx ⇥Bx Nx

with the structure of a continuous Hilbert space bundle. We observe:

(?) If (�, U, ) and ( , V,) are local bimodule trivializations of M, respectively N,
both defined over some open set O ✓ X, then (�, U ⇥V,) is a candidate for a local
bimodule trivialization of M ⇥B N over O, where

U ⇥ V : M ⇥B N|O �! O ⇥ (M ⇥B N)

denotes the pointwise fusion product along  .

However, for this fusion product to exist, it is crucial that U and V intertwine along the
same trivialization  of B, and in general, M and N might not admit local bimodule
trivializations with this property.

For finite-dimensional algebras and bimodules, the conditions for such a pair of trivial-
izations to exist near every point of X were investigated in [24]; to formulate this condition
in the von Neumann algebra setting, we define, for a super A-B-bimodule M , the group
of implementers on M as the subgroup

I(M) ✓ Aut(A)⇥ U(M)⇥ Aut(B)

consisting of those triples (', U, ) such that U is an even intertwiner along ' and  .
Endowed with the subspace topology, I(M) is a topological group. Projection onto the
first, respectively third factor yields continuous group homomorphisms

p` : I(M) �! Aut(A),

pr : I(M) �! Aut(B).
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Remark B.10. If the actions of A and B on M are faithful, then the projection map

I(M) �! U(M)

is injective. In fact, it is a homeomorphism onto its image, so that I(M) can be identified
with a subgroup of U(M).

To see latter claim, we have to show that whenever ('n, Un, n)n2N is a sequence in
I(M) and (', U, ) 2 I(M) is such that Un converges against U in the topology of U(M),
then 'n ! ' and  n !  with respect to the u-topology.

To this end, let % be an element of the predual of A. It suffices to consider the case
that % is positive. As A acts faithfully, such an element can be written as

%(a) =
1E

k=1

h⇠k, a . ⇠ki,

with (⇠k)k2N a square-summable sequence in M . Then given a 2 A with kak  1, we have

@
@%('n(a))� %('(a))

@
@=

1E

k=1

@
@h⇠k, Un(a . U

⇤
n⇠k)i � h⇠k, U(a . U⇤⇠k)i

@
@

=
1E

k=1

@
@ha⇤ . U⇤

n⇠k, (Un � U)⇤⇠ki � h(Un � U)⇠k, a . U
⇤⇠k)i

@
@

= 2
1E

k=1

k⇠kkk(Un � U)⇤⇠kk.

Since Un ! U in the topology of U(H), the differences Un � U and (Un � U)⇤ converge
strongly to zero (see [12]). Therefore the right hand side above converges to zero by the
dominated convergence theorem. As it is independent from a, this convergence is uniform
in a, and we see that k% �'n� % �'kA$ . Varying %, we get that 'n ! ' in the u-topology
of Aut(A). Similarly, one shows that  n !  in the u-topology of Aut(B).

We first check that the trivializations of the form (?), if they exist, are indeed com-
patible. We need the following lemma.

Lemma B.11. The fusion map

I(M)⇥Aut(B) I(N) �! I(M ⇥B N), (U, V ) 7�! U ⇥ V

is continuous.

Proof. I(M) and I(N) are closed subgroups of polish groups, hence polish; in particular,
we just need to check sequential continuity. Let (�n, Un, n)n2N, ( n, Vn,n)n2N, be se-
quences converging against (�, U, ), respectively ( , V,). Then for any x⇥⇠ 2M⌦BN ,
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we have
F
F-

(Un ⇥ Vn)� (U ⇥ V )
.
x ⇥ ⇠

F
F = kUnx ⇥ Vn⇠ � Ux ⇥ V ⇠k

 k(Un � U)x ⇥ V ⇠k+ kUnx ⇥ (Vn � V )⇠k
= hV ⇠, (x⇤(Un � U)⇤(Un � U)x) . V ⇠i1/2 + h(Vn � V )⇠, ((Unx)

⇤Unx) . (Vn � V )⇠i1/2

 k⇠k1/2k(x⇤(Un � U)⇤(Un � U)x) . V ⇠k1/2 + k(x⇤x)k1/2k(Vn � V )⇠k

The second term converges to zero as Vn ! V strongly. To get a clean argument
that the first term converges to zero as well, let ' : B ! B(N) be the normal uni-
tary ⇤-homomorphism inducing the action. By the classification of normal unital ⇤-
homomorphisms (see e.g., [46, §IV, Thm. 5.5]), there exists a Hilbert space H with
B ⇢ B(H) and a (necessarily surjective) partial isometry w : H ! N with w⇤w 2 B0 such
that '(b) = wbw⇤. Then

(x⇤(Un � U)⇤(Un � U)x) . V ⇠ = '
-
x⇤(Un � U)⇤(Un � U)x

.
V ⇠

= wx⇤(Un � U)⇤(Un � U)xw⇤V ⇠.

Since Un ! U strongly, this converges to zero. By linearity, this shows that

(Un ⇥ Vn)X ! (U ⇥ V )X. (B.2)

whenever X is in the image of D (M) ⌦ N ! M ⇥B N . This set is by definition dense
and the sequence (Un ⇥ Vn)n2N is uniformly bounded in the operator norm, hence an
elementary argument shows that (B.2) holds for all X 2M ⇥B N . !

Corollary B.12. The local trivializations of the form (?) are all compatible.

Proof. If (�i, Ui, i), ( i, Vi,i), i = 1, 2, are two pairs of trivializations as in (?), defined
over an open set O, we can form the transition functions

(�, U, ) : O ! I(M), ( , V,) : O ! I(N),

where � = �1 � ��1

2
, U = U1U⇤

2
, etc. By functoriality of Connes fusion, the transition

function between the “fused” trivializations (�i, Ui ⇥Vi,i), i = 1, 2, is then the pointwise
fusion product (�, U ⇥V,). Therefore, continuity of the transition functions follows from
Lemma B.11. !

We now turn to the existence question of the trivializations of the form (?). To this
end, we introduce the following notion.

Definition B.13 (Implementing bimodule). We say that a super A-B-bimodule
M is right implementing (left implementing) if the projection map pr : I(M) ! Aut(B)
(respectively p` : I(M) ! Aut(A)) admits a unit-preserving, continuous section in a
neighborhood of the identity. We say that M is implementing if it is both left and right
implementing.
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Remark B.14. That M is right implementing means, equivalently, that whenever X
is a topological space and ' : X ! Aut(B) is a continuous map such that 'x = idB, there
exists an open neighborhood O ⇢ X of x and a continuous map ( , U,') : O ! I(M)
such that  x = idA and Ux = idM . This is the case, in particular, if pr : I(M)! Aut(B)
is a fiber bundle.

We now give several examples of implementing and non-implementing bimodules. In
the context of finite-dimensional algebras, examples of non-implementing bimodules can
be found in [24, Example 3.1.5]).

Example B.15. Let A = B(H), H a super Hilbert space. Then H is implementing
as a super A-C-bimodule. That H is right implementing is obvious, as Aut(C) is trivial
and pr : I(H)! Aut(C) is the trivial map. To see that H is left implementing, we note
that I(H) ⇠= U+(H) (in view of Remark B.10), which is a principal U(1)-bundle over
Aut(A) = PU(H)0, the identity component of PU(H), and p` is the bundle projection.

Example B.16. The standard bimodule L2(A) of a super von Neumann algebra A
is always implementing. In fact, both maps p` and and pr admit global sections by a
group homomorphism, namely the canonical implementation, respectively the canonical
implementation followed by conjugation by J ; see Remark A.2.

Example B.17. If both M and N are right (left) implementing, then M ⇥BN is again
right (left) implementing. Indeed, if N is right implementing, then for any space X and
any continuous map  : X ! Aut(C) with x = idC , there exists a continuous map
( , V,) : O ! I(N) on some open neighborhood O ✓ X of x such that  x = idB;
see Remark B.14. Then if additionally M is right implementing, after possibly passing
to a smaller open neighborhood Õ ✓ O of x, the map  : O ! Aut(B) can be lifted
to a map (�, U, ) : Õ ! I(M). Now, by Lemma B.11, the fiberwise fusion product
U ⇥ V : Õ ! U(M) along  is continuous, hence (�, U ⇥ V,) : Õ ! I(M ⇥B N) is a
continuous lift of . Since  was arbitrary, this implies that M⇥BN is right implementing.
The case that M and N are left implementing is similar.

Example B.18. We give an example of a bimodule that is neither right nor left imple-
menting. Let A = L1([0, 1]) and I ( X be a proper subinterval. Then the Hilbert space
M = L2(I) is an A-A-bimodule with the bimodule structure given by restriction,

a . ⇠ / b = a|I · ⇠ · b|I , a, b 2 A, ⇠ 2M.

Any measure space automorphism f of [0, 1] induces an automorphism 'f of A by pull-
back. If both f and f�1 preserve I (up to possibly a set of measure zero), then the
operator Uf : L2(I)! L2(I) given by

(Uf⇠)(t) = ⇠(f(t)) ·
G
f 0(t), (B.3)

is well-defined, unitary and implements 'f . (Here f 0 denotes the Radon-Nikodym deriva-
tive of f ⇤dt with respect to the Lebesgue measure dt on I.) Otherwise, it is easy to check
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that 'f is not implemented by any unitary. Since automorphisms f that do not essentially
preserve I can be found in any neighborhood of the identity in Aut(A), this shows that
M is not right (nor left) implementing.

We have the following result (compare Prop. 4.2.3 of [24]).

Lemma B.19. Let M be a super A-B-bimodule bundle and let N be a super B-C-
bimodule bundle. If M is right implementing or N is left implementing (in the sense that
each fiber has this property), then a pair of local bimodule trivializations as in (?) exists
near each point of X.

Proof. We consider the case that M is right implementing, the other case is similar. Let
x 2 X and let (�0, U 0, 0) and ( , V,) be local bimodule trivializations of M, respectively
N, both defined over some open neighborhood O ⇢ X of x. Explicitly, we have local
trivializations

�0 : A|O �! O ⇥ A,  , 0 : B|O �! O ⇥ B,  : C|O �! O ⇥ C

of von Neumann algebra bundles, as well as trivializations

U 0 : M|O ! O ⇥M 0, V : N|O ! O ⇥N,

of Hilbert space bundles, which are intertwining along �0 and  0, respectively  and
. Set  0 =  x � ( 0

x)
�1 2 Aut(B), which we identify with the corresponding constant

Aut(B)-valued function on O.
That M is right implementing implies that its typical fiber M 0 is right implementing.

Hence, after possibly passing to a small open neighborhood Õ ✓ O of x, the map  0 �
 � ( 0)�1 : Õ ! Aut(B) can be lifted to a map (↵,W, 0 �  � ( 0)�1) : Õ ! I(M 0); see
Remark B.14. For x 2 Õ, we view Wx as an intertwiner M 0 ! M = M 0

 0
along ↵ and

 � ( 0)�1, so that
U

def
= WU 0 : M|Õ �! Õ ⇥M

is intertwining along � def
= ↵ � �0. Then (�, U, ) is a new local bimodule trivialization of

M, on a neighborhood of x, which together with ( , V,) forms a pair of local bimodule
trivializations as in (?). !

Combining Lemma B.19 and Corollary B.12, we obtain the following result.

Proposition B.20. Let M be a super A-B-bimodule bundle and let N be a super B-C-
bimodule bundle. If M is right implementing or N is left implementing, then there exists
a unique structure of a super A-C-bimodule on the fiberwise fusion product M⇥B N with
local trivializations given by (?).

We finish this section with an example where the fiberwise Connes fusion product does
not admit the structure of a Hilbert space bundle (where, of course, the typical fibers do
not satisfy the condition of Prop. B.20).
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Example B.21. Consider the algebra A = L1([0, 1]) and let M and N be the following
bimodule bundles over X = [0, 1

2
] (for the trivial von Neumann algebra bundle A): M

is the trivial bimodule bundle with Mx = L2([0, 1
2
]) for every x 2 X, while N is the

bimodule bundle with fibers Nx = L2([x, x+ 1

2
]). The fibers carry the bimodule structure

by restriction, discussed in Example B.18. The bundle structure on N is the following:
Let (fx)x2X be given by

fx(t) =

$
t� x if x� t � 0

t� x+ 1 if t� x < 0.
, t 2 [0, 1], x 2 X.

Then fx sends [x, x + 1

2
] to [0, 1

2
] and ('fx )x2X is a continuous family of automorphisms

of A, which we view as a local trivialization of the trivial bundle A. The corresponding
unitary Ufx given by (B.3) is both left and right intertwining along 'fx and sends Nx to
L2([0, 1

2
]). Hence the corresponding family (Ufx )x2X is a global bimodule trivialization of

N and hence provides the structure of an A-A-bimodule bundle. Now, it is not hard to
see that we have canonical isomorphisms

Mx ⇥A Nx
⇠= L2([x, 1

2
]), x 2 X,

of A-A-bimodules. The right hand side is infinite-dimensional if x 2 [0, 1
2
) and zero if

x = 1

2
, so the fiberwise Connes fusion products cannot assemble to a continuous bundle

of Hilbert spaces.

C Super bundle gerbes and super bundle 2-gerbes
In this section, we present some basic definitions and classification results regarding super
bundle gerbes and 2-gerbes. The material in this section is certainly well known in the
ungraded case, but seems not to exist in the literature in quite the form needed.

Throughout, it is important that we work with super line bundles instead of ungraded
line bundles, by which we mean a line bundle together with a Z2-grading; explicitly, such
a grading just determines, for each connected component of Y , whether L is even or odd
on this component.

C.1 Super bundle gerbes

Let X be a (possibly infinite-dimensional) manifold. Traditionally, a (super) bundle gerbe
is presented in terms of an open cover U = {Ui}i2I and consists of (super) line bundles Lij

over the two-fold intersections Ui \ Uj, together with (grading preserving) isomorphisms
Ljk ⌦ Lij ! Lik over Ui \ Uj \ Uk, required to satisfy a cocycle condition over four-fold
intersections. This categorifies the notion of a (super) line bundle, which can be given by
C⇥-valued functions gij over Ui \ Uj satisfying the obvious cocycle condition over triple
intersections. As a default in this paper, we take “bundle gerbe” to mean “ line bundle
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gerbe”, which we take as a default in this paper; for an A-bundle gerbe (where A is an
abelian Lie group), one replaces the line bundles Lij by principal A-bundles.

While any bundle gerbe can be represented in this fashion, such a representation is
often not canonical, but depends on the (usually rather unnatural) choice of the open cover
U. It is therefore useful to replace the open cover U be a general surjective submersion
Y . Observe that if Y =

H
i2I Ui for a countable open cover U = {Ui}i2I , then the k-fold

fiber product Y [k] can be identified with the disjoint union of all k-fold intersections of
elements of U. Throughout the paper, we will use the following notation.

Notation C.1. Let Y ! X be a surjective submersion and let

Y [k] def
= Y ⇥X · · ·⇥X Y/ 01 2

k times

be its k-fold iterated fiber product. Given some geometric object G over the k-fold fiber
product Y [k] which can be pulled back along smooth maps (for example, a vector bundle,
a bundle gerbe, or a map), we denote by

Gi1 ...ik
def
= ⇡⇤

i1 ...ik
G, 1  i1, . . . , ik  n

the object on Y [n] obtained by pullback along the projection map

⇡i1 ...ik : Y [n] �! Y [k]

given by projection on the indicated factors. This is a slight abuse of notation as the
number n is implicit, but it is usually clear from the context.

Using Notation C.1, a super bundle gerbe over X is given in terms of a surjective
submersion Y ! X and consists of a super line bundle L over Y [2], together with a
bundle gerbe product

� : L23 ⌦ L12 �! L13

over Y [3], a grading preserving isomorphism of super line bundles, which over Y [4] is
required to satisfy the coherence condition

L34 ⌦ L23 ⌦ L12 L34 ⌦ L31

L24 ⌦ L12 L14.

1⌦�123

�234 ⌦1 �134

�124

(C.1)

It is convenient to organize these data into a diagram as follows.

G =

%

&
&
&
&
&
&
&
&
&
'

L
bundle gerbe

product �
associativity

of �

Y Y [2] Y [3] Y [4]

X

(

)
)
)
)
)
)
)
)
)
*
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An morphism of bundle gerbes h : G̃ ! G is given in terms of a common refinement of
covers Ỹ  Z ! Y , and consists of a super vector bundle H over Z, together with a
grading preserving isomorphism of super vector bundles

⌘ : H2 ⌦ L̃ �! L⌦ H1 (C.2)

over Z [2] (where we denote the pullbacks of L̃ and L to Z [2] with the same letters again),
which is compatible with the bundle gerbe products of G̃ and G over Z [3]. h is an
isomorphism if H is a line bundle. In particular, a trivialization of a bundle gerbe G is an
isomorphism G! I, where I denotes the trivial super gerbe.

Super bundle gerbes over X form a bicategory sGerb (X), as first observed in [44].
A detailed description of the 1- and 2-morphisms is given in [49, 50], which is adapted to
the case of super bundle gerbes in a straightforward fashion (see also §2.3 of [23]). The
bicategory sGerb (X) is symmetric monoidal, where, if Ỹ and Y are the covers for G̃,
respectively G, then the tensor product gerbe G̃⌦G is given in terms of the fiber product
cover Ỹ ⇥X Y .

There is another notion of morphism between bundle gerbes, that of a refinement.
A refinement G̃ ! G between super bundle gerbes consists of a map of covers Ỹ ! Y
and a super line bundle isomorphism L̃ ! L covering the induced map Ỹ [2] ! Y [2]

that intertwines the bundle gerbe products. Super bundle gerbes over X together with
refinements form a symmetric monoidal (1-)category sGerb ref(X). There is a canonical
symmetric monoidal functor

◆ : sGerb ref(X) �! sGerb (X) (C.3)

that sends refinements to isomorphisms. This functor (respectively its generalization to
2-vector bundles) is explicitly described, e.g., in [23, §3.5]. It is essentially surjective
on objects and any isomorphism in sGerb (X) is isomorphic to a span of images of
refinements.

Bundle gerbes often appear in the context of geometric lifting problems. Let G be a
(possibly infinite-dimensional) Lie group and let

A IG G (C.4)

be a central extension of G by an abelian Lie group A (in this paper, we will always
have A = Z2 or U(1)). Given a principal G-bundle P over X, one can ask whether it
is possible to lift the structure group of P from G to IG; in other words, whether there
exists a principal IG-bundle IP together with a map IP ! P that is equivariant along the
right map in (C.4). The geometric obstruction to the existence of IP is the corresponding
lifting gerbe LiftP . This is a principal A-bundle gerbe, described in terms of the cover P .
Its principal A-bundle over P [2] is the pullback of the principal A-bundle IG over G along
the difference map

� : P [2] �! G, (p1, p2) 7�! p�1

2
p1 (C.5)
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of the principal bundle; here p�1

2
p1 denotes the unique element g 2 G with p2 · g = p1.

Finally, the bundle gerbe product of LiftP is just group multiplication in IG. The whole
structure can be visualized as follows.

LiftP =

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

IG

G �⇤ IG
group

multiplication
of !G

associativity
of group

multiplication

P P [2] P [3] P [4]

X

�

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

(C.6)

Theorem C.2. [33] The principal G-bundle P admits a lift of the structure group
from G to IG if and only if the lifting gerbe LiftP admits a trivialization.

This statement can be refined to saying that there exists an equivalence of categories
between the category Triv (LiftP ) of trivializations of GP and the category of structure
group extensions IP , defined in the obvious way [52, Thm. 2.1].

C.2 ClassiÞcation of super bundle gerbes

Let X be a manifold.

Definition C.3 (orientation bundle). Given a super bundle gerbe G over X
with cover Y , its orientation bundle or(G) is the principal Z2-bundle over X with total
space

or(G)
def
= (Y ⇥ Z2)/ ⇠,

where (y1, ✏1) ⇠ (y2, ✏2) if and only if y1 and y2 lie in the same fiber of Y over X and the
parity of the super line L(y1 ,y2) equals the parity of ✏1+✏2. The total space of or(G) carries
the unique smooth structure that turns the projection map into a local diffeomorphism,
and it carries the Z2-action given by [y, ✏] / ✏0 = [y, ✏+ ✏0].

Observe that the defining relation of the orientation bundle is an equivalence relation
due to the existence of the (grading preserving) bundle gerbe product of G.

Let h : G̃ ! G be an isomorphism of super bundle gerbes over X, given in given
in terms of a line bundle H over a common refinement Ỹ  Z ! Y . Then there is an
isomorphism or(h) : or(G̃) ! or(G), given by sending an element [ỹ, ✏̃] of or(G̃) to the
element [y, ✏] of or(G) if y and ỹ have a common lift z 2 Z and the parity of Hz equals
✏̃+ ✏ mod 2. This gives a symmetric monoidal functor

or : sGerb ⇥(X) �! Z2-Bdl (X) (C.7)
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from the bigroupoid of super bundle gerbes and isomorphisms to the category of principal
Z2-bundles over X.

Lemma C.4. If the orientation bundle or(G) of a super bundle gerbe G admits a trivi-
alization, then G can be refined to a purely even bundle gerbe.

Here by a purely even bundle gerbe G, we mean one whose defining line bundle L is
purely even. Equivalently, G lies in the image of the inclusion functor

Gerb (X) �! sGerb (X), (C.8)

mapping to the subcategory where all bundles are purely even. Observe that bundle
gerbes in the image of the functor (C.8) have canonically trivial orientation bundle (with
the canonical section given by �(x) = [y, 0] for any y 2 Y over x), while the lemma
says that super bundle gerbes in the essential image of (C.8) are those with trivializable
orientation bundle.

Proof. Let G be a super bundle gerbe over X with cover Y and let ⌧ : or(G) ! Z2 be a
trivialization. We define Ỹ to be the pre-image of the canonical section of Z

2
under the

map
Y or(G) Z2,

⌧

where the first map sends y 7! [y, 0]. Then Ỹ is a subcover of Y and the refinement G̃
of G along the inclusion Ỹ ! Y is a bundle gerbe isomorphic to G whose line bundle is
purely even. Hence G is in the essential image of the functor (C.8). !

Remark C.5. In fact, the lemma shows that every trivialialization of or(G) induces
a refinement r : G̃ ! G in a canonical way, where G̃ is a purely even bundle gerbe.
It is characterized by the property that the composition of the canonical trivialization
Z2 ! or(G̃) with the induced map or(r) : or(G̃)! or(G) is the inverse of ⌧ .

Z2-principal bundles P are classified by a single characteristic class w1(P ) 2 H1(X,Z2),
the first Stieffel-Whitney class, hence any super bundle gerbe has an associated Z2-valued
cohomology class w1(or(G)), which by Lemma C.4 vanishes if and only if G is isomorphic
in sGerb (X) to a purely even bundle gerbe.

Any ordinary bundle gerbe G has an associated Dixmier-Douady class dd (G) 2
H3(X,Z). As there exists a (non-monoidal) functor

sGerb (X) �! Gerb (X) (C.9)

which forgets the grading, the same is true for super bundle gerbes. It turns out that the
two characteristic classes w1(or(G)) and dd (G) characterize a super bundle gerbe G up
to isomorphism (see [23, §4]).
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C.3 Super bundle 2-gerbes

The following definition is the straightforward generalization of [54, Def. 5.1.1] to the
Z2-graded case; see also [43, Def. 5.3]. Throughout, we use Notation C.1.

Definition C.6 (Super bundle 2-gerbe). A super bundle 2-gerbe G on a man-
ifold X consists of a surjective submersion Y ! X, a super bundle gerbe G on the 2-fold
fiber product Y [2], an isomorphism of super bundle gerbes

m : G23 ⌦G12 ! G13

over Y [3] and an invertible 2-morphism

G34 ⌦G23 ⌦G12 G34 ⌦G13

G24 ⌦G12 G14

m234 ⌦1

1⌦m123

m134

m124

a (C.10)

over Y [4] satisfying a cocycle condition over Y [5] (see [43, Figure 1]).

Bundle 2-gerbes contain quite a large amount of data, which can be best visualized in
relation to their cover diagram, the relevant part of which is

W [4,2]

W [3,2] W [3,3]

W [2,2] W [2,3] W [2,4]

W [1,2] W [1,3] W [1,4] W [1,5]

Y Y [2] Y [3] Y [4] Y [5]

X

(C.11)

Here W [1,2], W [1,3] and W [1,4] are the covers of the bundle gerbe G, the morphism m

and the 2-morphism a, respectively, and W [m,n] is the m-fold fiber product of W [1,n] over
Y [n]. The vertical arrows are the usual projection maps for the iterated fiber product.
Moreover, for m 2 N and 3  n � 5, there is a surjective submersion

W [m,n] �! · · ·⇥Y [n ] W
[m,n�1]

i1 ...in " 1
⇥Y [n ] · · ·

/ 01 2
Þber product over all tuples 1i1<···<in " 1n

, (C.12)
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where W [m,n�1]

i1 ...in " 1
denotes the pullback of W [m,n�1] along the projection Y [n] ! Y [n�1] onto

the indicated factors (see Notation C.1). This provides the horizontal arrows. However,
the diagram is only partially bisimplicial as the first two columns are missing (and we only
need the depicted part), and its rows are only semi -simplicial, as there are no degeneracy
maps in general.

The data and conditions of a bundle 2-gerbe G can now be organized with respect to
this diagram as follows.

G =

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

coherence
condition

for �

� compatibility
of � and µ

L µ compatibility
of µ and ↵

• M ↵
coherence
condition

for ↵

Y Y [2] Y [3] Y [4] Y [5]

X

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

(C.13)

In other words, the data consist of two super line bundles, L and M, and three grading
preserving line bundle isomorphisms, �, µ and ↵, subject to four coherence conditions.

Notation C.7. Refining Notation C.1, we denote pullbacks along the vertical maps as
upper indices and pullbacks along the horizontal maps by lower indices.

Using this notation, the mapping properties of the line bundle isomorphisms from
(C.13) are

� : L
23 ⌦ L

12 �! L
13

µ : M
2 ⌦ L23 ⌦ L12 �! L13 ⌦M

1

↵ : M124 ⌦M234 �!M134 ⌦M123.

The coherence condition for � over W [4,2] is the usual condition (C.1) for a bundle gerbe
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product. The compatibility condition for � and µ over W [3,3] is

M
3 ⌦ L

23

23
⌦ L

23

12
⌦ L

12

23
⌦ L

12

12
M

3 ⌦ L
23

23
⌦ L

12

23
⌦ L

23

12
⌦ L

12

12

L
23

13
⌦M

2 ⌦ L
12

23
⌦ L

12

12
M

3 ⌦ L
13

23
⌦ L

13

12

L
23

13
⌦ L

12

13
⌦M

1
L
13

13
⌦M

1.

µ23⌦1⌦1 1⌦�23⌦�12

1⌦µ12
1⌦µ13

�13

(C.14)

The compatibility condition for ↵ and µ over W [2,4] is

M
2

124
⌦M

2

234
⌦ L34 ⌦ L23 ⌦ L12 M

2

134
⌦M

2

123
⌦ L34 ⌦ L23 ⌦ L12

M
2

124
⌦ L24 ⌦M

1

234
⌦ L12 M

2

134
⌦ L34 ⌦M

2

123
⌦ L23 ⌦ L12

M
2

124
⌦ L24 ⌦ L12 ⌦M

1

234
M

2

134
⌦ L34 ⌦ L13 ⌦M

1

123

L14 ⌦M
1

124
⌦M

1

234
L14 ⌦M

1

134
⌦M

1

123
.

↵2⌦1⌦1⌦1

1⌦µ234 ⌦1

1⌦1⌦µ123

1⌦µ124 µ134 ⌦1

1⌦↵1

(C.15)

Finally, the cocycle condition for ↵ over W [1,5] is the commutativity of

M125 ⌦M235 ⌦M345

M125 ⌦M245 ⌦M234 M135 ⌦M123 ⌦M345

M145 ⌦M124 ⌦M234 M135 ⌦M345 ⌦M123

M145 ⌦M134 ⌦M123.

1⌦↵2345 ↵1235 ⌦1

↵1245 ⌦1

1⌦↵1234 ↵1345 ⌦1

(C.16)

Throughout, morphisms labeled as equality are the braiding isomorphism in the category
of super line bundles.

Remark C.8. Just as (super) bundle gerbes over a manifold X are the objects of a
bicategory, (super) bundle 2-gerbes over X ought to be the objects of a tricategory (in fact,
varying X, one should obtain a stack of tricategories on the site of manifolds). However,
no description of this tricategory exists in the literature. This lack of theory exists for
a good reason: While working with bicategories is unproblematic (although sometimes
slightly cumbersome), the complexity increases immensely when passing to tricategories
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(see, e.g., [14, §2.2] [15, §3.1]). Therefore, it may be more sensible to use the language
of 1-categories from the outset when working with (higher) bundle gerbes; however, in
practice, it is often convenient to work with the explicit bicategorical description of bundle
gerbes and the transition from this to an1-categorical setup has not been worked out in
the literature. In this paper, we will not need any tricategory of (super) bundle 2-gerbes,
and will just give ad hoc definitions whenever necessary.

Remark C.9. This way of representing bundle gerbes is similar to the definition of a
bigerbe, as introduced in [21]; see also [41]. The key difference is that for bigerbes, the
W [m,n] are required to be fiber products also in the m index while the maps (C.12) need
not be surjective submersions. On the other hand, for bigerbes, the authors require the
line bundle M to be trivial.

C.4 Isomorphisms of super bundle 2-gerbes

We now discuss isomorphisms of super bundle gerbes. While it is possible to extract
from the literature when two bundle 2-gerbes are isomorphic [11, Def. 4.6], the definition
of isomorphisms of bundle 2-gerbes does not exist in the literature (to our knowledge).
However, one can find the definition of a trivialization of a bundle 2-gerbe, which is an
isomorphism G! I, where I is the trivial bundle 2-gerbe; this is [43, Definition 11.1], see
also [53, Definition 2.2.1]. This definition generalizes to the case of general 2-morphisms
(and lifts to the setting of super bundle 2-gerbes) in a straightforward fashion, with the
following result.

Definition C.10 (Isomorphism of super bundle 2-gerbes). Let G̃ and G
be super bundle 2-gerbes, described in terms of open covers Ỹ and Y of X. An isomor-
phism of super bundle 2-gerbes h : G̃! G consists of an common refinement

Ỹ Z Y

of covers of X, a super bundle gerbe H over Z, an isomorphism

n : H2 ⌦ G̃ �! G ⌦H1

of super bundle gerbes over Z [2] and a 2-morphism

H3 ⌦ G̃23 ⌦ G̃12 H3 ⌦ G̃13

G23 ⌦H2 ⌦ G̃12

G23 ⌦G12 ⌦H1 G13 ⌦H1

1⌦m̃

n23⌦1

n13
b

1⌦n12

m⌦1

(C.17)

over Z [3] satisfying a cocycle condition over Z [4]. Here and throughout, we denote the
pullbacks of G̃, G, m̃, m, ã and a to fiber products of Z with the same letters again. Two
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super bundle 2-gerbes are said to be (stably) isomorphic if and only if there exists an
isomorphism between them.

Remark C.11. To obtain morphisms of super bundle 2-gerbes that are not isomor-
phisms, one can use the language of 2-vector bundles introduced in [23]. Then the bundle
gerbe H in Definition C.10 is replaced by a general super 2-vector bundle, and n is an
isomorphism of such. This is a natural categorification of the corresponding concept of
non-invertible morphisms of bundle gerbes introduced in [50].

As super bundle 2-gerbes themselves, the data corresponding to morphisms between
them can be organized with respect to a partial semi-bisimplicial diagram, which in this
case takes the form

V [4,1]

V [3,1] V [3,2]

V [2,1] V [2,2] V [2,3]

V [1,1] V [1,2] V [1,3] V [1,4]

Z Z [2] Z [3] Z [4]

X

(C.18)

Here V [1,1], V [1,2] and V [1,3] are the covers for the super bundle gerbe H, the isomorphism
n and the 2-morphism b, respectively. As before, for m 2 N and 1  n  4, these come
with surjective submersions

V [m,n] �! · · ·⇥Z [n ] V
[m,n�1]

i1 ...in " 1
⇥Z [n ] · · ·

/ 01 2
Þber product over all tuples 1i1<···<in " 1n

as well as
V [m,n] �! W̃ [m,n] ⇥Z [n ] W [m,n],

where we assume that G is given in terms of the cover diagram (C.11) and in the corre-
sponding diagram of G̃, all covers are decorated with a tilde. Hence the whole diagram
(C.18), past the first column, maps to the fiber product of the cover diagrams of G̃ and
G over X. We use the same letters again for the pullbacks of the defining data for G̃ and
G along these maps. For example, L (respectively L̃) denotes the pullback to V [2,2] of the
line bundle of G over W [2,2] (respectively of the line bundle of G̃ over W̃ [2,2]).
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The data and conditions for the isomorphism h : G̃! G can now be arranged into a
diagram corresponding to (C.18) as follows.

h =

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

coherence
condition

for ⌘

⌘
compatibility
of ⌘ and ⌫

with �̃ and �

H ⌫
compatibility
of ⌫ and �

with µ̃ and µ

• N �
compatibility

of � with
↵̃ and ↵

Z Z [2] Z [3] Z [4]

X

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

(C.19)

Hence there are again two super line bundles H and N, three isomorphisms of super
line bundles ⌘, ⌫ and �, and four coherence conditions. As before, denoting horizontal
pullbacks with lower indices and vertical pullbacks with upper indices, the line bundle
isomorphisms are

⌘ : H
23 ⌦ H

12 �! H
13

⌫ : N
2 ⌦ H2 ⌦ L̃ �! L⌦ H1 ⌦N

1

� : N13 ⌦ M̃ �!M⌦N23 ⌦N12.

Here we denoted the pullback of L̃ and L to S[2] by the same letters again. The coherence
condition for ⌘ is just the usual associativity condition for a bundle gerbe product. The
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compatibility condition of ⌘ and ⌫ with � and �̃ over V [3,2] is

N
3 ⌦ H

23

2
⌦ H

12

2
⌦ L̃

23 ⌦ L̃
12

N
3 ⌦ H

13

2
⌦ L̃

13

N
3 ⌦ H

23

2
⌦ L̃

23 ⌦ H
12

2
⌦ L̃

12

L̃
23 ⌦ H

23

1
⌦N

2 ⌦ H
12

2
⌦ L̃

12

L
23 ⌦ H

23

1
⌦ L

12 ⌦ H
12

1
⌦N

1

L
23 ⌦ L

12 ⌦ H
23

1
⌦ H

12

1
⌦N

1
L
13 ⌦ H

13

1
⌦N

1.

1⌦⌘2⌦�̃

⌫13

⌫23⌦1⌦1

1⌦1⌦⌫12

�⌦⌘1⌦1

(C.20)

The compatibility condition for �, ⌫, µ̃ and µ over V [2,3] is

N
2

13
⌦ M̃

2 ⌦ H3 ⌦ L̃23 ⌦ L̃12 M
2 ⌦N

2

23
⌦N

2

12
⌦ H3 ⌦ L̃23 ⌦ L̃12

N
2

13
⌦ H3 ⌦ M̃

2 ⌦ L̃23 ⌦ L̃12 M
2 ⌦N

2

23
⌦ H3 ⌦ L̃23 ⌦N

2

12
⌦ L̃12

M
2 ⌦ L23 ⌦ H2 ⌦N

1

23
⌦N

2

12
⌦ L̃12

M
2 ⌦ L23 ⌦N

1

23
⌦N

2

12
⌦ H2 ⌦ L̃12

N
2

13
⌦ H3 ⌦ L̃13 ⌦ M̃

1
M

2 ⌦ L23 ⌦N
1

23
⌦ L12 ⌦ H1 ⌦N

1

12

M
2 ⌦ L23 ⌦ L12 ⌦N

1

23
⌦ H1 ⌦N

1

12

L13 ⌦M
1 ⌦N

1

23
⌦ H1 ⌦N

1

12

L13 ⌦ H1 ⌦N
1

13
⌦ M̃

1
L13 ⌦ H1 ⌦M

1 ⌦N
1

23
⌦N

1

12

�2⌦1⌦1

1⌦1⌦µ̃

1⌦⌫23⌦1⌦1

1⌦1⌦1⌦⌫12

⌫13⌦1 µ⌦1⌦1⌦1

1⌦1⌦�1

(C.21)
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and, finally, the compatibility condition for �, ↵̃ and ↵ over V [1,4] is

N14 ⌦ M̃124 ⌦ M̃234 N14 ⌦ M̃134 ⌦ M̃123

M124 ⌦N24 ⌦N12 ⌦ M̃234 M134 ⌦N34 ⌦N13 ⌦ M̃123

M124 ⌦N24 ⌦ M̃234 ⌦N12 M134 ⌦N34 ⌦M123 ⌦N23 ⌦N12

M124 ⌦M234 ⌦N34 ⌦N23 ⌦N12 M134 ⌦M123 ⌦N34 ⌦N23 ⌦N12

1⌦↵̃

�124 ⌦1 �134 ⌦1

1⌦1⌦�123

1⌦�234 ⌦1

↵⌦1⌦1⌦1

(C.22)

C.5 ClassiÞcation of super bundle 2-gerbes

Just as super bundle gerbes have an associated orientation bundle, bundle 2-gerbes over
a manifold X have an associated orientation gerbe.

Definition C.12 (Orientation gerbe). The orientation gerbe of a super bundle
2-gerbe G over X is the Z2-bundle gerbe or(G) over X obtained by applying the functor
(C.7) to all data of G.

Explicitly if we use the same notation as in Definition C.6 for the defining data of
G, or(G) has cover Y and its principal Z2-bundle over Y [2] is or(G). Using that the
orientation bundle functor is monoidal, we obtain a bundle gerbe product

or(G23)⌦ or(G12) ⇠= or(G23 ⌦G12) or(G13),
or(m)

which is associative over Y [3] by the existence of the associator 2-morphism a. An iso-
morphism of bundle 2-gerbes h : G̃ ! G as in Definition C.10 induces an isomorphism
or(h) : or(G̃) ! or(G) of Z2-bundle gerbes in a straight forward way, again by apply-
ing the functor (C.7) to all data. In particular, isomorphic super bundle 2-gerbes have
isomorphic orientation gerbes.

A principal Z2-bundle gerbe P over a manifold X is classified by a single characteristic
class

w2(P) 2 H2(X,Z2),

which one could call the second Stiefel-Whitney class. Hence any super bundle 2-gerbe G
has an associated characteristic class w2(or(G)), which depends only on its isomorphism
class, by taking w2 of its orientation gerbe.

Lemma C.13. If G is a super bundle 2-gerbe such that its orientation gerbe or(G) is
trivializable, then it is isomorphic to a purely even super bundle 2-gerbe.
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Proof. Let us denote the defining data for G as in Definition C.6. Let t be a trivialization
of or(G), consisting of a principal Z2-bundle P over Y and an isomorphism

⌧ : P2 ⌦ or(G)! P1 (C.23)

over Y [2]. We define a bundle 2-gerbe isomorphic to G̃ given in terms of the larger
cover P ! Y ! X. Denote by % the projection P ! Y and use the same notation
for the map induced map P [k] ! Y [k] on fiber products over X. As the pullback %⇤P
is canonically trivial (and so are the pullbacks %⇤Pi to P [k]), we obtain from (C.23) a
trivialization %⇤⌧ : or(%⇤G) ! Z2 of %⇤G over P [2]. As in the proof of Lemma C.4 (see
also Remark C.5), this provides a purely even bundle gerbe G̃ over P [2] together with a
refinement r : G̃! %⇤G.

Now, there is a unique morphism m̃ of purely even super bundle gerbes over P [3] such
that the diagram

%⇤G23 ⌦ %⇤G12 G̃23 ⌦ G̃12

%⇤(G23 ⌦G12) %⇤G13 G̃13.

m̃

r23⌦r12

%$
m r13

(C.24)

strictly commutes after turning all refinements into morphisms of super bundle gerbes
using (C.3). This gives the bundle 2-gerbe multiplication of G̃. The associator ↵̃ of G̃ is
just the pullback %⇤↵ composed with various pullbacks of the 2-cell (C.24). The cocycle
condition for ↵̃ then follows directly from that of ↵. Hence we constructed a super bundle
2-gerbe G̃. An isomorphism G̃ ⇠= G is easily constructed using the refinement r.

We claim that G̃ is purely even. By construction, its defining bundle gerbe G̃ is purely
even. Observe that it follows from the coherence condition (C.2) for morphisms of super
bundle gerbes that a morphism between purely even bundle gerbes is either purely even
or purely odd. To see that m̃ is purely even, it suffices to show that the induced map
or(m̃) on orientation bundles is the identity (using the fact that the orientation bundle of
a purely even bundle gerbe is canonically trivial). To this end, we use that the morphism
⌧ satisfies the compatibility condition

P3 ⌦ or(G23)⌦ or(G12) P2 ⌦ or(G12) P1

P3 ⌦ or(G23 ⌦G12) P3 ⌦ or(G13) P1.

⌧23 ⌧12

1⌦or(m)

⌧13

Pulling back this diagram to P [3] along %, we get the commutative diagram

or(%⇤G23)⌦ or(%⇤G12) Z2

or(%⇤G23 ⌦ %⇤G12) or(%⇤G13) Z2

%$⌧23⌦%$⌧12

1⌦or(%$
m)

%$⌧13
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using the canonical trivializations of %⇤Pi. Now, by Remark C.5, the refinement r has the
property that the induced map or(r) : Z

2
= or(G̃) ! or(%⇤G) equals the inverse of %⇤⌧

under the canonical trivializations of %⇤P2 and %⇤P1. Hence the last diagram equals the
diagram obtained from applying the orientation bundle functor to the diagram (C.24),
except that the latter has or(m̃) as rightmost vertical arrow. Comparing the diagrams,
this shows that or(m̃) is the identity, as desired. !

Remark C.14. It is well known that ungraded bundle 2-gerbes G over a manifold X
have a characteristic class

cc (G) 2 H4(X,Z).
Any cohomology class in H4(X,Z) is represented by a bundle 2-gerbe and two isomorphic
bundle 2-gerbes share the same characteristic class; see, e.g., [43, §7]. Such a class is not
defined for super bundle 2-gerbes, as it is not true that any super bundle 2-gerbe gives
an ungraded bundle 2-gerbe by forgetting the grading – in contrast to the case of super
bundle (1-)gerbes. This is due to the fact that the braiding isomorphism of the category
of super bundle gerbes is used at various places in the definition of super bundle 2-gerbes.
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Abstract

We construct a representation of the string 2-group on a 2-vector space, to establish it
as the stringor representation, i.e., the categoriÞcation of the spinor representation. Our
model for 2-vector spaces is based on the Morita bicategory of von Neumann algebras,
and we speciÞcally represent the string 2-group on the hyperÞnite type III1 factor.
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1 Introduction

The string group String( d), d ! 5, is deÞned, up to homotopy equivalence, as the stage in the
Whitehead tower of the orthogonal group following Spin(d),

á á á "String( d) " Spin(d) " SO(d) " O(d).

While String( d) can be given the structure of a topological group, it cannot be equipped with
the structure of a Þnite-dimensional Lie group and in recent years, the insight emerged that
it is geometrically most fruitful to realize String( d) as a categoriÞed group, or2-group [BL04],
a point of view that will be further advocated in this paper.

Several models of the string 2-group in di!erent contexts have been constructed, e.g., as a
strict Fr«echet Lie 2-group [BCSS07], as a Þnite-dimensional smooth ÒstackyÓ 2-group [SP11],
or as a strict di!eological 2-group [Wal12]. In this paper, using a combination of the models
of [BCSS07] and [Wal12], we model the string 2-group as a strict Fr«echet Lie 2-group, which,
owing to its strictness, is very convenient to work with.

From the beginning, it was a major question if any model of the string 2-group would
support a representation, meant to be a categoriÞcation of the spinor representation of the



spin groups. This question is embedded in the challenge to develop a good representation
theory for general 2-groups, starting with a sensitive choice for a categoriÞcation of a vec-
tor space, a 2-vector space. Indeed, many proposals for 2-vector spaces have been studied
from a representation-theoretic perspective: Kapranov-Voevodsky 2-vector spaces [KV94],
see e.g., [BM06, Elg07, GK08, Gan18], Baez-Crans 2-vector spaces [BC04, HE], or Crane-
YetterÕs measurable categories [CY05, BBFW12]. Unfortunately, none of these frameworks
for representations of 2-groups turned out to be ßexible enough to contain a representa-
tion of the string 2-group, though various speculative attempts have been reported, e.g. in
[BBFW12, NSW13, MRW17].

Following ideas of Schreiber [Sch06, Sch07, Sch09, SW13], the work of Stolz and Teichner
[ST04, ST], and our previous work in the Þnite-dimensional context [KLWa ], in this article,
we propose to use the bicategory of von Neumann algebras, bimodules, and intertwiners as a
model for 2-Hilbert spaces. In a sense, our setting can be regarded as a Ònon-abelianÓ gen-
eralization of Crane-YetterÕs 2-group representations on measurable categories, as the latter
ones can be seen as representation categories ofabelian von Neumann algebras [BBFW12].

A particular feature of our model for 2-Hilbert spaces is that the automorphism 2-group
of a von Neumann algebraA can be realized as a strict topological 2-groupU(A), the unitary
automorphism 2-group of A, see DeÞnition2.7. A unitary representation of a Lie 2-group G
on a von Neumann algebraA is then simply a continuous 2-group homomorphism

R : G" U(A),

see DeÞnitions2.5 and 2.8.

We remark that the unitary automorphism 2-group U(A) of a von Neumann algebraA
seemsnot to have the structure of a Lie 2-group, and correspondingly we do not expect
unitary representations to be smooth. This should not be a surprise, as even representations
of ordinary Þnite-dimensional Lie groups on Hilbert spaces are typically not smooth but only
strongly continuous. That U(A) does not have a smooth structure but only the structure of
a topological (in fact, polish) strict 2-group can therefore be seen as the higher-categorical
analog of the fact that the unitary group U( H ) of a Hilbert space H in its strong topology is
not a Lie group, but only a topological (in fact, polish) group.

In this paper we solve the long-standing open problem to construct a unitary represen-
tation

R : String( d) " U(A) (1.1)

of the string 2-group, where A is a particular von Neumann algebra, namely the hyperÞnite
factor of type III 1. To our best knowledge, this is the Þrst time that a representation for any
model of the string group has been established.

Our construction is based on many original ideas of Stolz and Teichner [ST04, ST]. It
became possible since we found suitable explicit models for both the string 2-groupString( d)
and the III 1-factor A, on the common basis of the theory of inÞnite-dimensional Cli!ord alge-
bras and Fock spaces, developed by Araki [Ara87], Pressley-Segal [PS86], Plymen-Robinson
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[PR94], and many others. This connection between higher di!erential geometry and von Neu-
mann algebras was put together by the Þrst-named author in his thesis [Kri20 ], which has
been foundational to our ongoing research on string geometry.

We call our representationR in (1.1) the stringor representation. This name is motivated
by the idea that R is the higher analog of the spinor representation of the spin group. In the
following we describe a result that supports this idea.

In spin geometry, the spinor bundle on ad-dimensional Riemannian manifoldM is a vec-
tor bundle obtained by applying the associated vector bundle construction to a spin structure
on M (a lift of the structure group of M to Spin(d)) and the spinor representation of Spin(d).
When seeking for analogous structures meeting the demands of string theory, most successful
has been the principle established by Killingback and Witten to look at spin structures on
the conÞguration space of strings inM , the free loop spaceLM = C! (S1, M ) [Kil87 , Wit86 ].
Such spin structures are di!erent from the ones mentioned above, because now all groups
are inÞnite-dimensional. Nonetheless, McLaughlin has outlined a construction of an inÞnite-
dimensional spinor bundle on LM [McL92]. Moreover, Stolz and Teichner established the
principle of fusion in loop space, expressing the idea that the relevant geometric structures
on loop space correspond to geometric structures onM itself [ST]. In obvious analogy, they
coined the terminology stringor bundle for the corresponding Ð at that time, unknown Ð
structure on M .

A rigorous construction of the spinor bundle on LM and its fusion product has been
given by the Þrst- and third-named authors in a di!eological setting of rigged von Neumann
algebra bundles[Kri20 , KW22, KW20b, KW20a], under the assumption that M is equipped
with a string structure P, i.e., a principal String( d)-2-bundle P lifting the structure group
of M to String( d). These constructions have recently been simpliÞed by the second-named
author to a topological setting with locally trivial von Neumann algebra bundles [Lud23]. In
our common article [KLW22 ] we described how the fusion products allow toregressthe spinor
bundle on loop space to a 2-Hilbert bundleSP on M , thus realizing the anticipated stringor
bundle SP of Stolz and Teichner as a well-deÞned object in that setting.

In [KLW22 ], we describe a categoriÞcation of the associated vector bundle construction: it
associates to a principalG-2-bundle P over a smooth manifoldM and a unitary representation
R : G " U(A) on a von Neumann algebraA, a 2-Hilbert bundle P # G A over M . There, we
prove the following result:

Theorem 1.1 ([ KLW22 ]). Let M be a string manifold with string structure P. Then,
the stringor bundle SP is the associated 2-Hilbert bundle for the string structureP and the
stringor representation R : String( d) " U(A), i.e., there is a canonical isomorphism of 2-
Hilbert bundles

SP
$= P # String( d) A.

The above theorem is our current justiÞcation for the terminology Òstringor representa-
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tionÓ: it exhibits the stringor bundle as a higher-geometric analogy of the spinor bundle. In
ongoing research we will further investigate and try to advance this analogy.

The present paper is an excerpt and improvement of our paper [KLW22 ], in which our
construction of the stringor representation was carried out Þrst in a di!eological setting,
together with other constructions and results partially explained above.

Acknowledgements. We would like to thank Severin Bunk, Andr«e Henriques, and Peter
Teichner for helpful discussions. PK gratefully acknowledges support from the PaciÞc Insti-
tute for the Mathematical Sciences in the form of a postdoctoral fellowship. ML gratefully
acknowledges support from SFB 1085 ÒHigher invariantsÓ.

2 Crossed modules and their representations

In the present paper, we only considerstrict 2-groups, and treat those via their crossed
modules. In Section6 we describe the corresponding treatment as groupoids internal to the
category of groups.

DeÞnition 2.1. A crossed moduleis a quadrupleG= ( G, H, t, ! ) consisting of groupsG and
H , a group homomorphismt : H " G, and a map ! : G # H " H , such that ! is an action
of G on H by group homomorphisms, and

t(! (g, h)) = gt(h)g" 1 and ! (t(h), k) = hkh" 1 (2.1)

hold for all g %G and h, k %H . A strict intertwiner R : G " G# between crossed modules
G= ( G, H, t, ! ) and G# = ( G#, H #, t#, ! #) is a pair R = ( R0, R1) consisting of group homomor-
phisms R0 : G " G# and R1 : H " H # such that

R0(t(h)) = t#(R1(h)) and R1(! (g, h)) = ! #(R0(g), R1(h)) (2.2)

hold for all h %H and g %G.

Example 2.2. Given any abelian groupA we consider the crossed moduleA " { e} , with the
(necessarily trivial) action, which we denote by BA. Observe that A must be abelian because
of the second equality in (2.1).

Example 2.3. Any group G can be viewed as a crossed module{ e} " G, which we denote by
Gdis .

Example 2.4. Let A be an algebra (which we take to be overR or C, and require it to be
unital and associative). Its automorphism 2-group Aut( A) is the crossed module

A$ t" Aut( A),
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where t assigns to a unita %A$ the corresponding inner automorphism ofA, while the group
Aut( A) of unital algebra automorphisms of A acts on A$ by evaluation.

Foundational to this article is the following terminology, based on our choice to consider
algebras as 2-vector spaces.

DeÞnition 2.5. A representation of a crossed moduleGon an algebraA is a strict intertwiner

R : G" Aut( A).

Remark 2.6. We proved in [KLWb , Prop. 2.3.1] that Aut( A) is the automorphism 2-group
of the object A in the Morita bicategory of algebras, if A is Picard-surjective. In [KLWb ,
Prop. A.2] we proved that every algebra is isomorphic (in the Morita bicategory) to a Picard-
surjective one. Thus, DeÞnition 2.5 is the natural deÞnition of a representation on an object
of a bicategory.

Most of the time we consider crossed modules in the context of topological groups (Òtopo-
logical crossed modulesÓ) or (possibly Fr«echet) Lie groups (ÒLie crossed modulesÓ). In both
cases it is straightforward to adapt DeÞnition 2.1 to that setting: one requires the groups
G and H to be topological groups (respectively Lie groups) and all structure maps to be
continuous (respectively smooth). Every Lie crossed module has an underlying topological
crossed module, obtained by forgetting the smooth structure.

For instance, the crossed modulesBA and Gdis are topological crossed modules ifA and
G are topological groups, and ifA is a Þnite-dimensional algebra, thenA$ and Aut( A) have
natural Lie group structures, which turn Aut( A) into a Lie crossed module. Our DeÞnition2.5
thus generalizes immediately to continuous/smooth representations of topological /Lie crossed
modules.

Another extension of DeÞnition 2.5 is to &-algebras. If A is a &-algebra, its unitary
automorphism 2-group U(A) is described by the crossed module

U(A) t" Aut %(A),

where U(A) is the group of unitary elements in A (i.e., those u %A with uu%= u%u = 1) and
Aut %(A) denotes the group of&-automorphisms. The structure maps are just the restrictions
of those in Example 2.4. A unitary representation is then a strict intertwiner R : G" U(A).
If A is Þnite-dimensional, thenU(A) is again a Lie crossed module, and we can look at smooth
or continuous unitary representations.

Just in the way that algebras are considered to be 2-vector spaces, it makes sense to
consider von Neumann algebras as Ò2-Hilbert spacesÓ. We will be interested in unitary repre-
sentations on von Neumann algebras. In the following, we will adapt the above deÞnition of
the unitary automorphism 2-group U(A) to von Neumann algebras, in particular taking care
for the topological aspects.
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We suppose thatA is a von Neumann algebra, which we assume to be representable on a
separable Hilbert space. We denote by U(A) its unitary group and, as before, by Aut%(A) the
group of &-automorphisms of A. In particular, inner automorphisms obtained by conjugation
with a unitary u % U(A) lie in Aut %(A). The groups Aut%(A) and U(A) have canonical
topologies turning them into topological groups. The group Aut%(A) carries HaagerupÕsu-
topology [Haa75, ¤3], which is the restriction of the topology on the set B(A) of bounded
operators onA that is induced by the collection of seminorms

' " ' ! = ' # ( " ' A ! = sup
&a&=1

|#(" (a)) |, # %A%, (2.3)

on A where A% denotes the predual ofA. The group U(A) carries the ultraweak topology.
The map U(A) " Aut %(A) assigning to u %U(A) the inner automorphism a )" uau%, as well
as the evaluation action of Aut%(A) on U(A) are continuous with respect to this topology.
Now we are in position to introduce the following deÞnitions.

DeÞnition 2.7. The unitary automorphism 2-group U(A) of a von Neumann algebraA is
the topological crossed module

U(A) t" Aut %(A),

wheret assigns tou %U(A) the inner automorphism given by conjugation with u and Aut %(A)
acts on U(A) by evaluation.

DeÞnition 2.8. A unitary representation of a Lie or topological crossed moduleG on a von
Neumann algebraA is a continuous strict intertwiner

R : G" U(A).

Remark 2.9. Analogously to Remark 2.6, a von Neumann algebraA is an object in the
bicategory vNA lg of von Neumann algebras, bimodules, and intertwiners, with the Connes
fusion product as the composition of 1-morphisms, see [Bro03]. Hence, as an object in a
bicategory, A has an automorphism 2-groupAutvNA lg(A), here viewed as a monoidal category,
whose objects are allA-A-bimodules M that are invertible with respect to the Connes fusion
product. When also U(A) is viewed as a monoidal category, there is a canonical monoidal
functor U(A) " AutvNA lg(A) sending an automorphism" %Aut%(A) to L 2(A)" , the " -twisted
standard form of A. For a general von Neumann algebra, this functor is fully faithful.

If A is a factor of type III (as later in Section 4), the functor U(A) " AutvNA lg(A) is
moreover essentially surjective, and hence an equivalence of monoidal categories. Indeed, let
M be an invertible A-A-bimodule. By the Murray-von Neumann classiÞcation of type III
factors, there is, up to isomorphism, a unique non-zero countably generated leftA-module,
hence as a left-module,M must be isomorphic to the underlying left module of a standard
form L 2(A) for A. That M is invertible implies that the homomorphism Aop " A#provided by
the right action of A on M must by an isomorphism. Comparing the right action induced by
the modular conjugation of L 2(A) with the right action therefore provides an automorphism
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" %Aut %(A) such that M $= L 2(A)" . Summarizing, for a type III factor A, the automorphism
2-group U(A) is a strict and topological version of the automorphism 2-group of A as an
object in the bicategory vNA lg.

If G is a topological crossed module, we deÞne the topological groups$1G := ker( t),
equipped with the subspace topology, and$0G:= G/t (H ), equipped with the quotient topol-
ogy. Every continuous strict intertwiner R : G " G# induces continuous group homomor-
phisms $0R : $0G " $0G# and $1R : $1G " $1G#. In particular, any unitary representation
R : G " U(A) induces continuous group homomorphisms$1R : $1G " Z (U( A)) = U( Z (A))
(in particular, a unitary representation of $1Gon Z (A)) and $0R : $0G" Out%(A) (an Òouter
representationÓ of$0G on A).

We may consider the topological crossed modulesB$1G and ($0G)dis , and the sequence

B$1G" G" ($0G)dis (2.4)

of strict intertwiners given by inclusion and projections, respectively. The action ! induces
an action of $0Gon $1G, and following [SP11] we call Gand the corresponding extension (2.4)
central if that action vanishes. In case of the unitary automorphism group of a von Neu-
mann algebra A (DeÞnition 2.7), we have $1U(A) = Z (U( A)) = U( Z (A)), the group of
central unitaries, and $0U(A) = Out %(A) := Aut %(A)/ U(A). Moreover, if A is a factor, then
$1U(A) = U(1) and U(A) is central.

Remark 2.10. Baez-Lauda have classiÞed non-continuous, i.e., purely set-theoretic, extensions
of the form (2.4) by the group cohomology H3

grp ($0G, $1G) of $0G with values in the module
$1G [BL04]. The class kG corresponding to a crossed moduleG is called the k-invariant of
G. For a continuous central crossed moduleG such that $0G is Hausdor!, paracompact and
locally compact, extensions of the form (2.4) are classiÞed by continuous Segal-Mitchison
cohomology H3

SM($0G, $1G) [BUW ]. Depending onA, the topology of $0U(A) = Out %(A) can
be very bad, for instance, non-Hausdor!. This happens, in particular, for the hyperÞnite type
III factor we use later in Section 4, where the quotient topology on Out%(A) is indiscrete.
Hence, we cannot to use the k-invariant of the unitary automorphism groupU(A).

3 The string 2-group

We model the string 2-group String( d) as a crossed module of nuclear Fr«echet Lie groups. It
is a variation of (and equivalent to) a crossed module that appeared Þrst in [BCSS07]; see
[LW ] for a detailed discussion.

To start with, for a Lie group G with identity element e, we denote byLG = C! (S1, G)
the smooth loop group of G, and for subsetsI * S1, we write L I G for subgroup of %%LG
such that %(t) = e for t /%I , respectively t %[0, $]. Moreover, we denote byPeG the group of
smooth paths %: [0, $] " G that are ßat at the end points, i.e., all derivatives of %at t = 0 , $
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vanish. We note that the elements of L [0,#]G are always ßat at t = 0 , $; hence, restriction
gives an injective group homomorphism

r : L [0,#]G " PeG, %)" %|[0,#]. (3.1)

All groups discussed above are inÞnite-dimensional Lie groups modeled on nuclear Fr«echet
spaces.

Let G be a compact, simple and simply connected Lie group and let

1 " U(1) " !LG #" LG " 1 (3.2)

be a central extension of the loop groupLG. By this we mean a sequence of Lie groups that
is exact as a sequence of groups, and where$ is a principal U(1)-bundle over LG. By our
assumptions onG, such central extensions are classiÞed up tounique isomorphism by their
Chern class [LW , ¤2.2 & Lemma 2.3.1]. A central extension is calledbasic if its Chern class
is a generator ofH 2(LG, Z) $= Z. In the following we consider the groupG = Spin( d) and a
basic central extension

1 " U(1) " !L Spin(d) #" L Spin(d) " 1.

For the next deÞnition, but also to be used later, we introduce for paths%1, %2 %Pe Spin(d)
with a common end point, i.e., %1($) = %2($), the notation %1 + %2 %L Spin(d), deÞned by
concatenation of %1 with the reverse of %2:

(%1 + %2)( t) =

"
%1(t) t %[0, $]

%2(2$ , t) t %[$, 2$].
(3.3)

Moreover, we will use the notation " %:= %+ %.

DeÞnition 3.1. The string 2-group String( d) is the crossed module

t : !L [0,#] Spin(d) " Pe Spin(d), (3.4)

where !L [0,#] Spin(d) is the restriction of the basic central extension to L [0,#] Spin(d) and
t := r ( $ is the composition of the projection with the restriction map ( 3.1). The crossed
module action ! is given by

! (%,#) = #" %# #" %
" 1

, %%Pe Spin(d), # % !L [0,#] Spin(d), (3.5)

where #" %is any lift of the loop " %%L Spin(d).

The action ! is well-deÞned as any two lifts of "%di!er by a central element z %U(1), and
smooth because the central extension has smooth local sections. VeriÞcation of the second
identity of ( 2.1) for this action (the ÒPei!er identityÓ) uses [LW , Lemma 3.2.2] that any
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central extension ofL Spin(d) has the property of being disjoint commutative [LW , Corollary

2.4.4], which means that elements #, $ % !L Spin(d) commute if $(#) and $($) have disjoint
supports.

The groups $0String( d) and $1String( d) are actually Þnite-dimensional Lie groups:

$0String( d) = Spin( d) and $1String( d) = U(1).

Thus, the string 2-group is an extension

BU(1) " String( d) " Spin(d)dis .

The fact that the universal central extension is central implies that this extension is central,
too. The condition that it is basic ensures that Ð after taking geometric realizations ÐString( d)
is the 3-connected cover of Spin(d) [LW , Theorem 3.4.2], and hence, by deÞnition, a valid string
group.

Remark 3.2. Our model for the string 2-group, DeÞnition 3.1, depends on the choice of a basic
central extension of L Spin(d), i.e., on the choice of a generator forH 2(L Spin(d), Z) $= Z.
Replacing a generator by its negative, we obtain another crossed module,String( d)#, which
is canonically isomorphic to String( d) via a strict intertwiner that preserves the projection
to Spin(d)dis, but acts as inversion on BU(1). Hence, the two crossed modulesString( d)
and String( d)# are isomorphic as crossed modules over Spin(d)dis, but not as BU(1)-central
extensions of Spin(d)dis. One way to resolve this sign issue is to insist that the generator of
H 2(L Spin(d), Z) $= H 3(Spin(d), Z) deÞning the basic central extension is represented by the
left-invariant 2-form & corresponding to the Lie algebra cocycle& %H 3(spin(d), Z) given by

&(x, y, z) = -[x, y], z.

for a positive deÞnite left-invariant inner product on spin(d). By [PS86, Prop. 4.4.4], this
corresponds to the requirement that this Chern class is the left-invariant 2-form onL Spin(d)
determined by the Lie algebra cocycle

' (X, Y ) =
1

2$i

$

S1
-X (t), Y #(t).dt (3.6)

on Lspin(d).

4 The implementer model

In this section, we describe a speciÞc model for the basic central extension ofL Spin(d) that
we will use in the construction of String( d) in DeÞnition 3.1, as well as a closely related model
for the hyperÞnite type III 1 factor on which String( d) will be represented. We write

H := L 2(S1, Rd) (4.1)
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for the space ofRd-valued square-integrable functions onS1 and we let H C be its complexiÞ-
cation. Along the projection L Spin(d) " L SO(d), elements %of L Spin(d) act orthogonally
on H by pointwise multiplication. We denote by ' (%) the corresponding element of O(H ).

We recall that a complex subspaceL * H C is called Lagrangian if L = L ' , equivalently,
if L / L = H C. A speciÞc example for such a Lagrangian is the space

L := L 2-closure of{ ei (n+1 / 2)t | n = 0 , 1, 2, . . . } .

The restricted orthogonal groupOres(H ) (with respect to this choice of L ) is the subgroup con-
sisting of thoseg %O(H ) whose commutator [g, PL ] with the orthogonal projection PL onto L
is a Hilbert-Schmidt operator. It turns out that the elements ' (%) %O(H ), %%L Spin(d), are
actually contained in Ores(H ) [KW22, Lemma 3.22]; hence we obtain a group homomorphism

' : L Spin(d) " Ores(H ).

The group Ores(H ) has the structure of a Banach Lie group for which this homomorphism is
smooth, see [KW22, ¤3.4, Prop. 3.23].

We will construct a central extension of L Spin(d) by pulling back a certain central ex-
tension of Ores(H ). This central extension of Ores(H ) is deÞned in terms of the Fock repre-
sentation associated toL for the Cli!ord algebra of H . To describe this, let Cl(H ) be the
algebraic Cli!ord algebra of H , which is the universal complex unital algebra generated by
H C and subject to the relation

v áw + w áv = , 2-v, w. , v, w %H C.

The Cli!ord algebra Cl( H ) carries a unique &-operation such that v% = , v for v % H C,
turning it into a &-algebra. We deÞne theFock spaceof L by

F := Hilbert space closure of
!%

k=0

%kL .

The Fock space carries a canonical&-representation

$ : Cl(H ) " B (F) (4.2)

of the Cli!ord algebra Cl( H ), fully determined by the property

$(v)# = v 0 #, v %L, # %F.

The Fock spaceF has aZ2-grading given by its decomposition in even and odd degree forms,
and the &-representation $ is grading-preserving. For details, see, e.g., [PR94, ¤2], [KW22,
¤3] or [Lud, ¤3].

By the universal property of the Cli!ord algebra, any g %O(H ) induces an automorphism
Clg of Cl(H ), called the Bogoliubov automorphismassociated tog. An element g %O(H ) is
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implementable on F if Cl g extends along the representation$ to an automorphism of B(F).
Since that automorphism is necessarily inner,g is implementable if and only if there exists
U %U(F) (an implementer for g) such that

$(Clg(a)) = U$(a)U% 1a %Cl(H ). (4.3)

It is a classical result, see [PR94, Theorem 3.3.5] or [Ara87, Theorem 6.3], that g is im-
plementable if and only if g lies in Ores(H ); moreover, any two implementers for g di!er
by an element of U(1). In particular, the extension of Clg to an automorphism of B(F) is
unique, if it exists. We denote that unique extension of Clg, for g % Ores(H ), by Clg. The
set of implementers, i.e., unitaries satisfying (4.3) for some g % Ores(H ), form a subgroup
Imp( H ) * U(F). One can show that there exists a Banach Lie group structure on Imp(H ),
in such a way that it forms a central extension

1 " U(1) " Imp( H ) " Ores(H ) " 1 (4.4)

of Banach Lie groups [KW22, ¤3.5].

The groups just discussed Þt into a commutative diagram

Imp( H )!" !!

""

U(F)

""
Ores(H ) !!PU(F)

(4.5)

of groups, where the bottom horizontal map assigns to an orthogonal transformationg the
class of an implementerU satisfying (4.3). It follows from [ KW22, Prop. 3.18] that the Lie
group topology on Imp(H ) is strictly Þner than the strong topology induced from U( F); in
other words, we obtain that the top horizontal map in ( 4.5), i.e., the inclusion, is continuous
(for the strong topology on U(F)). As the left vertical map admits smooth local sections and
the right vertical map is continuous, this implies that also the bottom horizontal map of ( 4.5)
is continuous. It follows that ( 4.5) is in fact a pullback diagram in the category of topological
groups.

Lemma 4.1. Let d ! 5. The central extension of L Spin(d),

!L Spin(d) !!!!!

"""
"
" Imp( H )

""

!!U(F)

""
L Spin(d) $

!!Ores(H ) !!PU(F),

(4.6)

deÞned as the pullback of the central extension(4.4) along ' is basic.

Proof. By the assumption d ! 5, the homomorphism ' induces an isomorphism onH 2 (this
follows, e.g., from [PS86, Prop. 12.5.2]) and the Chern class of Imp(H ) is classically known to
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be a generator ofH 2(Ores(H ), Z) $= Z [SW07, Prop. 1.2 (iv)]. This implies the statement. In
fact, one can show (see [KW22, Thm. 3.26]) that the Lie algebra cocycle deÞning the extension
is precisely the cocycle (3.6).

We call the central extension of Lemma4.1 the implementer model for the basic central
extension ofL Spin(d). It will be essential for our construction of the stringor representation in
Section 5 that we use the implementer model in the deÞnition of the string 2-groupString( d)
(see DeÞnition3.1).

Next we deÞne the von Neumann algebraA on which we representString( d). We write

H0 := { f %H | supp(f ) * [0, $]} * H

for the Hilbert space of functions with support in [0, $]. Its algebraic Cli!ord algebra Cl( H0)
is a subalgebra of the algebraic Cli!ord algebra Cl(H ). Restricting the representation (4.2)
to this subalgebra, we deÞne the von Neumann algebra

A := $(Cl( H0))##* B (F), (4.7)

i.e., the bicommutant in B(F). Equivalently, by von NeumannÕs bicommutant theorem,A is
the closure of$(Cl( H0)) in either the weak or strong operator topology.

We also consider the orthogonal complementH '
0 = { f %H | supp(f ) * [$, 2$]} of H0,

and the corresponding von Neumann algebra

A' := $(Cl( H '
0 )) ##* B (F).

Since the subalgebras Cl(H '
0 ) and Cl(H0) of Cl( H ) super commute, it follows that also the

von Neumann subalgebrasA and A' of B(F) super commute. However, we have the following,
more precise result, called thetwisted duality property of the Cli!ord von Neumann algebra.

Theorem 4.2 ([ BJL02 ]). A and A' are each otherÕs super commutant. In other words, we
have

A' =
&

a % B(F) | 1b %A : ab= ( , 1)|a||b|ba
'

,

and the same equation with the roles ofA and A' exchanged.

Remark 4.3. It is well known that the von Neumann algebra A is a hyperÞnite type III 1-factor,
see, e.g. [Was98, ¤16].

Summarizing, we obtain the following diagram of subalgebras ofB(F):

$(Cl( H0)) !!

#####
###

###
##

A

$$$
$$

$$
$$

$$

$(Cl( H )) !!B(F)

$(Cl( H '
0 )) !!

%%%%%%%%%%%%
A'

&&&&&&&&&&

(4.8)
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5 The stringor representation

In this section we construct the stringor representation of the string 2-group String( d), for
d ! 5. Accordant with DeÞnition 2.8, it will be a continuous strict intertwiner

R : String( d) " U(A), (5.1)

where String( d) is the string 2-group of DeÞnition 3.1, A is the von Neumann algebra deÞned
in (4.7), and U(A) is its unitary automorphism 2-group of A as in DeÞnition 2.7.

We recall that the implementer model for the basic central extension !L Spin(d), set up in
Section 4, comes with a continuous group homomorphism

& : !L Spin(d) " U(F) (5.2)

with the property that if # % !L Spin(d) projects to a loop %%L Spin(d), then &(#) implements
' (%) % Ores(H ), i.e., the extended Bogoliubov automorphism Cl$ (%) of B(F) is conjugation
with &(#).

Lemma 5.1. The group homomorphism& from (5.2) takes values in the subgroup

N (A) =
&

U %U(F) | 1a %A : UaU%%A
'

.

Proof. For any %% L Spin(d), the orthogonal transformation ' (%) of H preserves the sub-
spaceH0. Correspondingly, the Bogoliubov automorphism Cl$ (%) preserves the subalgebra
Cl(H0) * Cl(H ). Since any unitary U % U(F) in the image of & implements some' (%)
via conjugation, conjugation with U preserves$(Cl( H0)) and consequently its weak closure
A.

Remark 5.2. We remark that

N (A) =
(

a( A

(

b( A "

{ U %U(F) | UaU%b, bUaU%= 0 } ,

which shows that N (A) is a closed subgroup of U(F).

By Lemma 5.1 the group homomorphism & restricts to a continuous group homomor-
phism

&# : !L Spin(d) " N (A). (5.3)

By deÞnition of N (A), its elements U %N (A) act by conjugation on A, thus deÞning a group
homomorphism

tA : N (A) " Aut %(A). (5.4)

The map tA is continuous by [BDH15, Lemma A.18]; this uses that the canonical vacuum
vector & %F is cyclic and separating for the action ofA on F, thus turning F into a standard
form for A.
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Lemma 5.3. For any %%L Spin(d), the extended Bogoliubovautomorphism Cl$ (%) of B(F)
preserves the subalgebraA * B (F) and hence restricts to anautomorphism Cl#$ (%) %Aut( A).

The correspondingmap Cl#$ : L Spin(d) " Aut( A) is a continuous group homomorphism, and
the following diagram is commutative:

!L Spin(d) ! "
!!

""

N (A)

tA

""
L Spin(d)

Cl "
!

!!Aut( A).

Moreover, the automorphism Cl#$ (%) only depends on the restriction of%to its Þrst half, i.e.,
if %, %#, %##%P Spin(d) have a common initial point and a common end point,then

Cl#$ (%) %") = Cl #
$ (%) %"") .

Proof. If # % !L Spin(d) is any lift of %, then U := & #(#) % N (A) implements ' (%). Thus,
tA (U) is the claimed restriction Cl #

$ (%) , and the diagram is commutative. Continuity of Cl#$
follows from the fact that the basic central extension admits local sections, and that &# and
tA are continuous. In the situation of the three paths %, %#, %##, the orthogonal transforma-
tions ' (%+ %#) and ' (%+ %##) restrict to the same transformation on H0 and hence induce
the same Bogoliubov automorphisms on Cl(H0). But then, the restrictions Cl#$ (%) %") and

Cl#$ (%) %"") of the extended Bogoliubovautomorphisms Cl$ (%) %") and Cl$ (%) %"") , respectively, to
the weak closureA of Cl(H0) also coincide, as&-automorphisms of von Neumann algebras are
automatically weakly continuous.

Next we note that N (A) contains the subgroup U(A) * U(F) of unitary elements in A.
We have the following lemma.

Lemma 5.4. The restriction of the group homomorphism &# to the subgroup !L [0,#] Spin(d)
factors through the subgroupU(A):

!L [0,#] Spin(d) !!!!!
"#

""

U(A)"#

""
!L Spin(d)

! "
!!N (A)

Proof. Let U be an implementer for ' (%), where %%L [0,#] Spin(d). We Þrst note that U is a
grading preserving unitary transformation of F. Indeed, sinceL Spin(d) is connected,' (%) is
contained in the identity component of Ores(H ) and elements in the identity component are
implemented by grading preserving unitaries [PR94, ¤3.5 & p. 134]. Now, as%is supported
on [0, $], ' (%) acts trivially on the subspace H '

0 * H , so Cl$ (%) acts trivially on Cl( H '
0 ).
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Hence,U is contained in the commutant of Cl(H '
0 ). BecauseU is even and the even parts of

the commutant and of the super commutant coincide, this implies that U is also contained in
the super commutant of Cl(H '

0 ). But this is the same as the super commutant of its weak
closureA' , which is A by Theorem 4.2.

We obtain from Lemma 5.4 a continuous group homomorphism

R1 : !L [0,#] Spin(d) " U(A),

Þtting into the following commutative diagram of topological groups:

!L [0,#] Spin(d)
R1 !!

"#

""

U(A)"#

""
!L Spin(d) ! "

!!

""

N (A)

tA

""
L Spin(d)

Cl "
!

!!Aut( A).

(5.5)

Finally, we deÞne the continuous group homomorphism

R0 := Cl #
$ ( " : Pe Spin(d) " Aut( A) (5.6)

using the path doubling map (3.3). Now we have set up the required structure for a strict
intertwiner R := ( R0, R1) : String( d) " U(A), and we are in position to prove the main result
of this article.

Theorem 5.5. The pair R = ( R0, R1) is a unitary representation R : String( d) " U(A).

Proof. First we have to check compatibility with the maps t of the two crossed modules,
which we will denote for the moment by tString( d) and tU(A) , respectively. We notice that
tU(A) = tA |U( A) . Thus, we have to show that

R0(tString( d) (#)) = tA (R1(#)) (5.7)

holds for all # % !L [0,#] Spin(d). Let %:= tString( d) (#) %Pe Spin(d), i.e., # projects to the loop
%+ ce. By commutativity of the diagram ( 5.5), we have tA (R1(#)) = Cl #

$ (%) ce) . On the other
hand, we have

R0(tString( d) (#)) = R0(%) = Cl #
$ (%) %) .

By Lemma 5.3 we have Cl#$ (%) ce) = Cl #
$ (%) %) ; this shows (5.7).

Second, we have to check thatR intertwines the crossed module actions, which we denote

for the moment by ! String( d) and ! U(A) , respectively. Let %%Pe Spin(d) and # % !L [0,#] Spin(d);
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moreover, let #" %% !L Spin(d) be a lift of the loop " %. Then, we compute

R1(! String( d) (%,#)) = R1( #" %# #" %
" 1

) DeÞnition of ! String( d) , see (3.5)

= & #( #" %) R1(#) & #( #" %)" 1 DeÞnition of R1, see Lemma5.4

= tA (&#( #" %))( R1(#)) DeÞnition of tA , see DeÞnition2.7

= Cl #
$ (" %) (R1(#)) DeÞnition of Cl#$ , see Lemma5.3

= R0(%)(R1(#)) DeÞnition of R0, see (5.6)

= ! U(A) (R0(%), R1(#)) DeÞnition of ! U(A) , see DeÞnition2.7.

This completes the proof.

We conclude our construction of the stringor representationR by several remarks.

Remark 5.6. The operator &(#) %U(F) * B(F) associated to # % !L (0,#) Spin(d) is generally
not contained in $(Cl( H0)) * B (F) or its norm completion. Therefore, String( d) is not
represented on the algebraic Cli!ord algebra Cl(H0) or its C %-completion, and the passage to
von Neumann algebras is inevitable.

Remark 5.7. SinceA is a factor, we have$1Aut( A) = ker( tU(A) ) = U( A) 2 A# = U(1). On $1,
the stringor representation induces the identity, $1R = id U(1) . On $0, it induces a continuous
map $0R : Spin(d) " $0Aut( A) = Out %(A).

Remark 5.8. It is no surprise that the stringor representation can be realized as astrict
intertwiner, as opposed to a weak morphism of topological crossed modules, also known as
butterßy [ AN09]. Indeed, any butterßy between String( d) and a topological crossed module
G,

!L [0,#] Spin(d)

""

$$'
''

''
''

''
H

""

''((
((

((
((

((

B

$$'
''

''
''

''

(())
))

))
))

))

Pe Spin(d)

))

*
+

)
, -

G

has a section against its NE-SW-sequence, since that sequence is a short exact sequence of
topological groups, and Pe Spin(d) is contractible as a topological group. Hence, the given
butterßy is isomorphic to a strict morphism [AN09, Prop. 4.5.3], corresponding to acrossed
intertwiner [NW20], or Ð in terms of monoidal groupoids Ð a continuous monoidal functor
with continuous associator.

Remark 5.9. By construction, the stringor representation is continuous. We recall that the
Fr«echet Lie groups appearing in the crossed moduleString( d) have been equipped with their
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underlying (Fr«echet) topology. The forgetful functor Frech " Top factors through the cat-
egory Di! of di!eological spaces via the Òmanifold di!eologyÓ functor M : Frech " Di!
and the ÒD-topologyÓ functorD : Di! " Top. The latter has a right adjoint, the functor
C : Top " Di! that equips a topological space with the Òcontinuous di!eologyÓ. As a right
adjoint, C preserves limits and hence sends topological crossed modules to di!eological crossed
modules. In particular, there is a di!eological version

U(A)D i# := C(U(A))

of the unitary automorphism 2-group of a von Neumann algebra. By adjunction, our stringor
representation induces asmooth strict intertwiner

R! : M (String( d)) " U(A)D i# ,

and hence a smooth, di!eological version of the stringor representation. The unitary auto-
morphism 2-group U(A) of a von Neumann algebra is in fact delta-generated, meaning that
the topologies of both U(A) and Aut %(A) are delta-generated (i.e., determined by the contin-
uous curves). This means thatD(U(A)D i# ) = U(A), see [Kih19, Prop. 2.10]. Thus, we have
D(R! ) = R, i.e., our stringor representation is obtained by applying the D-topology functor
to its smooth version R! .

6 The 2-group perspective

In this section, we describe another perspective to our stringor representation, namely from the
point of view that strict 2-groups are groupoids internal to the category of groups. Therefore,
in this section, we distinguish intentionally between crossed modules (used before as a model
for strict 2-groups) and the actual 2-groups. Just like crossed modules, 2-groups exist, in
particular, in a continuous setting (Òtopological 2-groupÓ) and in a smooth setting (ÒLie
2-groupÓ).

Strict 2-groups versus crossed modules

If ' is a topological 2-group, we denote by ' 1 and ' 0 its topological groups of morphisms
and objects, respectively. We further denote bys, t : ' 1 " ' 0 the source and target map,
respectively, and by i : ' 0 " ' 1 the identity-assigning map. When constructing topological
2-groups it is worthwhile to notice that composition and inversion of the underlying groupoid
are already determined by the remaining structure. Indeed, it is straightforward to see that

x ( y = x i (s(x)) " 1y = x i (t(y)) " 1y, (6.1)

for composable morphismsx, y %' 1, i.e., morphisms such that s(x) = t(y). It follows from
this that the inverse of a morphism x %' 1 with respect to composition satisÞes

inv( x) = i (s(x))x" 1i (t(x)). (6.2)

Ð 17 Ð



Moreover, the subgroups ker(s) and ker(t) of ' 1 commute: let x %ker(s), y %ker(t), and let
e %' 0 be the unit element. Then

yx = ( e ( y)(x ( e) = ( eáx) ( (y áe) = x ( y = x i (s(x)) " 1y = xy. (6.3)

We have the following simple converse of these three observations.

Lemma 6.1. Suppose' 0 and ' 1 are topological groups ands, t : ' 1 " ' 0 and i : ' 0 " ' 1

are continuous group homomorphisms such that:

(a) s ( i = id $0 = t ( i .

(b) ker( s) and ker(t) are commuting subgroups.

Then, together with the composition deÞned by(6.1) and the inversion deÞned in(6.2), this
structure constitutes a topological 2-group.

Remark 6.2. Lemma 6.1 holds verbatim in the smooth case, with the only modiÞcation that
the subgroups in (b) have to beLie subgroups, see [LW , Lemma 3.3.1] for a discussion of the
smooth case.

Let us recall the usual equivalence between the category of topological crossed modules
and continuous strict intertwiners on one side, and topological 2-groups and 2-group homo-
morphisms (functors whose component maps are continuous group homomorphisms) on the
other side:

X :
)

Topological
2-groups

*
!!
)

Topological
crossed modules

*
: G.** (6.4)

If ' is a topological 2-group, then we put G := ' 0, H := ker( s) * ' 1, t := ( t : ' 1 " ' 0)|ker( s) ,
and ! g(h) := i (g)h i (g)" 1 to obtain a topological crossed moduleX('). Conversely, if
G = ( G, H, t, ! ) is a topological crossed module, then putting ' 0 := G, ' 1 := H " & G,
s$ (h, g) := g, t$ (h, g) := t(h)g, and i (g) := (1 , g) provides the input data for Lemma 6.1 and
hence a topological 2-groupG(G).

Moreover, to a strict intertwiner R = ( R0, R1) between topological crossed modules, the
functor G associates the 2-group homomorphismG(R) that is G(R)0 := R0 on the level of
objects and G(R)1 := R1 # R0 on the level of morphisms.

For instance, our stringor representation R becomes a 2-group homomorphism

G(R) : G(String( d)) " G (U(A)).

The point of this section is that the 2-groups G(String( d)) and G(U(A)), as well as the 2-group
homomorphism G(R), have ÒnicerÓ descriptions than the ones produced from applying the
functor G to their crossed module description. More precisely, the groups of morphisms,

G(String( d))1 = !L [0,#] Spin(d) " Pe Spin(d)

G(U(A))1 = U( A) " Aut( A),

have descriptions that use no semi-direct products, see Remarks6.4 and 6.7.
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The string group as a strict 2-group

The case of the string 2-group is treated in [LW , ¤3.3], and we recall this brießy. The basis is
the unique existence of afusion factorization for the basic central extension of the loop group
L Spin(d): a Lie group homomorphism

i : Pe Spin(d) " !L Spin(d) (6.5)

such that i (%) projects to the loop " % = %+ %. An explicit construction of this fusion
factorization in terms of the implementer model was given before in [KW22, ¤5].

We denote by !Pe Spin(d)[2] the pullback of the basic central extension along the map
+ : Pe Spin(d)[2] " L Spin(d). Then, we set up a 2-group with source and target maps

!Pe Spin(d)[2]

s

++

t

,,
!!Pe Spin(d)[2]

pr2 !!
pr1

!!Pe Spin(d),

and identity map i . Via Lemma 6.1 (using and the disjoint-commutativity of !L Spin(d), see
Section 3) this deÞnes a Lie 2-groupString (d).

Proposition 6.3. The Lie 2-group String (d) and the Lie crossed moduleString( d) correspond
to each other under the equivalence(6.4); precisely, we haveX(String (d)) = String( d).

Proof. This is clear from the given constructions, and the fact that i (%) can serve as the lift
#" %used in (3.5).

Remark 6.4. Corresponding to the equality X(String (d)) = String( d) we have a canonical
Fr«echet Lie 2-group isomorphism

String (d) $= G(String( d))

coming from the canonical natural isomorphismG (X $= id belonging to the equivalence (6.4).
Explicitly, on the level of morphisms, the map

!Pe Spin(d)[2] " !L [0,#] Spin(d) " Pe Spin(d); U )" (U ái (s(U)) " 1, s(U))

is an isomorphism of Fr«echet Lie groups.

The automorphism group of a von Neumann algebra as a strict 2-group

Next we describe the crossed moduleU(A) for the unitary automorphism 2-group of a von
Neumann algebraA as a strict topological 2-group. For this purpose, we choose a standard
form F of A (e.g., F could be deÞned using a cyclic and separating vector &% F). In this
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context, we also make use of the modular conjugation operatorJ : F " F provided by the
structure of the standard form.

We deÞne topological 2-groupU(A) in the following way. Its group of objects is the
group Aut %(A), equipped with the u-topology. Its group of morphisms is the closed subgroup
N (A) * U(F) deÞned in Lemma 5.1. The group homomorphism tA : N (A) " Aut( A)
from (5.4) is the target map. We deÞne the source map by

sA : N (A) " Aut( A), sA (U) := tA (JUJ ). (6.6)

Clearly, sA is also a group homomorphism and continuous. The group homomorphism

i : Aut( A) " N (A) (6.7)

assigning the identity morphism is provided by the following classical theorem, see [Haa75,
Thm. 3.2, Prop. 3.5].

Theorem 6.5. For every " %Aut( A), there exists a unique elementi (" ) %N (A) such that

i (" )a i(" )%= " (a), i (" )J = J i (" ), i (" )P = P. (6.8)

Moreover, the corresponding mapi : Aut( A) " N (A) is a continuous group homomorphism.

The group homomorphism i is also called thecanonical implementation. One can see
directly from the Þrst equation in ( 6.8) that tA ( i is the identity on Aut( A), and the second
equation implies that also sA ( i is the identity. We further note that ker( tA ) * A# and
ker(sA ) * A##= A, so that by now all conditions of Lemma 6.1 are satisÞed, and we obtain
the topological 2-group U(A).

Proposition 6.6. The topological 2-groupU(A) and the crossed moduleU(A) correspond to
each other under the equivalence(6.4); precisely, we haveX(U(A)) = U(A).

Proof. The topological crossed moduleX(U(A)) is given by

tA |ker( sA ) : N (A) 3 ker(sA ) " Aut( A),

and " % Aut( A) acts on ker(sA ) by conjugation with i (" ). We observe that ker(sA ) con-
sists of thoseU %N (A) such that conjugation by JUJ acts trivially on A; in other words,
JUJ %A# and U %A. This shows that ker(sA ) = U( A). Here, by construction of Aut( A),
U(A) * N (A) * U(F ) inherits the strong operator topology on U(F). This topology co-
incides with the ultraweak topology of U(A) * A. By the Þrst property of i in (6.8), the
induced action of Aut(A) on ker(sA ) = U( A) is precisely the evaluation action. Thus, we
have X(U(A)) = U(A).

Remark 6.7. Using again the natural isomorphismG ( X $= id, we obtain a canonical 2-group
isomorphism

U(A) $= G(U(A)).
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In particular, on the level of morphisms, the map

N (A) " U(A) " Aut( A); U )" (Ui(sA (U)) " 1, sA (U))

is an isomorphism of topological groups.

The stringor representation in the 2-group setting

The following lemma about implementers and the modular conjugation operator will be im-
portant, see [KW22, ¤4.1]. We let ( : H " H be induced by the mapt )" 2$ , t on S1, and
in turn let & : O(H ) " O(H ) be deÞned by&(g) := ( ( &( ( . The map & restricts to a smooth
automorphism of the Banach Lie group Ores(H ). Note that &(' (%1 + %2)) = ' (%2 + %1) for
any pair (%1, %2) %Pe Spin(d)[2].

Lemma 6.8 ([ KW22 , Prop. 4.9 & 4.11]). If U %U(F) implements g %Ores(H ), then
JUJ implements &(g). The corresponding map÷& : Imp( H ) " Imp( H ) is a Banach Lie group
homomorphism, thus making the diagram

Imp( H )

""

÷' !!Imp( H )

""
Ores(H ) '

!!Ores(H )

commutative.

Now we are in position to set up the stringor representation as a 2-group homomorphism

R : String (d) " U (A).

It is deÞned on the level of objects and morphisms by the continuous group homomorphisms

R 0 : String (d)0 " Aut %(A) : %)" R0(%)

R 1 : String (d)1 " N (A) : # )" &#(#)

where R0 was deÞned in (5.6) and &# was deÞned in (5.3).

Theorem 6.9. The group homomorphismsR = ( R 0, R 1) form a continuous 2-group homo-
morphism

R : String (d) " U (A).

Moreover, we haveX(R) = R, i.e., R is the 2-group analog of the stringor representationR.

Proof. If # % !Pe Spin(d)[2] projects to %1 + %2, Lemma 5.3 and (5.6) imply

tU(A) (R 1(#)) = tA (&#(#)) = Cl
#
$ (%1) %2) = Cl

#
$ (%1) %1) = R0(%1) = R 0(t(#)) . (6.9)
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Moreover, Lemma 6.8 shows that

sU(A) (R 1(#)) = tA (J &#(#) J ) = Cl
#
$ (%2) %1) = R0(%2) = R 0(s(#)) . (6.10)

This shows that R 0 and R 1 respect sources and targets.

Next we show that R 0 and R 1 respect the identity morphisms, i.e., that

i can(R0(%)) = & #(i f f (%)) (6.11)

holds for all %%Pe Spin(d), where i can is the canonical implementation (6.7) and i f f is the
fusion factorization (6.5). Since by Theorem6.5, elements in the image ofi can commute with
J , we have

sU(A) (i can(R0(%))) = tA (Ji can(R0(%))J ) = tU(A) (i can(R0(%))) = R0(%).

Moreover, sincei f f (%) projects to %+ %, by (6.9) and (6.10) we get

sU(A) (&
#(i f f (%))) = tU(A) (&

#(i f f (%))) = R0(%).

We let f : Pe Spin(d) " N (A) be the di!erence between the two expressions in (6.11), i.e.,

f (%) := i can(R0(%)) á&#(i f f (%)) " 1.

The above calculations shows thatf (%) % ker(sU(A) ) 2 ker(tU(A) ) = U( A#) 2 U(A) = U(1),
sinceA is a factor. We observe that we constructed a continuous map

f : Pe Spin(d) ," U(1),

which, in fact, is a group homomorphism, as

f (%á%#) = i can(R0(%)) ái can(R0(%#)) á&#(i f f (%#)) " 1

+ ,- .
= f (%")( U(1)

á&#(i f f (%)) " 1 = f (%) áf (%#).

Here we used that the middle term is contained in the center ofN (A) and hence can be
pulled out. Since Pe Spin(d) is a regular Lie group, every continuous group homomorphism is
smooth. However, by [LW , Thm. 2.1.2], any smooth group homomorphism fromPe Spin(d)
to U(1) is trivial, f = 1. Hence (6.11) holds. It follows now from Lemma 6.1 that R respects
composition and inversion, and hence is a 2-group homomorphism.

The strict intertwiner X(R) consists of the group homomorphismsX(R)0 = R 0 = R0 and
X(R)1 = R 1|ker( s) = & #| !! [0 ," ] Spin( d)

= R1. This shows the claimed equalityX(R) = R.

Remark 6.10. The equality X(R) = R is equivalent to the statement that the diagram of
2-group homomorphisms

String (d) R !!

""

U(A)

""
G(String( d))

G(R)
!!G(U(A))

whose vertical arrows are the 2-group isomorphisms of Remarks6.4 and 6.7, is strictly com-
mutative.
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The stringor bundle

Peter Kristel, Matthias Ludewig and Konrad Waldorf

Abstract

We set up a framework of 2-Hilbert bundles, which allows to ri gorously deÞne the Òstringor
bundleÓ, a higher di!erential geometric object anticipate d by Stolz and Teichner in an unpublished
preprint about 20 years ago. Our framework includes an associated bundle construction, allowing
us to associate a 2-Hilbert bundle with a principal 2-bundle and a unitary representation of its
structure 2-group. We prove that the Stolz-Teichner string or bundle is canonically isomorphic
to the 2-Hilbert bundle obtained from applying our associat ed bundle construction to a string
structure on a manifold and the stringor representation of t he string 2-group that we discovered
in earlier work. This establishes a perfect analogy to spin manifolds, representations of the spin
groups, and spinor bundles.
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Introduction

The spin group Spin(d) is the simply-connected cover of the special orthogonal group SO(d) (when
d ! 3). The frame bundle SO(M ) of an oriented Riemannian manifold M of dimension d ! 3 Ð a
principal SO(d)-bundle Ð may admit a lift to Spin(d). Given such a lift Ð called aspin structure Ð one
can form the associated vector bundle using thespinor representation of Spin(d). The construction of
this spinor bundle is the starting point of spin geometry.



Motivated by the success of spin geometry in geometry and particlephysics,string geometry seeks
for analogous structures meeting the demands of string theory.Most successful has been the principle
established by Killingback and Witten to look at spin structures on the conÞguration space of strings
in M , the free loop spaceLM = C! (S1, M ) [Kil87, Wit86 ]. Such spin structures onLM Ñ also

called loop-spin structures on M and denoted below by !L Spin(M ) Ñ are di!erent from the spin
structures mentioned above, because the structure group ofLM has di!erent properties compared
to the Þnite-dimensional situation. Nonetheless, Stolz and Teichner outlined a construction of an
inÞnite-dimensional spinor bundle onLM [ST]. Moreover, they established the principle offusion in
loop space, expressing the idea that the relevant geometric structures on loop space correspond to (yet
unknown) geometric structures onM itself. In obvious analogy, they coined the terminologystringor
bundle for this unknown structure on M . Work of Brylinski [ Bry93] and Murray [Mur96] on gerbes
suggested that the stringor bundle is not an ordinary vector bundle, but must be of a higher-categorical
nature.

Another line of attack in string geometry is to search for an analogue of the spin group. Adding
further connectedness to the orthogonal group, thestring group String (d) is deÞned to be the 3-
connected cover of Spin(d) [ST04]. The string group cannot be realized as a Þnite-dimensional Lie
group, and in recent years, the insight emerged that it is geometrically most fruitful to realize String (d)
as a categoriÞed group, or2-group [BL04], a point of view that will be further advocated in this paper.
Several models of the string 2-group in di!erent contexts have been constructed, e.g., as a strict
Fr«echet Lie 2-group [BCSS07], as a Þnite-dimensional smooth ÒstackyÓ 2-group [SP11], or as a strict
di!eological 2-group [Wal12]. A major success of these models is to allow a neat deÞnition of astring
structure on a manifold, as a reduction of the frame bundle to aString (d)-bundle gerbe, denoted below
by String (M ). String structures in this sense are related to loop-spin structures on M ; in fact, they
are equivalent to an enhanced version calledfusive loop-spin structures[Wal16, NW13b]. This relation
connects the two approaches to string geometry on the level of their basic underlying structures. In
the present paper, we provide a yet deeper connection between these two approaches.

We invoke two recent developments that advanced each approach. The Þrst concerns the stringor
bundle of Stolz and Teichner, and its higher-categorical nature. In a sequence of papers [Kri20, KW22,
KW20b, KW20a] we obtained rigorous constructions of its main ingredients: the spinor bundle on
loop space and, in particular, its fusion product that was anticipated long ago by Stolz and Teichner
[ST]. These constructions are based on a given fusive loop-spin structure !L Spin(M ) on M , and involve
von Neumann algebra bundles and Connes fusion of bimodule bundles.In this paper, we reveal how
this structure yields a higher-categorical vector bundle, more precisely, a2-Hilbert bundle, which we
call the Stolz-Teichner stringor bundle, denoted S( !L Spin(M )). The theory of 2-vector bundles was
developed in [KLWb , KLWa ] in a Þnite-dimensional context, based on the idea that a 2-vectorspace
is nothing but an algebra, while the morphisms are bimodules instead ofalgebra homomorphisms. It
was then extended to the inÞnite-dimensional setting of 2-Hilbert bundles in [Lud23], where algebras
are replaced by von Neumann algebras.

The second advance is thestringor representation constructed in [KLWc ]: a continuous, unitary
representation of the string 2-group on a 2-Hilbert space,

R : String (d) " U (A). (1)

Here, A is the hyperÞnite type III 1-factor, realized as a certain von Neumann algebra completion
of an inÞnite-dimensional Cli!ord algebra, and U(A) is the unitary automorphism 2-group of A (see
DeÞnition 1.1.1). In this paper, we introduce an associated bundle construction (DeÞnition 2.3.2) which
produces a 2-Hilbert bundleQ# G A from a non-abelian bundle gerbeQ for a topological strict 2-group
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G and a continuous unitary representationR : G " U (A) on a von Neumann algebraA. In particular,
we may useQ = String (M ), a string structure on M , the string 2-group G = String (d), and R the
stringor representation (1). The following is the main result of this article, stated as Theorem3.3.1 in
the main text.

Theorem 1. Let M be a manifold with a fusive loop-spin structure !L Spin(M ) and corresponding
string structure String (M ). There exists a canonical isomorphism

String (M ) # String (d) A $= S( !L Spin(M ))

between the 2-Hilbert bundle associated withString (M ) via the stringor representation, and the stringor
bundle of Stolz and Teichner.

Our work joins the main forces of the above mentioned two approaches and provides a step towards
a full picture of string geometry. For one, it shows the relevance of the stringor representation (1)
for string geometry. At the same time, it provides justiÞcation for Stolz-TeichnerÕs description of
the stringor bundle, by showing its equivalence to a structure obtained in a completely di!erent but
probably conceptually clearer way. Last but not least, we have by now established a perfect analogy
to the construction of the spinor bundle as an associated vector bundle in spin geometry, in which the
stringor representation (1) plays the role of the spinor representation and thus deserves itsname. The
new perspective on the stringor bundle as an associated 2-Hilbert bundle may be helpful in the future
for studying its spaces of sections, ÒstringorsÓ, and for studying di!erential operators on such spaces.

Fusive loop-spin
structure

! Section 3.1 !!

"

[KW20a]

""

String structure
String (M )"

Associating along
the stringor representation
(DeÞnitions 1.3.1 and 2.3.2)

""

Spinor bundle on loop space
with its Connes fusion product"

Section 3.2

""
Stolz-TeichnerÕs
Stringor bundle

S( !L Spin(M ))
Theorem 1

(Section 3.3)

"= Associated
2-Hilbert bundle

String (M ) # String (d) A

Figure 1: A schematic description of our constructions, and where to Þnd
them. The commutativity of the diagram is the statement of our main result
Theorem 1.

This article is organized as follows. In Section1 we recall the required details about von Neumann
algebras, Connes fusion, and the stringor representation from our paper [KLWc ]. Section 2 is devoted
to 2-Hilbert bundles, and contains a general construction of associated 2-Hilbert bundles. In Section3
we describe the Stolz-Teichner stringor bundle as a 2-Hilbert bundle, and prove our main theorem. We
include three appendices: in AppendixA we recall 2-group bundles and bundle gerbes. In AppendixB
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we compare two di!erent notions of string structures involved into our constructions: fusive spin
structures on loop space and bundle gerbes for the string 2-group, and we give a new direct construction
to pass from the Þrst notion to the second. In AppendixC we establish a general relation between
rigged von Neumann algebra bundles and bimodules as used in [KW20a] and their continuous versions
established in this article; which is used in order to transfer the partial results of [KW20a] about the
stringor bundle into the present setting. Figure 1 provides a schematic overview.

Acknowledgements. We would like to thank Severin Bunk, Andr«e Henriques, and Peter Teichner
for helpful discussions. PK gratefully acknowledges support fromthe PaciÞc Institute for the Math-
ematical Sciences in the form of a postdoctoral fellowship. ML gratefully acknowledges support from
SFB 1085 ÒHigher invariantsÓ.

1 The stringor representation

The purpose of this section is to recall from [KLWc ] the deÞnition of the automorphism 2-group of a
von Neumann algebra, the string group, and the stringor representation, which is a homomorphism
between these two 2-groups.

1.1 The automorphism 2-group of a von Neumann algebra

Let A be a von Neumann algebra and let Aut(A) be the group of %-automorphisms of A. We recall
that every %-automorphism ! is automatically continuous with respect to the ultraweak topology, and
hence is the dual map of some isometric automorphism of the predual A#. The group Aut( A) is a
topological group with HaagerupÕs u-topology, which is the topology induced by identifying Aut( A)
with a subgroup of the isometry group of the predualA#, equipped with the strong topology.

If H is an A-B -bimodule (i.e., a Hilbert space together with commuting %-representations ofA
and B op) and ! 1 & Aut( A), ! 2 & Aut( B ), we say that a unitary U & U(H ) is intertwining along ! 1

and ! 2 (which is short for left intertwining along ! 1 and right intertwining along ! 2), if

U(a " # $ b) = ! 1(a) " U# $ ! 2(b), a, b& A, # & H. (1.1.1)

We denote by
I (H ) ' Aut( A) # U(H ) # Aut( B ) (1.1.2)

the group of triples (! 1, U, ! 2) such that U is intertwining along ! 1 and ! 2. The group I (H ) is a
topological group with the subspace topology, where the automorphism groups carry the u-topology
and U(H ) carries the strong topology. By deÞnition, the maps

tH : I (H ) " Aut( A), sH : I (H ) " Aut( B ), (1.1.3)

given by projection onto the left, respectively right factor, are continuous.

Canonically associated toA is a Hilbert space L 2(A), called the non-commutative L 2-space or
standard bimodule[Haa75]. It comes with various extra structures, of which the following arerelevant
for the purposes of this paper:

(i) L 2(A) is a faithful A-A-bimodule, with the property that any bounded operator x & B(L 2(A))
that commutes with the left (right) action of A is given by right (left) multiplication with an
element ofA.
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(ii) L 2(A) is equipped with an anti-unitary involution J , called modular conjugation, which satisÞes

# $ a= J (a# " J#), a & A, # & L 2(A). (1.1.4)

(iii) The association A (" L 2(A) is functorial on the category of von Neumann algebras and%-
isomorphisms.

SinceL 2(A) is a faithful module, the projection I (L 2(A)) " U(L 2(A)) onto the middle factor is
injective. Its image is denoted by

N (A) =
!

U & U(L 2(A)) | ) ! 1, ! 2 & Aut( A) such that U is intertwining along ! 1 and ! 2
"

.

It turns out that the map I (L 2(A)) " N (A) is in fact a homeomorphism whenN (A) ' U(L 2(A))
carries the subspace topology; see Remark B.9 of [Lud23] or Lemma A.18 in [BDH15]. Precomposing
the maps (1.1.3) with the inverse of this homeomorphism, we obtain maps

sAut( A ) , tAut( A ) : N (A) " Aut( A). (1.1.5)

Explicitly, if U & N (A) is intertwining along ! 1 and ! 2, then tAut( A ) (U) = ! 1 and sAut( A ) (U) = ! 2.
This can be reformulated to say that

U(a " U ##) = ! 1(a) " #, and U(U## $ a) = # $ !2(a) (1.1.6)

whenevera & A, # & L 2(A). Moreover, it follows from (1.1.4) that JUJ is intertwining along ! 2 and
! 1. Therefore, we have the relation

tAut( A ) (U) = sAut( A ) (JUJ ). (1.1.7)

Finally, it follows from the functoriality (iii) that for any ! & Aut( A), there is a unitary
L 2(! ) & U(L 2(A)) that commutes with the modular conjugation and is both left and r ight intertwining
along ! . This provides a section

L 2 : Aut( A) " N (A), ! (" L 2(! ), (1.1.8)

called canonical implementation, which is continuous and has closed image [Haa75, Prop. 3.5].

We recall that a topological strict 2-group is a groupoid G whose setG0 of objects and whose set
G1 of morphisms are topological groups, and whose source maps : G1 " G 0, target map t : G1 " G 0,
composition G1 #s t G1 " G 1, identity map i : G0 " G 1, and inversion (w.r.t. composition) inv : G1 " G 1

are all continuous group homomorphisms. Acontinuous homomorphismbetween topological strict 2-
groups is a functor whose assignments on objects and morphisms are continuous group homomorphisms.

It is convenient to note that in every topological strict 2-group th e composition and the inversion
are already determined by the mapss, t and i . Explicitly, they are given by

X * Y = Xi (s(X ))$ 1Y = Xi (t(Y ))$ 1Y, (1.1.9)

wheneverX, Y & G1 are composable (i.e.,s(X ) = t(Y )), and by

inv(X ) = i (s(X ))X $ 1i (t(X )). (1.1.10)

One can, conversely, deÞne composition and inversion by these formulae, provided that the subgroups
ker(s) ' G 1 and ker(t) ' G 1 commute. We refer to [BL04, BCSS07] for a comprehensive treatment of
(topological) 2-groups, and to [KLWc , ¤6] for more details about the formulae (1.1.9) and (1.1.10).
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DeÞnition 1.1.1. The unitary automorphism 2-group U(A) of A is the topological strict 2-group
with

U(A)0 := Aut( A) and U(A)1 := N (A),

source and target mapssAut( A ) and tAut( A ) from (1.1.5), and identity map i := L 2 from (1.1.8).

Remark 1.1.2. In order to see that this su"ces to deÞne a strict 2-group, we need to check that ker(s)
and ker(t) are commuting subgroups ofN (A). We observe that ker(s) consists of unitariesU on L 2(A)
that commute with the right A-action. By property (i) of L 2(A), this means that each suchU is left
multiplication by some element of A. Similarly, an element V & ker(t) is right multiplication by some
element of A. Since the left and right A-actions commute, this shows thatU and V commute. We
hence can deÞne composition and inversion ofU(A) by (1.1.9) and (1.1.10); for instance, we have

U * V = UL2(! )#V, (1.1.11)

if U is right intertwining and V is left intertwining along ! .

The data of a topological strict 2-group G are conveniently encoded in its associatedcrossed
module. A topological crossed module is a pair of topological groupsG and H , together with a
continuous group homomorphismt : H " G and a continuous action % : G # H " H of G on H
satisfying

t(%(g, h)) = gt(h)g$ 1 and %(t(h), x) = hxh$ 1 (1.1.12)

for all g & G and h, x & H . The crossed module associated to a topological strict 2-groupG is
t : Gs " G 0, where

Gs := ker( s) ' G 1

and G0 acts on Gs by conjugation with i (g). This procedure establishes an equivalence of categories
between topological strict 2-groups and topological crossed modules, see [BS76, Thm. 2], [Fio07,
Thm. 5.13] or [Por].

The crossed module associated to the unitary automorphism 2-group U(A) of a von Neumann
algebra A, denoted by U(A), is tAut( A ) : U(A) " Aut( A), where U(A) ' A denotes the group of
unitary elements of A equipped with the ultraweak topology, and Aut(A) acts on U(A) by evaluation;
see [LW , Prop. 6.6].

DeÞnition 1.1.3. A unitary representation of a topological strict 2-group G on a von Neumann
algebraA is a continuous homomorphism of topological strict 2-groups

R : G " U (A).

Explicitly, R consists of continuous group homomorphismsR 0 : G0 " Aut( A) and
R 1 : G1 " N (A) with the properties that

R 0 * sG = sAut( A ) * R 1, R 0 * tG = tAut( A ) * R 1, R 1 * i G = L 2 * R 0. (1.1.13)

By formulae (1.1.9) and (1.1.10), the conditions in (1.1.13) imply automatically that R 0 and R 1

intertwine the composition and inversion maps.
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1.2 Twisted standard bimodules and Connes fusion

In this section, we compare the (strict) unitary automorphism 2-group U(A) of DeÞnition 1.1.1with the
abstract automorphism 2-group of the objectA in the bicategory vNA lgbi of von Neumann algebras
[Lan01, Bro03]. For Þnite-dimensional algebras, we carried out an analogous comparison in [KLWb ,
Prop. 2.3.1]. Along the way, we provide some results on twisted standard bimodules that will be
needed subsequently.

Given von Neumann algebrasA and B , we denote byA-B -Bimod the category ofA-B -bimodules
and unitary intertwiners. It is the category of 1-morphisms B " A in the bicategory of von Neumann
algebras, i.e.,

H omvNA lg bi (B, A ) := A-B -Bimod.

Composition in the bicategory vNA lgbi is given by the Connes fusion product, which is a functor

! : A-B -Bimod # B -C-Bimod " A-C-Bimod,

and should be viewed as the appropriate Òtensor product overB Ó for bimodules [Lan01, Bro03, Tho11].
In particular, the Connes fusion product turns A-A-Bimod into a monoidal category.

There are several (more or less involved) explicit constructions ofthe Connes fusion product, but
in this paper, we only need its abstract properties. In particular, its functoriality means that two
unitary intertwiners U : H " H %and V : K " K %have a fusion productU ! V : H ! K " H %! K %.
The fusion product U ! V is, more generally, also deÞned ifH and H %are right B %-modules, K and
K %are left B %-modules, andU, V intertwine the right (respectively left) module actions along some
%-isomorphism& : B " B %(see [KW20a, Proposition A.2.3] or [Lud23, ¤A.3]). In fact, this generalized
Connes fusion product for intertwiners provides von Neumann algebras and their bimodules with the
structure of a double category; see [Shu08].

For ! & Aut( A), we denote byL 2(A)! the A-A-bimodule with underlying Hilbert space L 2(A), the
standard left action, but right action modiÞed by ! ; we refer to L 2(A)! as atwisted standard bimodule.
We consider the functor

T : U(A) " A-A-Bimod (1.2.1)

that sends an automorphism! to the twisted standard bimodule L 2(A)! , while an elementU & N (A)
that is intertwining along ! 1 and ! 2 is sent to the intertwiner T (U) := L 2(! 1)U# : L 2(A)! 2 " L 2(A)! 1 .
We emphasize that this is an ÒhonestÓ intertwiner, in that it is intertwining along the identity auto-
morphism on both sides.

If ! 1, ! 2 & Aut( A), then there is a canonical isomorphism

' ! 1 ,! 2 : L 2(A)! 1 ! L 2(A)! 2 " L 2(A)! 1 &! 2 , (1.2.2)

see [Lud23, Example A.6] for its deÞnition in terms of a particular model for the Connes fusion product.
Axiomatically, the isomorphisms (1.2.2) can be characterized by the properties that (i) when one of! 1

or ! 2 is the identity, they coincide with the usual unitor for the Connes fusion product, and (ii), when
given unitaries

U1 : L 2(A)! 1 " L 2(A)! !
1
, U2 : L 2(A)! 2 " L 2(A)! !

2
,

which are right intertwining (respectively left intertwining) along som e automorphism &, the isomor-
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phisms (1.2.2) Þt into the commutative diagram

L 2(A)! 1 ! L 2(A)! 2

" ! 1 ,! 2 !!

U1 ! U2

""

L 2(A)! 1 &! 2

U1 L 2 ( ! 1 )L 2 (# ) " U2 L 2 ( ! 1 ) "

""
L 2(A)! !

1
! L 2(A)! !

2 " ! !
1 ,! !

2

!!L 2(A)! !
1 &! !

2 .

(1.2.3)

Taking & to be the identity, this shows that the isomorphisms (1.2.2) are the components of a natural
transformation ' . Indeed, let Ui & N (A) be intertwining along ! %

i and ! i . Then, T (Ui ) = L 2(! %
i )U

#
i is

an intertwiner from L 2(A)! i to L 2(A)! !
i

and T (U1U2) = L 2(! %
1! %

2)U#
2 U#

1 is an intertwiner from L 2(! 1! 2)
to L 2(! %

1! %
2). Since

T (U1)L 2(! 1)T (U2)L 2(! 1)# = L 2(! %
1) U#

1 L 2(! 1)
# $% &

' A

L 2(! %
2)U#

2# $% &
' A !

L 2(! 1)# = L 2(! %
1! %

2)U#
2 U#

1 = T (U1U2),

the diagram (1.2.3) becomes the claimed naturality diagram. The isomorphisms (1.2.2) satisfy, more-
over, the obvious associativity condition for triples of automorphisms (involving the associator of the
Connes fusion product), and hence turn the functorT into a monoidal functor, in other words, a
homomorphism of 2-groups.

It is easy to check that T is fully faithful. Hence, if we denote by Aut( A) := A-A-Bimod the
automorphism 2-group of the von Neumann algebraA as an object in the bicategory vNA lgbi of von
Neumann algebras,T embeds our strict automorphism 2-groupU(A) as a sub-2-group ofAut( A).
Moreover, going through the Murray-von-Neumann classiÞcationof factors, one obtains that T is
essentially surjective ifA is a factor of type I or type III. Hence, in these cases, the strict2-group U(A)
is equivalent to the general automorphism 2-groupAut( A).

1.3 The string 2-group and the stringor representation

For a smooth manifold M , we denote byP M the space of smooth paths( : [0, ) ] " M , which are ßat
at the end points, i.e., all derivatives vanish (in some, hence all local charts). For x & M , we write
Px M ' P M for the subspace of paths( that additionally satisfy ( (0) = x. Moreover, we denote by
LM the space of smooth loopsS1 " M , where we setS1 = R/ 2) Z. We denote by P M [k] the k-fold
Þbre product of the end-points-mapP M " M # M , and consider the map

+ : P M [2] " LM, (( 1 + ( 2)( t) :=

'
( 1(t) t & [0, ) ]

( 2(2) , t) t & [), 2) ]
(1.3.1)

that combines two paths ( 1, ( 2 with common endpoints to a loop, which is automatically smooth since
the paths are ßat. All path spaces discussed above have canonical structures of inÞnite-dimensional
manifolds. In particular, for a Lie group G, we havePeG, the space of ßat paths starting at the identity
element e. Both PeG and LG are inÞnite-dimensional (Fr«echet) Lie groups.

Let !L Spin(d) be a basic central extension ofL Spin(d). Up to isomorphism of central extensions,
there are two possible choices, and each is unique up to unique isomorphism [LW ]. Both of these

choices give rise to canonically isomorphic string groups [LW ]. It is a fact that !L Spin(d) (in fact,
any central extension ofL Spin(d) [LW ]) admits a unique fusion factorization [KW22, ¤5.2], i.e., a Lie
group homomorphism

i : P Spin(d) " + # !L Spin(d) (1.3.2)
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covering the diagonal mapP Spin(d) " P Spin(d)[2] . Explicitly, the elements of +# !L Spin(d) have the

form (* 1, * 2, X ), with * 1, * 2 & P Spin(d) such that * 1(0) = * 2(0), * 1() ) = * 2() ) and X & !L Spin(d)
projecting to * 1 + * 2.

DeÞnition 1.3.1. The string 2-group String (d) is the strict Lie 2-group with

String (d)1 := +# !L Spin(d)|Pe Spin( d) [2] and String (d)0 := Pe Spin(d),

with source and target maps

sString (d) (* 1, * 2, X ) := * 2 and tString (d) (* 1, * 2, X ) := * 1,

and with identity map given by the restriction of the fusion factoriza tion i to Pe Spin(d).

Remark 1.3.2. The structure in DeÞnition 1.3.1 determines a Lie 2-group via (1.1.9) and (1.1.10)

because !L Spin(d) is disjoint commutative; see [LW ] for a detailed treatment. In particular, the com-
position, determined by (1.1.9), is given by

(* 1, * 2, X 12) * (* 2, * 3, X 23) = ( * 1, * 3, X 12i (* 2)#X 23). (1.3.3)

Remark 1.3.3. The string 2-group is a covering group of the spin group, in the sense that there is a
strict 2-group homomorphism

q : String (d) " Spin(d)dis ,

where Spin(d)dis denotes the standard way to view a group as a 2-group (set (Spin(d)dis )0 =
(Spin(d)dis )1 = Spin( d), and s = t = i = id). The homomorphism q is given by q0 := ev$ , the
evaluation of paths at their endpoint. Under geometric realization, q becomes a 3-connected covering
map [BCSS07, LW ].

In [KLWc ], we describe a representation of the string 2-groupString (d) on a 2-Hilbert space,
whose underlying von Neumann algebra is the hyperÞnite type III1 factor A. We will not need the
explicit construction of this representation, but we now recall the ingredients needed for the purposes
of this paper. The main players are group homomorphisms

+ : P Spin(d) " Aut( A), (1.3.4)

# : !L Spin(d) " N (A), (1.3.5)

which are continuous with respect to the u-topology on Aut(A) and the strong topology on N (A),
respectively. A concrete deÞnition of+ is in [KLWc , Eq. 5.6], and of # in [KLWc , Eq. 5.3, Lemma 5.1].

We will use the following two properties of the maps + and #. If X & !L Spin(d) lies
over * 1 + * 2 & L Spin(d), then [KLWc , Theorem 6.9] shows that tAut( A ) (#( X )) = +%1 and
sAut( A ) (#( X )) = +%2 , for the maps sAut( A ) and tAut( A ) from (1.1.5). In other words, the unitary
map #( X ) & N (A) ' U(L 2(A)) is left intertwining along +%1 and right intertwining along +%2 . In
formulas,

#( X )(a " # $ b) = +%1 (a) " #( X )# $ +%2 (b). (1.3.6)

Moreover, [KLWc , Thm. A.9] implies that

#( i (* )) = L 2(+%) (1.3.7)
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for all * & P Spin(d), where i is the fusion factorization (1.3.2) and L 2(+%) is the canonical implemen-
tation ( 1.1.8) of the automorphism +%.

DeÞnition 1.3.4. The stringor representation

R : String (d) " U (A)

consists of the group homomorphisms

R 0 := +|Pe Spin( d) : Pe Spin(d) " Aut( A) and R 1 := # : !L Spin(d) " N (A).

Remark 1.3.5. It follows directly from the properties of + and # alluded to above that R 0 and R 1

satisfy the compatibility relations of ( 1.1.13) which ensure that R is indeed a homomorphism of strict
2-groups, namely

(sAut( A ) * R 1)(* 1, * 2, X ) = +%2 = R 0(s(* 1, * 2, X ))

(tAut( A ) * R 1)(* 1, * 2, X ) = +%1 = R 0(t(* 1, * 2, X ))

as well as
R 1 * i = L 2 * R 0. (1.3.8)

Additionally to the stringor representation, we will consider the group homomorphism

# %: !L Spin(d) " U(L 2(A)) , # %(X ) := J #( X )J , (1.3.9)

which establishes a unitary representation of !L Spin(d) on the standard bimodule L 2(A). The conju-
gation by J achieves an exchange of the left/right intertwining properties, sothat we get

# %(X )(a " # $ b) = +%2 (a) " # %(X )(#) $ +%1 (b) (1.3.10)

wheneverX projects to * 1 + * 2. This will be required to obtain a bimodule structure on the spinor
bundle on loop space that is compatible with our conventions for 2-Hilbert bundles; see Section3.2.
We remark that relation ( 1.3.7) persists to hold for #%, asJ commutes with canonical implementation.

2 2-Hilbert bundles

In Section 2.1, we deÞne a bicategory of von Neumann algebra bundles over a topological spaceX ,
whose 1-morphisms are bimodule bundles. Viewing the base space as avariable, these form a presheaf
of bicategories. In Section2.2, we argue that it is necessary to stackify this presheaf to obtain asheaf
of bicategories, or 2-stack. The objects in this 2-stack are our2-Hilbert bundles. In Section 2.3, we
introduce the associated 2-Hilbert bundle construction, which produces a 2-Hilbert bundle Q # G A
over a spaceX from a non-abelian bundle gerbeQ over X for a topological strict 2-group G and a
continuous unitary representation G " Aut( A) of G on a von Neumann algebraA.

2.1 Von Neumann algebra bundles

Let X be a topological space. In this section, we deÞne the bicategory vNA lgBdlbi (X ) of von Neumann
algebra bundles overX , focussing on the properties necessary for the present paper.A more extensive
treatment has been moved to a separate paper [Lud23, ¤A&B].
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The objects of vNA lgBdlbi (X ) are locally trivial von Neumann algebra bundles overX . Such a
bundle A consists of a von Neumann algebraA x for each point x & X , together with a collection of
local trivializations , : A| O " O # A (O ' X open, A the typical Þbre, a von Neumann algebra) such
that the transition functions , %* , $ 1 are continuous when considered as mapsO - O%" Aut( A); here
Aut( A) carries the u-topology, as always. We refer to¤B.1 of [Lud23] for a more extensive treatment
of this notion. For the purposes of this paper, we only need the following feature: WheneverG is a
topological group with a continuous group homomorphismG " Aut( A) and P is a principal G-bundle
over X , then the associated bundle construction provides a von Neumannalgebra bundle

A = P # G A, (2.1.1)

see Example B.6 [Lud23].

If A , B are von Neumann algebra bundles, we denote byA-B-BimBdl(X ) the category of A-B-
bimodule bundles, which serves as the category of morphismsB " A in vNA lgBdlbi (X ). Here, an
A-B-bimodule bundle H is a continuous Hilbert bundle whose ÞbresH x carry the structure of an
A x -Bx -bimodule, and which admits local trivializations

u : H| O " O # H

over open setsO ' X , such that H is a bimodule for the typical Þbres ofA and B and u is intertwining
along local trivializations of A and B [Lud23, DeÞnition B.6]. Such trivializations are called local
bimodule trivializations. Morphisms betweenA-B-bimodules are Hilbert bundle homomorphisms that
are Þbrewise intertwiners.

Example 2.1.1. If A, B are von Neumann algebras andH is an A-B -bimodule, we obtain the trivial
von Neumann algebras bundlesA = X # A, B = X # B and the trivial A-B -bimodule bundle H over
X . If moreover ! : X " Aut( B ) is a continuous map, we denote byH # the A-B -bimodule bundle
with total space X # H and bimodule action given by

(x, a) " (x, #) $ (x, b) =
(
x, a " # $ ! (b)

)
.

Example 2.1.2. If A is a von Neumann algebra bundle, thenL 2(A) is the A-A-bimodule bundle whose
Þbre overx is L 2(A x ), the standard bimodule of A x , with local trivializations given by L 2(&), where
& is a local trivialization of A .

In order to deÞne the composition of 1-morphisms, it is important torestrict to the subcategory of
bimodules whose typical ÞbreH is right implementing, in the sense that the mapsH deÞned in (1.1.3)
admits a unit-preserving section near the unit element. This is in particular the case forH = L 2(A),
the standard bimodule, as follows from the existence of the canonical implementation. Denoting
by A-B-BimBdlimp (X ) the corresponding subcategory ofright implementing A-B-bimodule bundles,
composition is a functor

A-B-BimBdlimp (X ) # B -C-BimBdlimp (X ) " A -C-BimBdlimp (X ), (2.1.2)

which is given Þbrewise by the Connes fusion product. In more detail,let H be a right implementing
A-B-bimodule bundle and K be a right implementing B-C-bimodule bundle and let u and v be local
bimodule bundle trivializations of H , respectively K over an open setO ' X . Then, if u and v
intertwine along the same the local trivialization & of B , the map

u ! v : H ! K|O " O # (H ! K )
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given by Þbrewise Connes fusion is a local trivialization ofH ! K. The point here is that the right
implementing condition on H ensures that near any point, there exist local trivializationsu and v that
intertwine along the same the local trivialization & of B , thus providing the Þbrewise Connes fusion
product with a Hilbert bundle structure, see [Lud23, Proposition B.21].

The standard bimodule bundles L 2(A), for A a von Neumann algebra bundle, are the identity
1-morphisms for the composition (2.1.2). The associativity of Connes fusion then shows that (2.1.2)
is the composition of a bicategory.

We wrap up the discussion of this section as follows.

DeÞnition 2.1.3. The bicategory vNA lgBdlbi (X ) of von Neumann algebra bundles overX consists
of the following data.

¥ Objects are von Neumann algebra bundles;

¥ the category of morphismsB " A is the category A-B-BimBdlimp (X ) of right implementing
A-B-bimodule bundles overX ;

¥ composition is Þbre-wise Connes fusion, (2.1.2);

¥ the identity morphism of A is the standard bimodule bundleL 2(A) from Example 2.1.2; and

¥ associators and unitors are the bundle maps obtained by taking Þbrewise the associators and
unitors of the bicategory of von Neumann algebras and bimodules.

If f : X " Y is a continuous map, we obtain an obvious pullback functor

f # : vNA lgBdlbi (Y ) " vNA lgBdlbi (X ).

Hence, the bicategories vNA lgBdlbi (X ) assemble to a presheaf of bicategories vNA lgBdlbi on the
category Top of topological spaces. This presheaf is actually a pre-2-stack,since bimodule bundles
form a stack (see [KLWb , Prop. 4.5.1]).

2.2 StackiÞcation

The pre-2-stack vNA lgBdlbi is a preliminary version of the 2-stack of 2-Hilbert bundles. It is prelim-
inary because this pre-2-stack does not satisfy descent, and needs to be stackiÞed. This phenomenon
is well-understood in the smooth setting, where the plus construction (..)+ of Nikolaus-Schweigert
[NS11] can be used to turn a pre-2-stack into a 2-stack. This has been extensively studied for Þnite-
dimensional, smooth 2-vector bundles in [KLWa ] and can be carried over to the continuous von Neu-
mann algebra setting in a straight-forward way.

We remark that the category Top of topological spaces has several inequivalent Grothendieck
topologies. The most common one is the Grothendieck topology generated by open covers, which is
equivalent to the one generated by locally split maps, i.e., continuous maps ) : Y " X such that each
point x & X has an open neighborhood with a section. We use this Grothendieck topology in the plus
construction.

DeÞnition 2.2.1. The 2-stack of 2-Hilbert bundlesis deÞned by

2H ilbBdl := (v NA lgBdlbi )+ .

In [KLWa , ¤2.3] we spelled out all details of the plus construction in the Þnite-dimensional smooth
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setting, and this explicit description carries over to the current context essentially without changes.
Here, we only need two pieces: the 2-Hilbert bundles themselves, and a certain notion of isomorphism,
called reÞnement. We now recall these notions.

DeÞnition 2.2.2. A 2-Hilbert bundle over a spaceX is a tuple V = ( Y, ), A , M , µ) consisting of a
locally split map ) : Y " X , a von Neumann algebra bundleA over Y , an invertible pr #

2 A-pr#
1 A-

bimodule bundle M over Y [2] and a unitary intertwiner

µ : pr#
23 M ! pr#

12 M " pr#
13 M

of pr#
3 A-pr#

1 A-bimodule bundles overY [3] such that the diagram

pr#
34 M ! pr#

23 M ! pr#
12 M

id ! pr "
123 µ !!

pr "
234 µ ! id

""

pr#
34 M ! pr#

13 M

pr "
134 µ

""
pr#

24 M ! pr#
12 M

pr "
124 µ

!!pr#
14 M

over Y [4] commutes.

This structure can be depicted as follows:

V =

*
+++++++++,

+++++++++-

A

""

M

""

µ

Y

""

Y [2]##
## Y [3]

##
##
##

X

.
+++++++++/

+++++++++0

In Section 3 we describe two examples of 2-Hilbert bundles, and show that they are isomorphic.
The isomorphisms we introduce are so-calledreÞnements, parallel to [KLWa , Def. 3.5.1].

DeÞnition 2.2.3. Let V = ( Y, ), A , M , µ) and V%= ( Y %, ) %, A %, M %, µ%) be 2-Hilbert bundles over
X . A reÞnement V " V%is a triple R = ( -, &, u ) consisting of a continuous map- : Y " Y %such
that ) %* - = ) , of an isomorphism& : A " - #A %of von Neumann algebra bundles overY , and of a
bimodule bundle isomorphismu : M " (- [2] )#M %over Y [2] along the algebra homomorphisms pr#1 &
and pr#

2 &, such that the diagram

pr#
23 M ! pr#

12 M

pr "
23 u ! pr "

12 u
""

µ !!pr#
13 M

pr "
13 u

""
(- [2] )#(pr #

23 M %! pr#
12 M %)

(&[3] ) " µ !
!!pr#

13(- [2] )#M %

(2.2.1)

is commutative.

2.3 Associated 2-Hilbert bundles

Throughout this section, we Þx a von Neumann algebraA. We consider the sub-bicategory of
vNA lgBdlbi (X ) over a single object, the trivial von Neumann algebra bundleA = X # A. This
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is the delooping
B(A-A-BimBdlimp (X )) ' vNA lgBdlbi (X ) (2.3.1)

of the monoidal category A-A-BimBdlimp (X ) of endomorphisms ofA. Letting X vary, we obtain a
presheafA-A-BimBdlimp of monoidal categories. One can show that this presheaf is in fact amonoidal
stack.

Next we consider the automorphism 2-groupU(A) as deÞned in DeÞnition1.1.1, and set up in the
following a morphism of monoidal stacks

M od : U(A)-Bdl " A-A-BimBdlimp (2.3.2)

from principal U(A)-bundles (see AppendixA) to A-A-bimodule bundles. It will be the central ingre-
dient of our associated 2-Hilbert bundle construction.

First of all, we recall that associated to the topological strict 2-group G = U(A) are the topo-
logical groups G0 = Aut( A), G1 = N (A) and Gs = U( A). Let P be a principal U(A)-bundle over a
topological spaceX , i.e., P is a principal U(A)-bundle over X together with anchor , : P " Aut( A)
satisfying (A.2), which we write as , (pu) = t(u#), (p). We deÞne

M od(P) := ( P # L 2(A)) / U(A), (2.3.3)

where the U(A)-action is the diagonal right action; i.e., we identify (p, #) $ (p áu, # $ u), where p & P,
# & L 2(A), and u & U(A). As U(A) acts strongly continuously on L 2(A), the usual associated bundle
construction provides M od(P) with the structure of a Hilbert bundle. We equip the Þbres of M od(P)
with the A-A-bimodule bundle structure deÞned by

a " [p, #] $ b:= [ p, a " # $ , (p)(b)], a, b& A, # & L 2(A), p & P. (2.3.4)

One easily checks well-deÞnedness on equivalence classes. Next we show that M od(P) is a right
implementing A-A-bimodule bundle in the sense of Section2.1. Any section p of P deÞned over an
open setO ' X gives a local trivialization

. p : M od(P)|O " L 2(A) ' (p) [p(x), #] (" (x, #), (2.3.5)

where the right hand side denotes theA-A-bimodule bundle obtained by twisting the right action with
, * p : O " Aut( A), see Example2.1.1. In other words, . p is a family of unitary isomorphisms that is
intertwining along the identity and , (p). Indeed,

. p(a " [p(x), #] $ b) = . p
(1

p(x), a " # $ , (p(x))( b)
2)

=
(
x, a " # $ , (p(x))( b)

)
. (2.3.6)

In other words, . p is an intertwiner along the local trivializations A|O " O# A given by (x, a) (" (x, a)
and (x, a) (" (x, , (p(x))( a)), respectively. This shows that M od(P) is a bimodule bundle. It is right
implementing by [Lud23, Example B.15]. For later use, it will be good to determine the transition
function between two local trivializations. If p%: V " P is another local section deÞned over an open
set O%' X , then, over O - O%, we have p%= p áu for a continuous function u : O - O%" U(A).
Therefore,

(. p! * . #
p )(x, #) = . p! ([p(x), #]) = . p! ([p%(x) áu(x)#, #]) = . p! ([p%(x), # $ u(x)]) = ( x, # $ u(x)) .

for all x & O - O%. We see that the transition functions . p! * . #
p are given by right multiplication by u,

which is intertwining along the identity and t(u). In other words, we have the commutative diagram
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of bimodule bundle isomorphisms overO - O%:

M od(P)
( p

$$###
#####

## ( p !

%%$$$$$$$$$$

L 2(A)' (p) ) u
!!L 2(A)' (p! ) .

(2.3.7)

It is straightforward to see that any morphism f : P " Q between between principalU(A)-bundles
deÞnes an intertwiner

M od(f ) : M od(P) " M od(Q), [p, #] (" [f (p), #]. (2.3.8)

For later use, we observe that sincef intertwines the anchors , : P " Aut( A) and / : Q " Aut( A),
i.e., , = / * f , it has the property that the diagram

M od(P)
M od( f ) !!

( p

""

M od(Q)

( f # p

""
L 2(A)' (p) L 2(A)* ( f &p)

(2.3.9)

commutes for each local trivialization p of P.

So far we have deÞnedM od as a functor. It is clear M od it is compatible with pullbacks, and so it
is a stack morphism as in (2.3.2). It remains to verify that it is monoidal, relating the tensor produc t of
principal U(A)-bundles (see AppendixA) with the Connes fusion product of bimodule bundles deÞned
in Section 2.1. We use again the local trivializations . p constructed in (2.3.5) from a local sectionp of
P, and recall from (2.3.6) that they are bimodule bundle isomorphismsM od(P)|O " L 2(A)' (p) .

Proposition 2.3.1. Let P and Q be principal U(A)-bundles with anchors, : P " Aut( A) and
/ : Q " Aut( A), respectively. Then, there exists a unique intertwiner

M od(P) ! M od(Q) $= M od(P . Q) (2.3.10)

such that for all local sectionsp of P and q of Q over a common open setO ' X , the diagram

M od(P) ! M od(Q)

( p ! ( q

""

!!M od(P . Q)

( p $ q

""
L 2(A)' (p) ! L 2(A)* (q) " " ( p ) ,# ( q)

!!L 2(A)' (p)&* (q)

(2.3.11)

is commutative. Here, ' is the natural transformation (1.2.2).

Proof. First we observe that by the deÞnition (A.4) of the anchor map of the tensor productP . Q,
we have , (p) * / (q) = ( , . / )(p . q); hence, the target of the local trivialization . p( q is indeed
L 2(A)' (p)&* (q) .

It is clear that diagram ( 2.3.11) determines the intertwiner completely for a given choice of local
sections. It remains to prove that di!erent choices of sections yield the same intertwiner. Let p and
p%= páu be two di!erent local sections of P over some open setO, for which we have the commutative
diagram (2.3.7). Similarly, let q and q% = q áv be local sections ofQ over O, for which we have
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an analogous commutative triangle. These two triangles Ð togetherwith functoriality of the fusion
product Ð show that the left square of the diagram

M od(P) ! M od(Q)

( p ! ( q &&%%%%%%%%%%%%%%
!!M od(P . Q)

( p $ q$$&&&
&&&

&&&
&&

L 2(A)' (p) ! L 2(A)* (q)

( ) u ) ! ( ) v )

""

" " ( p ) ,# ( q) !!L 2(A)' (p)* (q)

) ' (p)( v)u

""
L 2(A)' (p! ) ! L 2(A)* (q! ) " " ( p ! ) ,# ( q ! )

!!L 2(A)' (p! ) * (q! )

M od(P) ! M od(Q)

( p ! ! ( q !

''''''''''''''''
!!M od(P . Q).

( p ! $ q!
((( ( ( ( ( ( ( ( ( (

(2.3.12)

is commutative. The top and bottom square are the deÞning squares (2.3.11) for the morphism (2.3.10).
Commutativity of the central square is a special case of (1.2.3). Hence, in order to verify that the top
and bottom horizontal maps agree, it remains to show that the right square is commutative.

To this end, we need to compare the elementsp . q and p%. q%of P . Q. We recall that P . Q is
a quotient of P # M Q by the equivalence relation (A.3), and that the U( A)-action on P . Q is induced
by the action of U(A) on the Þrst factor of P # M Q. Using these rules, we calculate

p%. q%= p áu . q áv

= p áu . q á, (p áu)$ 1(
, (p áu)(v)

)

= p áu á, (p áu)(v) . q (A.3)

= ( p . q) áu, (p áu)(v) (DeÞnition of right action)

= ( p . q) áu(t(u#) * , (p))( v) (A.2)

= ( p . q) á, (p)(v)u.

With a view on ( 2.3.7), this shows commutativity of the right square in ( 2.3.12).

Now we are in position to describe our construction of associated 2-Hilbert bundles. Let G be
a topological strict 2-group and let R : G " U (A) be a unitary representation on a von Neumann
algebraA. As recalled in LemmaA.2, R induces a morphism of monoidal stacks

R # : G-Bdl " U (A)-Bdl,

which can be composed with the morphismM od from (2.3.2), resulting in a morphism

M odR := R # * M od : G-Bdl " A-A-BimBdlimp (2.3.13)

of monoidal stacks.

For convenience, we will spell out the composition (2.3.13), and simplify the result slightly. If P
is a principal G-bundle over M , then we have in the Þrst place

M odR (P) =
3(

(P # U(A)) / Gs
)

# L 2(A)
4

/ U(A), (2.3.14)

where g & Gs acts by (p, u) ág = ( pg,R 1(g)$ 1u), and v & U(A) acts by ([p, u], #) áv = ([ p, uv], # $ v).
The bimodule structure is given by

a " [[p, u], #] $ b= [[ p, u], a " # $ t(u)$ 1R 0(, (p))( b)],
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where , is the anchor ofP. However, the single quotient

(P # L 2(A)) / Gs, (2.3.15)

whereGs acts onP # L 2(A) by (p, #)ág := ( pg, #$R 1(g)) yields a canonically isomorphic Hilbert bundle.
Indeed, the map [p, #] (" [[p,1], #] is a continuous, Þbre-preserving, Þbre-wise unitary isomorphism. The
bimodule action then simply becomes

a " [p, #] $ b= [ p, a " # $R 0(, (p))( b)]. (2.3.16)

Summarizing, the bimodule bundleM odR (P) is given by the quotient (2.3.15) and is equipped with
the bimodule actions (2.3.16). For a morphism f : P " Q of principal G-bundles, the intertwiner
M odR (f ) is deÞned by the same formula (2.3.8) as before.

DeÞnition 2.3.2. Let G be a topological strict 2-group, and let R : G " U (A) be a unitary rep-
resentation of G on a von Neumann algebraA. The associated 2-Hilbert bundle constructionis the
morphism of 2-stacks

G-Grb = B(G-Bdl)+
B M od+

R !!B(A-A-BimBdlimp )+ ' (vNA lgBdlbi )+ = 2 H ilbBdl.

If Q is a G-bundle gerbe over a spaceX , its image is called theassociated 2-Hilbert bundle(for the
representation R) and is denoted by Q # G A.

Here, we have used the deÞnition ofG-bundle gerbes via the plus construction, see DeÞnitionA.3
and Remark A.5. We use further that M odR induces a functor BM odR between bicategories with
a single object, due to the fact that it is monoidal; and Þnally, we use that the plus construction is
functorial.

We shall spell out the data of the associated 2-Hilbert bundleQ # G A explicitly. For this purpose,
we suppose that aG-bundle gerbeQ over X consists of a locally split map) : Y " X , of a principal
G-bundle P over Y [2] , and of a bundle gerbe productµ over Y [3] , just as in DeÞnition A.3. Then, the
associated 2-Hilbert bundleQ # G A is the following:

¥ Its locally split map is ) : Y " X .

¥ Its von Neumann algebra bundle overY is the trivial bundle A = Y # A.

¥ Its bimodule bundle over Y [2] is M odR (P).

¥ Its product over Y [3] is given by M odR (µ). More precisely, it is the composite

pr#
23 M odR (P) ! pr#

12 M odR (P)
"= ""

M odR (pr #
23 P) ! M odR (pr#

12 P)
"= ""

M odR (pr #
23 P . pr#

12 P)
M odR (µ ) !!M odR (pr#

13 P)
"=""

pr#
13 M odR (P),

(2.3.17)

where the vertical arrows are the canonical structure isomorphisms of the monoidal stack morphism
M odR .
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3 The stringor bundle

Let M be a string manifold. There are at least four equivalent options to model string structures on
M ; in the present paper, two of these options are relevant: (a) fusive loop-spin structures and (b)
String (d)-bundle gerbes. In Section3.1 we recall these and recall the relation between them, on the
basis of AppendixB. In Section 3.2 we deÞne the Stolz-Teichner stringor bundle as a 2-Hilbert bundle,
based on a fusive loop-spin structure onLM . In Section 3.3, we prove our main result: the stringor
bundle is isomorphic to the 2-Hilbert bundle obtained by associating the stringor representation to the
String (d)-bundle gerbe obtained from the fusive loop-spin structure.

3.1 Fusive loop-spin structures and string structures

We recall that a spin structure on an oriented Riemannian manifoldM is a principal Spin(d)-bundle
Spin(M ) over M that lifts the orthogonal frame bundle of M ; i.e., it is equipped with a smooth
map q : Spin(M ) " SO(M ) that covers the identity on M and is equivariant along the projection
Spin(d) " SO(d). Taking free loops in Spin(M ), we obtain a principal L Spin(d)-bundle L Spin(M )

over LM . Let !L Spin(d) be a basic central extension ofL Spin(d) (see Section1.3). A loop-spin

structure is a principal !L Spin(d)-bundle !L Spin(M ) over LM together with a smooth map

p : !L Spin(M ) " L Spin(M )

covering the identity on LM , and which is equivariant along the projection !L Spin(d) " L Spin(d) of
the basic central extension [Kil87]. In other words, a loop-spin structure is a lift of the structure group

of !L Spin(M ) from L Spin(d) to its basic central extension. We remark that the mapp is automatically
(the projection of) a principal U(1)-bundle.

For the following deÞnition, we use the fact that the basic central extension has a canonicalfusion
product [Wal16, DeÞnition 3.4], i.e., an isomorphism

µ : pr#
23 +# !L Spin(d) . pr#

12 +# !L Spin(d) " pr#
13 +# !L Spin(d)

of principal U(1)-bundles over P Spin(d)[3] , which is associative overP Spin(d)[4] and additionally
a group homomorphism. Fusion products on loop group extensions determine, and are determined
by fusion factorizations [KW22, ¤5]; in the present situation, we may use the fusion factorizationi
from (1.3.2) and set

µ(X 23 . X 12) := X 23i (* 2)#X 12, (3.1.1)

where X 12 projects to * 1 + * 2 and X 23 projects to * 2 + * 3.

DeÞnition 3.1.1. A fusive loop-spin structure is a loop-spin structure whose principal U(1)-bundle
p is equipped with a fusion product, i.e. a bundle isomorphism

0 : pr#
23 +# !L Spin(M ) . pr#

12 +# !L Spin(M ) " pr#
13 +# !L Spin(M )

over P Spin(M )[3] that is associative overP Spin[4] and is compatible with the fusion product µ on the
basic central extension under the principal action, i.e.,

0
(
($ 23 áX 23) . ($ 12 áX 12)

)
= 0($ 23 . $ 12) áµ(X 23 . X 12) (3.1.2)

holds for all $ 12, $ 23 & !L Spin(M ) and X 12, X 23 & !L Spin(d) such that both sides of (3.1.2) are deÞned.
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Fusive loop-spin structures can be viewed as a loop space version ofstring structures on manifolds
[Wal16, Wal15]. We now relate them to the following, more instructive notion of a string structure.
We assume again thatM is a spin manifold with spin structure Spin(M ). A string structure on M
is a principal String (d)-bundle gerbe String (M ) that lifts the structure group of Spin( M ) along the
2-group homomorphism

q : String (d) " Spin(d)dis

from Remark 1.3.3. We refer to [NW13b, ¤7] and to Appendix B for a discussion and comparison to
yet other versions of string structures. The main idea is to view thebundle gerbeString (M ) as the
string-oriented frame bundle of the string manifold M .

We describe now how to convert a fusive loop-spin structure into a string structure. We provide in
Appendix B a proof showing that this conversion is well-deÞned and Þts into a partially known picture
of equivalences between di!erent notions of string structures. We Þrst have to Þx a pointx & M and a
spin-oriented frame öx at x, i.e. an element öx & Spin(M )x . Then, the bundle gerbeString (M ) consists
of the following structure:

¥ The surjective submersionY := Pöx Spin(M ) " M is the endpoint evaluation, followed by the
bundle projection Spin(M ) " M .

¥ Over the double Þbre productY [2] , we have the followingString (d)-principal bundle (in the sense
of DeÞnition A.1):

Ð Its total space is (see (B.2))

P := Pöx Spin(M )[2] # L Spin( M ) !L Spin(M ) # Pe Spin(d), (3.1.3)

where Pöx Spin(M )[2] denotes the Þbre product over Spin(M ). Thus, its elements are
quadruples (( 1, ( 2, $ , * ), where ( 1, ( 2 & Pöx Spin(M ) with ( 1() ) = ( 2() ), $ is a lift of

( 1 + ( 2 & L Spin(M ) to !L Spin(M ) and * & Pe Spin(d).

Ð The bundle projection is (see (B.3))

(( 1, ( 2, $ , * ) (" (( 1, ( 2* $ 1). (3.1.4)

Ð The anchor map is (see (B.4))
(( 1, ( 2, $ , * ) (" *. (3.1.5)

Ð the principal String (d)s-action is (see (B.5))

(( 1, ( 2, $ , * ) á(* %, e, X ) := ( ( 1, ( 2* $ 1* %$1*, $ ái (* $ 1) áX ái (* %$1* ), * %$1* ). (3.1.6)

Here, i : Pe Spin(d) " !L Spin(d) is the fusion factorization of (1.3.2).

¥ On the triple Þbre product Y [3] , the bundle gerbe product

µString (M ) : pr#
23 P . pr#

12 P " pr#
13 P (3.1.7)

is given by (see (B.9))

µString (M ) (( ( %
2, ( 3, $ 23, * 23), (( 1, ( 2, $ 12, * 12)) = ( ( 1, ( 3* 12, 0($ 23 áid%12 . $ 12), * 23* 12), (3.1.8)

where 0 is the fusion product of the fusive loop-spin structure, see DeÞnition 3.1.1.

This completes the deÞnition of the (smooth)String (d)-bundle gerbeString (M ). Later in Section 3.3,
we will pass to the underlying topologies and regardString (M ) as a topological bundle gerbe, without
introducing an explicit notation.
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3.2 The stringor bundle of Stolz-Teichner

In this section, we construct a 2-Hilbert bundle S( !L Spin(M )) on the string manifold M , using a fusive

loop-spin structure !L Spin(M ) on the loop spaceLM of M . The construction stems from the loop
space approach to string geometry; it has been outlined by Stolz-Teichner [ST] and then constructed
rigorously in [KW22, KW20b, KW20a] in a setting of Òrigged von Neumann algebra bundlesÓ over
di!eological spaces, which is a method to work with smooth, inÞnite-dimensional bundles over inÞnite-
dimensional manifolds.

In the following, we give an independent deÞnition of the Stolz-Teichner stringor bundle in a
purely topological setting, and we show afterwards that it reßects the construction given in [KW20a].
The Þrst ingredient is the associated von Neumann algebra bundle (see (2.1.1))

A := P Spin(M ) # P Spin( d) A, (3.2.1)

whereP Spin(M ) is the principal P Spin(d)-bundle over P M obtained by taking ßat paths in the total
space of the spin structure Spin(M ), and P Spin(d) acts on A through through the homomorphism +
from (1.3.4). We note that the deÞnition of A only requires a spin structure onM , not the loop-spin
structure.

The second ingredient is thespinor bundle on loop space: the associated Hilbert bundle

SLM := !L Spin(M ) # !L Spin( d)
L 2(A), (3.2.2)

where !L Spin(M ) is the loop-spin structure, and !L Spin(d) acts on L 2(A) via the representation #%

deÞned in (1.3.9). We exhibit the pullback +#SLM to P M [2] as a pr#2 A-pr#
1 A-bimodule bundle. The

bimodule actions are deÞned by

[( 2, a] " [$ , #] $ [( 1, b] = [$ , a " # $ b], (3.2.3)

where $ & !L Spin(M ) projects to ( 1 + ( 2 & L Spin(M ). We show the well-deÞnedness of this bimodule
structure: if $ %projects to ( %

1 + ( %
2, then ( %

i = ( i á* i for (* 1, * 2) & Pe Spin(d)[2] and $%= $ áX for

someX & !L Spin(d) projecting to * 1 + * 2. We recall that # %(X ) is left intertwining along +(* 2) and
right intertwining along +(* 1), see (1.3.10). Hence, if formula (3.2.3) holds for ( 1, ( 2 and $, then we
also have

[( %
2, a] " [$ %, #] $ [( %

1, b] = [ ( 2, +%2 (a)] " [$ , #( X )#] $ [( 1, +%1 (b)]

= [$ , +%2 (a) " #( X )# $ +%1 (b)]

= [$ , #( X )(a " # $ b)]

= [$ %, a " # $ b].

Any local section $ of !L Spin(M ) provides a local trivialization of SLM (as a Hilbert bundle). It
then follows directly from the formula ( 3.2.3) that the induced local trivialization +#$ of +#SLM is a
bimodule trivialization.

The third ingredient is the fusion product on SLM , see [ST], [KW20a, ¤5.3], and [Lud23, Def.
2.15]: a unitary isomorphism

% : pr#23 +#SLM ! pr#
12 +#SLM " pr#

13 +#SLM (3.2.4)
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of pr#
3 A-pr#

1 A-bimodule bundles overP M [3] that satisÞes the following associativity condition over
P M [4] :

pr#
34 +#SLM ! pr#

23 +#SLM ! pr#
12 +#SLM

pr "
234 ! ! id !!

id ! pr "
123 !

""

pr#
24 +#SLM ! pr#

12 +#SLM

pr "
124 !

""
pr#

34 +#SLM ! pr#
13 +#SLM

pr "
134 !

!!pr#
14 +#SLM

(3.2.5)

In order to construct %, we recall that whenever $ : O " !L Spin(M ) is a local section of the principal

bundle !L Spin(M ), we obtain a local trivialization u : SLM |O " O # L 2(A) of the associated bundle
SLM by requiring that u([$ , #]) = # holds for all # & L 2(A).

Theorem 3.2.1. Let M be a spin manifold equipped with a fusive loop-spin structure !L Spin(M )
with fusion product 0. Then, the spinor bundle on loop spaceSLM admits a unique fusion prod-
uct % such that the following condition holds: wheneverO ' P M [3] is an open set with sec-
tions $ ij : O " !L Spin(M ) along + * prij : P M [3] " LM such that $ 13 = 0($ 23 . $ 12), and
uij : pr#

ij +#SLM |O " O # L 2(A) are the corresponding local trivializations, then the diagram

pr#
23 +#SLM ! pr#

12 +#SLM

u23 ! u12

""

! !!pr#
13 +#SLM

u13

""
L 2(A) ! L 2(A) "

!!L 2(A)

is commutative, where' is the natural isomorphism (1.2.2).

Proof. It is clear that every point ( ( 1, ( 2, ( 3) & P M [3] has an open neighborhoodO over which
sections $ij with $ 13 = 0($ 23 . $ 12) exist. This shows uniqueness of %. For existence, we deÞne
%|O separately on each open setO for some Þxed choices of sections $ij , in such a way that above
diagram is commutative. This yields unitary isomorphisms of bimodule bundles. Next we show that
these isomorphisms do not depend on the choice of sections. This is proved in [KW20a, Thm. 5.3.1];
for the sake of clarity we adapt the proof to the present setting.

Let $ %
ij = $ ij áX ij be a di!erent choice of local sections, withX ij & !L Spin(d) lifting the loop

* i + * j & L Spin(d), and such that $ %
13 = 0($ %

23 . $ %
12). By ( 3.1.1) and (3.1.2), this implies that

X 13 = µ(X 23 . X 12) = X 23 i (* 2)$ 1X 12. (3.2.6)

Let u%
ij be the local trivialization of pr #

ij +# SLM corresponding to $%
ij . Then, u%

ij = # %(X ij ) * uij , and
by functoriality of Connes fusion,

u%
23 ! u%

12 =
(
# %(X 23) ! # %(X 12)

)
* (u23 ! u12).

Therefore,

%%
O = ( u%

13)#' (u%
23 ! u%

12) = u#
13# %(X 13)#'

(
# %(X 23) ! # %(X 12)

)
(u23 ! u12).

Comparing with %O = u#
13' (u23 ! u12), we aim to show

# %(X 13)' = ' (# %(X 23) ! # %(X 12)) (3.2.7)
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By (1.3.10), # %(X ij ) = u%
ij * u#

ij is intertwining along +%j and +%i . By the commutative diagram (1.2.3)
for ' (applied with ! 1 = ! 2 = ! %

1 = ! %
2 = id and & = +%2 ), we therefore obtain

' (# %(X 23) ! # %(X 12)) = # %(X 23)L 2(+%2 )## %(X 12)' = # %(X 23 i (* 2)$ 1X 12)',

where we used (1.3.7) in the second step. The desired identity (3.2.7) now follows from (3.2.6). It
remains to prove that the associativity condition (3.2.5) holds Ð this follow from the associativity of '
and of Connes fusion is carried out as [KW20b, Prop. 5.3.3].

We are now in position to give a complete deÞnition of Stolz-TeichnerÕs stringor bundle as a
2-Hilbert bundle.

DeÞnition 3.2.2. Let M be a spin manifold equipped with a fusive loop-spin structure !L Spin(M ),

and let x & M . The stringor bundle S( !L Spin(M )) of M (relative to the base point x) is the 2-Hilbert
bundle over M with

¥ locally split map ev$ : Px M " M ,

¥ the restriction of the von Neumann algebra bundleA deÞned in (3.2.1) to Px M ' P M ;

¥ the restriction of the bimodule bundle +#SLM deÞned in (3.2.2) to Px M [2] ' P M [2] ;

¥ the restriction of the fusion product % of Theorem3.2.1 to Px M [3] ' P M [3] .

We may sketch this 2-Hilbert bundle as follows:

S( !L Spin(M )) =

*
+++++++++,

+++++++++-

A

""

+#SLM

""

%

Px M

""

Px M [2]##
## Px M [3]

##
##
##

M

.
+++++++++/

+++++++++0

Remark 3.2.3. A somewhat more general construction is carried out in [Lud23, ¤2.5], taking as input
an arbitrary spinor bundle S on the loop spaceLM , deÞned as a certain irreducible left module bundle
for the Cli!ord von Neumann algebra bundle on the loop space (see [Lud23, DeÞnition 1.4] and [Lud]).

Given the input of a loop-spin structure !L Spin(M ), the bundle SLM from (3.2.2) is an example for
such a spinor bundle. We remark that in [Lud23], the map + of (1.3.1) is replaced by an operation"
arising from exchanging the two factors. The use of+ here entails the conjugation byJ present in the
representation #%used in (3.2.2).

In the remainder of this section we compare the stringor bundle deÞned above with [KW20a], which
represents the Ð up to this point Ð most complete construction of the stringor bundle. As mentioned
above, [KW20a] works in a smooth setting of rigged von Neumann algebra bundles and rigged bimodule
bundles, and additionally treats loop spaces and path spaces in the setting of di!eological spaces. More
precisely, [KW20a] provides the following structure:

¥ a rigged von Neumann algebra bundleA rig over the di!eological spacePsi M of paths with sitting
instants in M .

¥ a rigged Hilbert bundle Srig
LM over LM , the smooth spinor bundle on loop space. Its pullback along

the map +si : Psi M [2] " LM is a rigged von Neumann pr#1 A rig -pr#
2 A rig -bimodule bundle.

Ð 22 Ð



¥ a fusion product: a Þbrewise deÞned intertwiner ofA rig
+1

-A rig
+2

-bimodules

%rig
+1 ,+ 2 ,+ 3

: Srig
LM |+1 ) +2 ! Srig

LM |+2 ) +3 " S rig
LM |+1 ) +3

for each (( 1, ( 2, ( 3) & Psi M [3] . Here, the Þbres of the rigged bundlesA rig and Srig
LM are completed

to actual von Neumann algebras and von Neumann bimodules, respectively, and ! is Connes fu-
sion. Moreover, the intertwiners %rig

+1 ,+ 2 ,+ 3
are smooth in a certain sense and satisfy an associativity

condition over Psi M [4] [KW22, Prop. 5.3.3].

As noticed in [KW20a, ¤5.4], above structure is already close to a 2-vector bundle. The onlycaveat
is that in [ KW20a] we have not been able to lift Connes fusion (in the domain of the intertwiners
%rig

+1 ,+ 2 ,+ 3
) to a rigged setting, and thus were not able to claim that these intertwiners yield a smooth

homomorphism between rigged Hilbert bundles.

Comparing this with our present version of the stringor bundle comprises three issues: the Þrst
is to compare the rigged with the continuous setting, the second issue is to compare thedi!eological
with the manifold setting, and the third issue is that (in order to meet the conventions we Þxed
beforehand for 2-vector bundles) the ordering of factors in thefusion product is here opposite to the
one of [KW20a].

Concerning the Þrst issue, we describe in AppendixC a general procedure how to completerigged
von Neumann algebra bundlesD to continuous von Neumann algebra bundlesD%%(Proposition C.8),
and to complete rigged bimodule bundlesE into continuous bimodule bundles 5E (Lemma C.10). Con-
cerning the second issue, we recall that Fr«echet manifolds embedfully faithfully into di!eological
spaces, and we note that we have an inclusioni : Psi M " P M from the di!eological space of paths
with sitting instants as in [ KW20a] to the Fr«echet manifold P M used here.

The rigged von Neumann algebra bundleA rig over Psi M was obtained in [KW20a, ¤5.1] by
pullback along the diagonal map &si : Psi M " LM from a rigged von Neumann algebra bundle
A rig

LM whose deÞnition is recalled in ExampleC.5, i.e., A rig := & #
si A

rig
LM . In Example C.9 we

show that (A rig
LM )%%$= L Spin(M ) # L Spin( d) A as von Neumann algebra bundles overLM . We have

& #(L Spin(M )# L Spin( d) A) = A, the von Neumann algebra bundle deÞned in (3.2.1). Since &* i = & si ,
this shows that we have a canonical isomorphism

(A rig )%%$= i #A (3.2.8)

of continuous von Neumann algebra bundles overPsi M , establishing the claimed relation. We remark
that the elements on both sides can be represented by pairs (*, a) where * & Psi Spin(M ) and a & A,
and that the isomorphism of (3.2.8) is induced by the identity map on these pairs.

The smooth spinor bundle Srig
LM of [KW20a] and the continuous spinor bundle SLM deÞned

in (3.2.2) are related by an isomorphism

"Srig
LM

$= s#SLM (3.2.9)

of Hilbert bundles over LM , described in Example C.3, where s : LM " LM is induced by the
complex conjugation on S1. The elements on both sides can be represented by pairs ($, v) where

$ & !L Spin(M ) and v & L 2(A) and the isomorphism (3.2.9) is induced by the map ($, v) (" (÷s($) , v)

on these pairs, where ÷s lifts s to !L Spin(M ). It remains to compare the bimodule structure, for which
we Þrst have to address the third issue mentioned above. We lets2 : Psi M [2] " Psi M [2] be the swap
map, i.e., s2(* 1, * 2) = ( * 2, * 1). We note that +si * s2 = s*+ si , so that (3.2.9) becomes an isomorphism

+#
si

"Srig
LM

$= s#
2 +#

si SLM (3.2.10)
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of Hilbert bundles over Psi M [2] . By Lemma C.10 the left hand side is a pr#1(A rig )%%-pr#
2(A rig )%%-bimodule

bundle. We note that under the algebra isomorphisms (3.2.8) the right hand side also becomes a
pr#

1(A rig )%%-pr#
2(A rig )%%-bimodule bundle, and we claim that the isomorphism (3.2.10) is indeed an iso-

morphism of bimodule bundles. This is proved by observing that the formulae (3.2.3) for left and right
actions are precisely those for the right and left actions deÞned in [KW20a, Lemma 5.2.1].

Finally, we claim that the fusion products coincide Þbre-wise, i.e., that

%|+3 ,+ 2 ,+ 1 = %rig
+1 ,+ 2 ,+ 3

(3.2.11)

for all ( ( 1, ( 2, ( 3) & Psi M [3] . This follows from the fact that both % and %rig are characterized uniquely
by the same property, see Theorem3.2.1 and [KW20a, Thm. 5.3.1]. We remark that (3.2.11) shows,
in particular, that the Þbrewise deÞned intertwiners %rig

+1 ,+ 2 ,+ 3
form a continuous morphism between

bimodule bundles.

3.3 The stringor bundle is an associated bundle

In this section, we prove the main result of this article:

Theorem 3.3.1. Let M be a spin manifold equipped with a fusive loop-spin structure !L Spin(M ). Let
String (M ) be the corresponding string structure constructed in Section 3.1. Then, there is a canonical
isomorphism

String (M ) # String (d) A $= S( !L Spin(M ))

of 2-Hilbert bundles overM , between the 2-Hilbert bundle associated withString (M ) and the stringor
representation R : String (d) " U (A) and the Stolz-Teichner stringor bundle.

We start by spelling out the details of the associated 2-Hilbert bundleString (M ) # String (d) A
on the basis of Section2.3, but now using the explicit form of the string structure String (M ) from
Section 3.1. This 2-Hilbert bundle consists of the locally split map ev$ : Pöx Spin(M ) " M , and the
trivial von Neumann algebra bundle A = Pöx Spin(M ) # A with typical Þbre A. Over Pöx Spin(M )[2] ,
we have theA-A-bimodule bundle

M odR (P) = ( P # L 2(A)) / String (d)s ,

where P is the principal String (d)s-bundle (3.1.3). Hence the elements ofM odR (P) are represented
by pairs (p, #) & P # L 2(A), subject to the equivalence relation

(p, #) $
(
p á(* %, e, X ), # $R 1(X )

)
(3.3.1)

for any p & P and (* %, e, X ) & String (d)s. The bimodule actions are given by

a " (p, #) $ b= ( p, a " # $ +%(b)) for p = ( ( 1, ( 2, $ , * ). (3.3.2)

Finally, the intertwiner over Pöx Spin(M )[3] is the morphism M odR (µ) deÞned in (2.3.17). The whole
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structure may be sketched as follows:

String (M ) # String (d) A =

*
+++++++++,

+++++++++-

A

""

M odR (P)

""

M odR (µ)

Pöx Spin(M )

""

Pöx Spin(M )[2]##
## Pöx Spin(M )[3]

##
##
##

M

.
+++++++++/

+++++++++0

The isomorphism in Theorem3.3.1is constructed as a reÞnement (see DeÞnition2.2.3) from the as-
sociated 2-Hilbert bundleString (M )# String (d) A to the Stolz-Teichner stringor bundle (see Section3.2),
depicted as follows:

A
#

&&)))))))))))))))))))

""

M odR (P)

""

u

&&)))))))))))))

A

""

+#SLM

""

Pöx Spin(M )
&

)))))))))))))))))

***
**

**
**

**
**

**
**

* Pöx Spin(M )[2]##
##

&[2]

)))))))))))))))

Px M

++++
++

++
++

Px M [2]##
##

M

The Þrst ingredient is the Òfoot pointÓ projection

- : Pöx Spin(M ) " Px M, - (( )( t) := r (( (t)),

wherer : Spin(M ) " M is the bundle projection, going between the domains of the locally splitmaps
of the two 2-Hilbert bundles. The map - is covered by the map

& : A " A , ((, a ) (" [(, a ], (3.3.3)

which yields an isomorphism& : A " - #A of von Neumann algebra bundles overPöx Spin(M ).

The second ingredient is the map

u : M odR (P) " S LM , [( 1, ( 2, $ , *, #] (" [$ , L 2(+%)##],

where+% & Aut( A) is the automorphism obtained from the map+ in (1.3.4) and L 2(+%) is its canonical
implementation (1.1.8).

Lemma 3.3.2. The map u induces a well-deÞned morphismu : M odR (P) " (- [2] )# +# SLM of
bimodule bundles overPöx Spin(M )[2] , intertwining along pr#

2& and pr#
1&.

Proof. To show well-deÞnedness, we need to show thatu is compatible with the equivalence rela-
tion ( 3.3.1), using the principal String (d)s-action on P given in (3.1.6). Here, for p = ( ( 1, ( 2, $ , * ) & P
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and (* %, e, X ) & String (d)s, we calculate

u
(1

p á(* %, e, X ), # $#( X )
2)

= u
(
[( 1, ( 2* $ 1* %$1*, $ ái (* $ 1) áX ái (* %$1* ), * %$1*, # $ #( X )]

)
(Action ( 3.1.6))

=
1
$ ái (* )$ 1 áX ái (* %$1* ), L 2(+%!% 1 %)#(# $#( X ))

2
(DeÞnition of u)

=
1
$ , # %( i (* )$ 1 áX ái (* %$1* )

)
L 2(+%!% 1 %)#(# $#( X ))

2
(Def. of SLM , (3.2.2))

=
1
$ , J #

(
i (* )$ 1 áX ái (* %$1* )

)
JL 2(+%!% 1 %)#(# $#( X ))

2
(Def. of # %, (1.3.9))

=
1
$ , J #

(
i (* )$ 1 áX ái (* %$1* )

)
L 2(+%!% 1 %)#J (# $#( X ))

2
(J and L 2(+%) commute)

=
1
$ , JL 2(+%)##( X )J (# $#( X ))

2
(Relation (1.3.7))

=
1
$ , JL 2(+%)##( X )JJ #( X )#J#

2
(Right action, ( 1.1.4))

= [$ , L 2(+%)##
2

(J and L 2(+%) commute)

= u
(
[p, #]

)
(DeÞnition of u)

Now, u is the quotient map of the continuous map

P # L 2(A) " !L Spin(M ) # L 2(A), (( 1, ( 2, $ , *, #) (" ($ , L 2(+%)##), (3.3.4)

and hence is continuous. It is also Þbre-preserving, as

- [2] (pr P (( 1, ( 2, $ , * )) = - [2] (( 1, ( 2* $ 1) = ( - (( 1), - (( 2* $ 1)) = ( - (( 1), - (( 2)) = pr SLM
($ , L 2(+%)##),

where prP is the projection (3.1.4) of the principal bundle P, and prSLM
is the projection of the spinor

bundle on loop space. To verify the intertwining property, we calculate

u
(
(( 2* $ 1, a) " (( 1, ( 2, $ , *, #) $ (( 1, b)

)

= u
(
( 1, ( 2, $ , *, a " # $ +%(b)

)
(Actions (3.3.2))

=
1
$ , L 2(+%)#(a " # $ +%(b))

2
(DeÞnition of u)

=
1
$ , +%% 1 (a) " L 2(+%)## $ b

2
(L 2(+%) intertwines along +%)

= [ ( 2, +%% 1 (a)] " [$ , L 2(+%)##] $ [( 1, b]) (Actions on SLM , (3.2.3))

= [ ( 2* $ 1, a] " [$ , L 2(+%)##] $ [( 1, b]) (DeÞnition of A , (3.2.1))

= &(( 2* $ 1, a) " u (( 1, ( 2, $ , *, #) $ &(( 1, b), (DeÞnitions of u and &)

which is the desired identity.

So far, we have shown thatu is an intertwiner of bimodule bundles, and thus provided the structure
of a reÞnement between 2-Hilbert bundles, see DeÞnition2.2.3. It remains to check the compatibility
with the intertwiners on triple Þbre products, see (2.2.1).

Proposition 3.3.3. The following diagram overPöx Spin(M )[3] is commutative:

pr#
23M odR (P) ! pr#

12M odR (P)

pr "
23 u ! pr "

12 u
""

M odR (µ ) !!pr#
13M odR (P)

pr "
13 u

""
(- [3] )#(pr #

23 +# SLM ! pr#
12 +# SLM )

(&[3] ) " !
!!(- [3] )#pr#

13 +# SLM

(3.3.5)
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Proof. We will check the commutativity of diagram ( 3.3.5) Þbrewise in the Þbre over a point
( ö( 1, ö( 2, ö( 3) & Pöx Spin(M )[3] (recall that the Þbre product is taken along the end-point evaluation
to M , so that the end points of the paths ö( i do not necessarily coincide but lie in the same Þbre of
Spin(M )). Write ( i := - ( ö( i ) & Px M for their foot point curves. We make the following choices:

¥ Let ( ö( %
1, ö( %

2, ö( %
3) & Pöx Spin(M ) # Spin( M ) Pöx Spin(M ) # Spin( M ) Pöx Spin(M ) be other lifts of ( i . That

is, - ( ö( %
i ) = ( i , and now the paths ö( %

1, ö( %
2, ö( %

3 have common start and end point in Spin(M ), and
the common start point of the ö( %

i is öx. Hence there exist paths* i & Pe Spin(d) such that

ö( %
i = ö( i * i i = 1 , 2, 3.

¥ Let moreover $12, $ 23 & !L Spin(M ) be lifts of ö( %
1 + ö( %

2 and ö( %
2 + ö( %

3, respectively, and set
$ 13 = 0($ 23 . $ 12), which lifts ö( %

1 + ö( %
3.

We obtain corresponding%-isomorphisms/ i : A +i " A, [ ö( %
i , a] (" a, and unitary intertwiners

uij : (SLM )+i ) +j " L 2(A), [$ ij , #] (" #,

along / j and / i , respectively. On the other side, setting* ij = * j * $ 1
i , we consider the elements

pij := ( ö( %
i *

$ 1
i , ö( %

j * $ 1
i , $ ij ái (* i )$ 1, * j * $ 1

i ) = ( ö( i , ö( j * ij , $ ij ái (* i )$ 1, * ij )

of P over (ö( %
i *

$ 1
i , ö( %

j * $ 1
i * $ 1

ij ) = ( ö( i , ö( j ). By ( 2.3.5) these deÞne unitary intertwiners

. pij : M odR (P) ö+i ) ö+j
" L 2(A), $ ij

, [pij , #] (" #.

These make the diagram

M odR (P) ö+i ) ö+j

( p ij !!

u ö%i , ö%j

""

L 2(A), $ ij

(SLM )+i ) +j u ij
!!L 2(A)

L 2 ( , $ j )

,,
(3.3.6)

commute as follows from the calculation

(uij * u)([pij , #]) = ( uij * u)
(1ö( i , ö( j * ij , $ ij ái (* i )$ 1, * ij , #

2)

= uij
(1

$ ij ái (* i )$ 1, L 2(+%ij )##
2)

= uij
(1

$ ij , L 2(+%i )
#L 2(+%ij )##

2)

= uij
(1

$ ij , L 2(+%j )##
2)

= L 2(+%j )##

= L 2(+%j )#. pij ([pij , #]).
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Now we consider the diagram

M odR (P) ö+2 ) ö+3
! M odR (P) ö+1 ) ö+2

( p 23 ! ( p 12 --,,,,,,,,,,,,,,,,,,
!!

u ö%2 ö%3
! u ö%1 ö%2

""

M odR (Pö+2 ) ö+3
. Pö+1 ) ö+2

)

( p 23 $ p 12 ))-------------

M odR (µ ) !!M odR (P) ö+1 ) ö+3

( p 13... . .
. . .

. . .
. .

u ö%1 ö%3

""

L 2(A), $ 23
! L 2(A), $ 12 " & $ 23

!!L 2(A), $ 13

L 2(A) ! L 2(A)

L 2 ( , $ 3 ) ! L 2 ( , $ 2 )

,,

"
!!L 2(A)

L 2 ( , $ 3 )

,,

(SLM )+2 ) +3 ! (SLM )+1 ) +2

u23 ! u12

//////////////////////

! %1 %2 %3

!!(SLM )+1 ) +3 .

u13

0000000000000

The four-sided diagram at the bottom commutes by deÞnition. The central square is a special case
of the commutative diagram (1.2.3). The four-sided diagrams on the right and on the left are copies
of (3.3.6); for commutativity of the left one, we also use functoriality of Connes fusion. The top
left diagram is a copy of the diagram (2.3.11), which is commutative by monoidality of M odR . The
triangle on the top right is a copy of the commutative diagram (2.3.9). Hence the whole diagram is
commutative; this shows the claim.

A 2-group bundles and non-abelian bundle gerbes

If G is a topological group, we denote byG-Bdl the stack of principal G-bundles over the siteTop
of topological spaces. The Grothendieck topology onTop is the one generated by locally split maps,
i.e., by maps ) : Y " X such that each x & X has an open neighborhoodU ' X with a section
U " Y . This Grothendieck topology coincides with the one generated by open covers. We recall that
a continuous group homomorphismf : G " H induces a morphism

f # : G-Bdl " H -Bdl (A.1)

of stacks, called bundle extension. In short, f #(P) := ( P # H )/G , where G acts on P # H by
(p, h) ág := ( pg, f (g)$ 1h).

Next we upgrade from principal bundles for ordinary groups to principal bundles for 2-groups.
We emphasize that these arenot categoriÞed principal bundles, instead, they are ordinary bundlesfor
categoriÞed groups.

DeÞnition A.1. Let G be a topological strict 2-group, and letGs := ker( s) ' G be the subgroup that
belongs to the crossed module ofG. A principal G-bundle over a topological spaceX is a principal
Gs-bundle P over X together with a Gs-anti-equivariant continuous map , : P " G 0 called anchor. A
morphism between principal G-bundles is a principal bundle morphism that preserves the anchors.

The anti-equivariance of the anchor means that

, (ph) = t(h)$ 1, (p) (A.2)

holds for all p & P and h & Gs. The main point of principal G-bundles is that their category G-Bdl(X )
is monoidal, in contrast to the category Gs-Bdl(X ) of ordinary principal Gs-bundles. We recall this
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now. If P1 and P2 are principal G-bundles overX with anchors , 1 and , 2, respectively, then the Þbre
product P1 # X P2 carries a left Gs-action deÞned by

h á(p1, p2) := ( p1 áh$ 1, p2 á%(, 1(p1)$ 1, h))), (A.3)

where %is the action of g & G0 on Gs in the crossed module ofG, i.e., it is conjugation by i (g). We
deÞneP1 . P2 as the quotient by this action and denote the equivalence classes byp1 . p2. The quotient
P1 . P2 comes equipped with the rightGs-action (p1 . p2) áh := p1h . p2, the obvious projection map
P1 . P2 " X , and the anchor

, 1 . , 2 : p1 . p2 (" , 1(p1), 2(p2). (A.4)

That this construction result in a principal G-bundle is shown in [NW13a, ¤2.4].

It is clear that one can pull back principal G-bundles along continuous maps, and that the tensor
product is compatible with such pullbacks. It is then straightforwar d to show that principal G-bundles
form a monoidal stack G-Bdl over the site Top (w.r.t. to open covers).

SupposeF : G " H is a continuous homomorphism of topological strict 2-groups. Letf : Gs " H s

be the restriction, which is a continuous group homomorphism. Usingbundle extension (A.1) a princi-
pal G-bundle P with anchor , becomes a principalH -bundle f #(P) with anchor [p, h] (" t(h)$ 1F (, (p)).
This deÞnes a morphism of stacks

F# : G-Bdl " H -Bdl. (A.5)

Lemma A.2. The bundle extensionF# : G-Bdl " H -Bdl is a monoidal functor.

Proof. We provide a bundle morphism/ P1 ,P2 : F#(P1) . F#(P2) " F#(P1 . P2). Let us Þrst describe
both sides. An element inF#(P1) . F#(P2) is represented by an element ((p1, h1), (p2, h2)). An element
in F#(P1 . P2) is represented by a pair (p1, p2), h). We deÞne/ P1 ,P2 by

/ P1 ,P2 ((p1, h1), (p2, h2)) := (( p1, p2), %(F (, 1(p1)) , h2)h1).

It is straightforward to show that this preserves anchors and the H s-action, and a bit tedious but
still straightforward to prove that / P1 ,P2 is well-deÞned under the two layers of equivalence relations
present onF#(P1) . F#(P2).

The monoidal structure of 2-group bundles is the key ingredient for the deÞnition of non-abelian
gerbes. The following deÞnition is [NW13a, ¤5].

DeÞnition A.3. Let X be a topological space, and letG be a topological strict 2-group. A G-bundle
gerbeQ over X consists of the following structure:

1. a topological spaceY together with a locally split map ) : Y " X .

2. a principal G-bundle P over the double Þbre productY [2] , in the sense of DeÞnitionA.1.

3. a bundle morphismµ : pr#
23 P . pr#

12 P " pr#
13 P over Y [3] , called the bundle gerbe productof G.

It is required that the usual associativity condition for bundle gerbe products overY [4] is satisÞed.

Lemma A.2 implies the following.

Corollary A.4. SupposeF : G " H is a continuous homomorphism between topological strict 2-
groups, and Q = ( Y, ), P, µ ) is a G-bundle gerbe overX . Then, F#(Q) := ( Y, ), F #(P), F#(µ)) is a
H-bundle gerbe overX .

Ð 29 Ð



Remark A.5. One may adapt Nikolaus-SchweigertÕs plus construction [NS11] to topological spaces.
This exhibits above deÞnition of a bundle gerbe as the objects of a bicategory

GrbG(X ) = B(G-Bdl)+ (X ),

whereBC denotes Ð whenC is a monoidal category Ð the corresponding bicategory with a single object.

B Four equivalent versions of string structures

In the di!erential-geometric setting of the present article, there are four equivalent versions of the
notion of a string structure on a spin manifold M :

(1) A trivialization of the Chern-Simons 2-gerbe over M , see [Wal13].

(2) A thin fusive loop-spin structure, see [Wal16].

(3) A lift of the spin frame bundle Spin( M ) of M to a principal String (d)-2-bundle.

(4) A lift of the spin frame bundle Spin( M ) of M to a String (d)-bundle gerbe, see [Ste06, Jur11].

Versions (3) and (4) involve models of the string 2-group.

The equivalence between versions (1) and (4) has been establishedin [NW13b, Theorem 7.9].
The equivalence between (1) and (2) has been established in [Wal15, Theorem A]. The equivalence
between (3) and (4) comes from the general equivalence betweenprincipal 2-bundles and bundle gerbes
[NW13a, Section 7.1]. In this section we work out explicitly the passage from version (2) to version
(4), which is induced by the above mentioned equivalences. We need this explicit description because
the stringor bundle of Stolz-Teichner (see Section3.2) is deÞned using version (2) while the associated
2-Hilbert bundle (see Section3.1) is deÞned using version (4).

We suppose that we have a string structure in version (2), i.e., a fusive loop-spin structure on
the spin manifold M , as deÞned in [Wal16, DeÞnition 3.6] and recalled above in DeÞnition3.1.1. The
passage to version (4) most naturally factors through version (3), so we shall Þrst recall that setting.

Let String (d) be the smooth string 2-group of Section1.3. A principal String (d)-2-bundle over
M consists of a (Fr«echet) Lie groupoidP, a smooth functor ) : P " M dis that is a submersion on
the level of objects, and a smooth right actionR : P # S tring (d) " P that preserves) , such that the
smooth functor

(pr P , R) : P # S tring (d) " P # M P

is a weak equivalence, see [NW13a, Def. 6.1.1]. Here, by smooth right action we mean a smooth
functor that strictly satisÞes the axioms of a right action, and by weak equivalence we mean a smooth
functor that is invertible by a smooth anafunctor, or bibundle. Now we are in position to explain
version (3) of a string structure on M .

DeÞnition B.1. A lift of the spin frame bundle Spin(M ) of M to String (d) is a principal String (d)-
2-bundle P over M together with a smooth functor P " Spin(M )dis that respects the projections to
M dis and is strictly equivariant along the projection String (d) " Spin(d)dis .

Next we explain how to construct a lift of Spin(M ) to String (d) from a fusive loop-spin structure.
This construction is new and in fact simple and straightforward. We start with the total space, the Lie
groupoid P. We need to choose a base pointx & M and a lift öx & Spin(M ). We assume throughout
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that M is connected; otherwise, our procedure can be applied to each connected component separately.

¥ The Fr«echet manifold of objects ofP is P0 := Pöx Spin(M ), the paths in Spin(M ) that start at öx
and are ßat at the endpoints.

¥ The Fr«echet manifold of morphisms ofP is

P1 := Pöx Spin(M )[2] # L Spin( M )
!L Spin(M ).

Here, the Þbre productPöx Spin(M )[2] is the Þbre product over Spin(M ), and so contains pairs of
paths in Spin(M ) with starting point öx and the same end point, and the map toL Spin(M ) is the
map + deÞned in (1.3.1). In total, P1 consists of elements (( 1, ( 2, $), where ( 1, ( 2 & Pöx Spin(M ),

( 1() ) = ( 2() ) and $ is a lift of ( 1 + ( 2 & L Spin(M ) to !L Spin(M ).

¥ Source and target maps ares(( 1, ( 2, $) := ( 2 and t(( 1, ( 2, $) := ( 1.

¥ Composition is the fusion product 0, see DeÞnition3.1.1. More precisely,

(( 3, ( 2, $ 23) * (( 2, ( 1, $ 12) := ( ( 3, ( 1, 0($ 12 . $ 23)).

¥ Identity morphisms are induced from the fusion product 0: id+ is the unique element such that
0+,+,+ (id+ . id+ ) = id + ; see [Wal17, Prop. 3.1.1].

The bundle projection is given by P0 " M : ( (" 1 (( () )) where 1 : Spin(M ) " M is the bundle
projection. This is a surjective submersion and extends to a smooth functor P " M dis . Next, we
deÞne the principal actionR : P # S tring (d) " P . On the level of objects, we put

R0((, * ) := (*.

This uses pointwise the action of Spin(d) on Spin(M ), keeping in mind the fact that the objects of P
are paths in Spin(M ) starting at öx, while the objects ofString (d) are paths in Spin(d), starting at the
neutral element. On the level of morphisms, we put

R1(( ( 1, ( 2, $) , (* 1, * 2, X )) := ( ( 1* 1, ( 2* 2, $ X ), (B.1)

using the principal action of !L Spin(d) on !L Spin(M ). This clearly preserves source and target, and
it respects the composition precisely due to (3.1.2). Thus, we have deÞned a smooth functor, which
obviously preserves the bundle projection and is a strict right action. It remains to check the following.

Lemma B.2. The functor ÷R := (pr P , R) : P # S tring (d) " P # M P is a weak equivalence.

Proof. A well-known criterion to check for a weak equivalence is to check that the functor is smoothly
essentially surjectiveand smoothly fully faithful . The Þrst means that the map

(s # s) * pr2 : (P0 # S tring (d)0) #÷R 0 t * t (P1 # M P1) " P 0 # M P0

must be a surjective submersion. We shall see that it is surjective inthe Þrst place, which means
precisely that ÷R is essentially surjective in the classical sense. Given (( 1, ( 2) & P0 # M P0, i.e.,
1 (( 1() )) = 1 (( 2() )), we let g & Spin(d) be the unique element such that( 1() )g = ( 2() ). Since
Spin(d) is connected, there exists* & Pe Spin(d) with * () ) = g. Thus, ( 1* and ( 2 have the same
initial point and the same end point, and hence yield a loop( 1* + ( 2 & L Spin(M ). This loop admits

a lift $ & !L Spin(M ), i.e., a morphism in P from ( 2 to ( 1* . We see that

(( ( 1, * ), (id +1 , $)) & (P0 # S tring (d)0) #÷R t * t (P1 # M P1)
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is a well-deÞned preimage of (( 1, ( 2). It is clear that the choices of * and $ can be attained in a locally
smooth way, which then shows that ÷R is evensmoothly essentially surjective.

That ÷R is smoothly fully faithful means that the diagram

P1 # S tring (d)1

(s* s,t * t )

""

÷R 1 !!P1 # M P1

(s* s,t * t )

""
(P0 # S tring (d)0) # (P0 # S tring (d)0)

÷R 0 * ÷R 0

!!(P0 # M P0) # (P0 # M P0)

is a pullback diagram. In order to prove this, let us assume that we have a cone, i.e., a Fr«echet manifold
N with smooth maps f , g such that the diagram

N

g

""

f !!P1 # M P1

(s* s,t * t )
""

(P0 # S tring (d)0) # (P0 # S tring (d)0)
÷R 0 * ÷R 0

!!(P0 # M P0) # (P0 # M P0)

is commutative. We write g = ( ( 2, * 2, ( 1, * 1) and f = ($ 1, $ 2). Commutativity then means that
for all x & N , $ 1(x) is a morphism from ( 2(x) to ( 1(x) and $ 2(x) is a morphism from (( 2* 2)(x)
to (( 1* 1)(x). In other words, $ 1(x) projects to ( 1(x) + ( 2(x) & L Spin(M ), and $ 2(x) projects
to (( 1* 1)(x) + (( 2* 2)(x) & L Spin(M ). Since both loops in L Spin(M ) project to the same loop in

LM , and !L Spin(M ) is a principal !L Spin(d)-bundle over LM , there exists a unique smooth map

X : N " !L Spin(d) such that X (x) projects to * 1(x) + * 2(x) & L Spin(d) and $ 2(x) = $ 1(x)X (x).
This gives a smooth map

N " P 1 # S tring (d)1 : x (" ($ 1(x), X (x)).

It is easy to see that it is the unique map rendering the required diagrams commutative.

Now we have constructed a principalString (d)-2-bundle P over M . In order to have a string
structure as in DeÞnition B.1, we have to show that it lifts Spin(M ). For this purpose, we consider
the functor

P : P " Spin(M )dis

given by ( (" ( () ) on the level of objects. Since morphisms inP between ( 1 and ( 2 exist only if
( 1() ) = ( 2() ), this extends to a functor to Spin(M )dis . The projection to the base M is clearly
preserved. We recall that the projection String (d) " Spin(d)dis is given by * (" * () ) on the level of
objects. Thus, we see thatP is strictly equivariant under this projection. Summarizing, we have the
following result.

Proposition B.3. Given a fusive loop-spin structure onLM , the Fr«echet Lie groupoid P together
with the action R is a principal String (d)-2-bundle overM , and it lifts the structure group of Spin(M )
from Spin(d) to String (d).

Next we pass from version (3) to version (4), using the functor constructed in Section 7.1 of
[NW13a]. We obtain from P the following String (d)-bundle gerbeString (M ) (in the sense of DeÞni-
tion A.3):

¥ Its surjective submersion isY := P0 = Pöx Spin(M ) " M , ( (" 1 (( (1)).
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¥ Over the double Þbre productY # M Y it has the following String (d)-principal bundle (in the sense
of DeÞnition A.1):

Ð Its total space is
P := P1 # Pe Spin(d), (B.2)

and so the elements are quadruples (( 1, ( 2, $ , * ), where ( 1, ( 2 & Pöx Spin(M ) with

( 1() ) = ( 2() ), $ is a lift of ( 1 + ( 2 & L Spin(M ) to !L Spin(M ) and * & Pe Spin(d).

Ð The bundle projection is
(( 1, ( 2, $ , * ) (" (( 1, ( 2* $ 1). (B.3)

Ð The anchor map , : P " S tring (d)0 is

(( 1, ( 2, $ , * ) (" *. (B.4)

Ð the principal String (d)s-action is

(( 1, ( 2, $ , * ) á(* %, e, X ) := ( ( 1, ( 2* $ 1* %$1*, $ ái (* $ 1) áX ái (* %$1* ), * %$1* ). (B.5)

This requires some explanation, because [NW13a] does not use principalG-bundles as in
DeÞnition A.1 but an equivalent formulation whose total space does not carry anaction of
the group Gs but rather an action of the groupoid G, see [NW13a, Def. 2.2.1]. This G-action
is given by [NW13a, Eq. 7.1.1], namely,

(( 1, ( 2, $ , * ) * (*, * %, X ) := ( ( 1, ( 2* $ 1* %, $ áid%% 1 áX, * %). (B.6)

The equivalence between the two notions of principalG-bundles is described in [NW13a,
Lemma 2.2.9]. Under this equivalence, aG-action is transformed into a Gs-action via the
formula

p áh := p * (h, t (h)$ 1, (p)).

Here, h & Gs and (h, t (h$ 1), (p)) & Gs # - G $= G1. Under the latter canonical di!eomorphism,
see, e.g. [LW , ¤3],

(h, t (h)$ 1, (p)) (" hi (t(h)$ 1, (p)) & G1.

In the present situation, we get for p = ( ( 1, ( 2, $ , * ) and h = ( * %, 1, X )

((* %, 1, X ), t(* %$1, 1, X $ 1)* ) (" (* %, 1, X ) áid%!% 1 % = ( *, * %$1*, X áid%!% 1 %).

Letting this act according to ( B.6), we get the claimed expression (B.5).

¥ On the triple Þbre product Y # M Y # M Y, it has the following bundle morphism

µString (M ) : pr#
23 P . pr#

12 P " pr#
13 P. (B.7)

As recalled in Appendix A, elements in the tensor product pr#23 P . pr#
12 P are represented by pairs

(( %
2, ( 3, $ 23, * 23) . (( 1, ( 2, $ 12, * 12) & P # P (B.8)

such that ( %
2 = ( 2* $ 1

12 ; such a pair projects then to (( 1, ( 2* $ 1
12 , ( 3* $ 1

23 ) & Y [3] . The anchor map
sends above element to* 23* 12, and the principal Gs-action is the one on the Þrst factor. The
bundle gerbe product (B.7) is then given by (see [NW13b, Eq. (7.1.6)])

µString (M ) (( ( %
2, ( 3, $ 23, * 23), (( 1, ( 2, $ 12, * 12)) = ( ( 1, ( 3* 12, 0($ 23 áid%12 . $ 12), * 23* 12). (B.9)
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In the remainder of this section we will prove that the procedure introduced above to get from
Version (2) to Version (4) establishes the equivalence. We considerthe following diagram

Version (1) T !!Version (2)

H
""

Version (4)

L

,,

Version (3)
¬A

##

(B.10)

The map T takes a trivialization of the Chern-Simons 2-gerbe and transgresses it to a trivialization of
the spin lifting gerbe on LM , which in turn can be translated into a loop-spin structure [Wal16, Wal15].
The map L regards the Chern-Simons 2-gerbe as the lifting 2-gerbe for liftingthe structure group of
Spin(M ) to String (d) [NW13b], and regards aG-bundle gerbe as a solution to this lifting problem.
The mapsT and L are bijections (on a level of equivalence classes). The mapH is the one constructed
above, and the map ¬A is the canonical equivalence between principalG-bundles andG-bundle gerbes.

Proposition B.4. Diagram (B.10) is commutative.

Proof. We show that T $ 1 = L * ¬A * H . To this end, we consider a fusive loop-spin structure!L Spin(M )
and show that the two trivializations of the Chern-Simons gerbe obtained by T $ 1 and L * ¬A * H are
equivalent. We will use the fact that two trivializations of the Chern- Simons 2-gerbe are equivalent
if and only if the corresponding string classes coincide, i.e., the 3-classes of the bundle gerbes over
Spin(M ), see [Wal15, Thm. 5.3.1].

Under the map T $ 1, the string class is represented by the regression of the fusive principal U(1)-
bundle that underlies the given fusive loop-spin structure, see [Wal16, Cor. 4.4.8]; namely, the bundle
!L Spin(M ) " L Spin(M ) and its fusion product 0. Thus, the regression (w.r.t. the already Þxed point
öx) is the following bundle gerbe over Spin(M ):

¥ the surjective submersion is the end point evaluationY = Pöx Spin(M ) " Spin(M ).

¥ the principal U(1)-bundle over Y [2] is +# !L Spin(M ).

¥ the bundle gerbe product is0.

By construction, this bundle gerbe represents the string class.

Now we look at the map L * ¬A * H . According to the description of the map L in [NW13b] we
have to consider theString (d)-bundle gerbe String (M ) = ¬A(P) associated the principal String (d)-
2-bundle P, take its pullback along 1 : Spin(M ) " M , and then identify 1 #String (M ) with a
String (d)-bundle gerbe of the formi #(String (M )), where Q is a U(1)-bundle gerbe over Spin(M ) and
i : BU(1) " S tring (d) is the central inclusion. Then, Q represents the string class. The commutative
diagram

Pöx Spin(M )

""

Pöx Spin(M )

""
Spin(M ) .

!!M

shows that 1 #Q has the surjective submersionPöx Spin(M ) " Spin(M ). On double Þbre product (over
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Spin(M )), we have a commutative diagram

P1
# !!

""

P

""
Pöx Spin(M ) # Spin( M ) Pöx Spin(M ) !!Pöx Spin(M ) # M Pöx Spin(M )

where the left vertical map is (( 1, ( 2, $) (" (( 1, ( 2), the right vertical map is the bundle projec-
tion ( 3.1.4) and the map & is (( 1, ( 2, $) (" (( 1, ( 2, $ , e), with e the constant path at e & Spin(d). The
map left vertical map is a principal U(1)-bundle, and & is equivariant along BU(1) " S tring (d), as

&((( 1, ( 2, $) áz) = &(( 1, ( 2, $ z)

= ( ( 1, ( 2, $ z, ce)

= ( ( 1, ( 2, $ , ce) * (ce, ce, z)

= &(( 1, ( 2, $) * (ce, ce, z),

with the principal action deÞned in (B.6). This shows that & is an isomorphism

i #(P1) $= P|Y [2] .

Finally, restricting the bundle gerbe product (B.9) along &, we recover0. Summarizing, the U(1)-
bundle gerbeQ we are looking for is precisely the one we got underT $ 1.

C From rigged bundles to continuous bundles

In this section we recall the notions of rigged Hilbert spaces and rigged von Neumann algebras, and
the corresponding notions of locally trivial bundles, as set up in [KW20b, KW20a]. Then, we explain
how to pass from this rigged setting to the continuous setting considered in Section2.

A rigged Hilbert spaceis a Fr«echet spaceE equipped with a continuous (sesquilinear) inner product;
we denote by öE its Hilbert completion. A rigged C#-algebra is a Fr«echet algebraD , equipped with
a continuous norm and a continuous complex anti-linear involutive anti-automorphism, such that its
norm completion öD is a C#-algebra. A rigged D-module is a rigged Hilbert spaceE together with a
representation ofD on E whose action mapD # E " E is smooth, and the following conditions hold
for all a & D, and all v, w & E

/ a " #/ # / a// #/ , and 0a " #, 21= 0#, a# " 21. (C.1)

The conditions in (C.1) guarantee that the action induces a %-homomorphism öD " B ( öE), i.e., a
representation of the C#-algebra öD on the Hilbert space öE, see [KW20b, Rem. 2.2.11].

DeÞnition C.1. A rigged von Neumann algebrais a pair (D, E ) consisting of a rigged C#-algebra D
and a riggedD-module E , with the property that the representation öD " B ( öE) is faithful.

From a rigged von Neumann algebra (D, E ) we obtain an ordinary von Neumann algebra
D %%' B ( öE), see [KW20a, Remark 2.1.7]. In particular, we consider later the topological group
I ( öE) ' B ( öE) deÞned in (1.1.2).

Ð 35 Ð



Example C.2. Let A be the hyperÞnite type III1 factor. In [KW20a, ¤3.2] we constructed a Fr«echet
subalgebraArig ' A and a Fr«echet subspaceL 2(A)rig ' L 2(A) such that L 2(A)rig is a rigged Arig -
module, and (Arig , L 2(A)rig ) is a rigged von Neumann algebra, with completions

6Arig = A , $L 2(A)rig = L 2(A) (C.2)

We remark that the group homomorphism + : P Spin(d) " Aut( A) from (1.3.4) extends to a group
homomorphism +%: L Spin(d) " Aut( A) along the doubling map & : P Spin(d) " L Spin(d), deÞned
by

+%(* )a = tAut( A ) (#(÷* ))( a),

where ÷* is any lift of * to the central extension and # is the group homomorphism from (1.3.5). The
action + of P Spin(d) as well as the extension+%of L Spin(d) on A restrict to smooth actions on Arig ,

while the action # of !L Spin(d) on N (A) from (1.3.5) restricts to a smooth action on L 2(A)rig [KW20a,
Prop. 3.2.2].

We continue with recalling the notion of rigged bundles on the basis of Section 2 of [KW20b].
Let E be a rigged Hilbert space. Arigged Hilbert bundle over a Fr«echet manifold M with typical
Þbre E is a Fr«echet vector bundle E over M with typical Þbre E, equipped with Þbrewise inner
products such that local trivializations can be chosen to be Þbrewise isometric. A unitary morphism
of rigged Hilbert bundlesis an isomorphism of Fr«echet vector bundles. The Þbrewise completion öE of
E is a locally trivial continuous Hilbert bundle over M with typical Þbre öE [KW20b, Lem. 2.1.13].
Likewise, a unitary morphism of rigged Hilbert bundles extends uniquely to a unitary Hilbert bundle
isomorphism.

Example C.3. Let M be a spin manifold, and let Spin(M ) be its spin structure, a Spin(d)-principal

bundle over M . Let further !L Spin(M ) be a spin structure on LM , i.e., a lift of the structure group
of L Spin(M ) along the basic central extension ofL Spin(d), see Section1.3. Then, continuing Exam-
ple C.2, the associated vector bundle

Srig
LM := !L Spin(M ) # !L Spin( d)

L 2(A)rig

is a rigged Hilbert bundle overLM with typical Þbre L 2(A)rig , the smooth spinor bundle on loop space;
see [KW20a, Lemma 2.2.2 & Def. 4.1.4]. Due to (C.2), the Þbrewise completion ofSrig

LM becomes the
Hilbert bundle

"Srig
LM = !L Spin(M ) # !L Spin( d)

L 2(A).

In order to compare this with the continuous spinor bundle SLM from (3.2.2) we have to consider the
di!erence between the representations # (used forSrig

LM ) and # %(used for SLM ). Let s : LM " LM
be the map induced by complex conjugation (t (" 2) , t) on S1. We claim that s lifts to an in-

volution ÷s of !L Spin(M ) in such a way that ÷s($ áX ) = ÷s($) á÷3(X ), where ÷3 is a similar lift of

complex conjugation to !L Spin(d). The lifts ÷s and ÷3 can be induced from the fusion products0
and µ, respectively, see Section3.1. The representation # is compatible with the lift ÷3 in the sense
that # %(X ) = J #( X )J = #(÷3(X )); see [KW22, Prop. 4.9 & 4.11]. Using this, one can check that
[$ , #] (" [÷s($) , #] establishes an isomorphism

"Srig
LM = s#SLM

of continuous Hilbert bundles overLM .
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Similarly, we deÞne rigged C#-algebra bundles. If D is a rigged C#-algebra, then a rigged C#-
algebra bundleover M with typical Þbre D is a Fr«echet vector bundleD where each Þbre is equipped
with a norm and the structure of a %-algebra, such that local trivializations can be chosen to be
Þbrewise isometric%-isomorphisms. A morphism of rigged C#-algebra bundlesover M is a morphism
of Fr«echet vector bundles that is Þbrewise a morphism of%-algebras and locally bounded with respect
to the norms. The Þbrewise norm completion gives a locally trivial continuous bundle of C#-algebras
with typical Þbre öD, and strongly continuous transition functions [KW20b, Lem. 2.2.6]. Likewise,
any morphism of rigged C#-algebra bundles extends uniquely to a morphism of continuous bundles of
C#-algebras.

Let D be a rigged C#-algebra and E be a riggedD-module, and let D be a rigged C#-algebra
bundle over M with typical Þbre D . A rigged D-module bundle with typical ÞbreE is a rigged Hilbert
bundle E with typical Þbre E, together with, for each x & X , the structure of a rigged Dx -module on
Ex , such that around every point in M there exist local trivializations , of D and u of E that Þbrewise
intertwine the actions, i.e., we haveux (a " #) = , x (a) " u x (#) for all x & M over which , and u are
deÞned, and alla & Dx and v & Ex . A pair ( ,, u ) of local trivializations with this property is called
local module trivialization . A unitary intertwiner between a riggedD1-module bundleE1 and a rigged
D2-module bundle E2 is a pair (&, U) consisting of a morphism & : D1 " D 2 of rigged C#-algebra
bundles and a unitary morphism U of rigged Hilbert bundles, such that &x is an intertwiner along Ux

for eachx & M [KW20a, Def. 2.2.6].

DeÞnition C.4. [KW20a, DeÞnition 2.9.9] Let (D, E ) be a rigged von Neumann algebra. Arigged
von Neumann algebra bundleover M with typical Þbre ( D, E ) is a pair (D, E), where D is a rigged
C#-algebra bundle overM and E is a riggedD-module bundle with typical Þbre E.

There is also a corresponding notion of morphisms between rigged von Neumann algebra bundles,
called spatial morphisms, which is just a unitary intertwiner between the rigged module bundles.

Example C.5. We consider the smooth action+%: L Spin(d) # Arig " Arig recalled in Example C.2.
Within the theory of rigged bundles, we form the associated rigged C#-algebra bundle

D := L Spin(M ) # L Spin( d) Arig (C.3)

over LM with typical Þbre Arig [KW20a, ¤5.1]. Next we consider the smooth action # of !L Spin(d) on
L 2(A)rig recalled in ExampleC.2 and form the associated rigged Hilbert bundle

E := !L Spin(M ) # !L Spin (d)
L 2(A)rig . (C.4)

It is shown in [KW20a, Prop. 5.1.2] that E is a rigged module bundle overD, and that the pair
A rig

LM := ( D, E) is a rigged von Neumann algebra bundle overLM .

Let (D, E) be a rigged von Neumann algebra bundle with typical Þbre (D, E ) over M . In each
Þbre overx & M , we obtain a rigged von Neumann algebra (Dx , Ex ), which can thus be completed to
a honest von Neumann algebra

D%%
x ' B ( öEx ). (C.5)

The collection D%%:= ( D%%
x )x ' X of von Neumann algebras can be combined to a continuous bundle

of von Neumann algebras, as follows. Consider an open subsetO ' M supporting compatible local
trivializations , of D|O and U of E|O (see [KW20a, Lemma 2.1.10]).
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Lemma C.6. Suppose(, 1, U1) and (, 2, U2) are compatible local trivializations of D. Then, the cor-
responding local trivializations , %%

1 and , %%
2 of D%%, obtained by extending, 1 and , 2 with respect to the

ultraweak topology, are compatible in the sense that

, %%
1 * (, %%

2 )$ 1 : O1 - O2 " Aut( D %%)

is continuous with respect to the u-topology, whereOi is the domain of deÞnition of (, i , Ui ).

Proof. Denote by O1, O2 ' X the open subsets on which the trivializations ofD are deÞned. As
local trivializations of rigged Hilbert bundles extend uniquely to continuous trivializations of ordinary
Hilbert bundles, the map

öU := öU1 * ( öU2)# : O1 - O2 " U( öE)

is continuous. we have for allx & O1 - O2 that

öUx (a " öU#
x #) = ( , %%

1 * (, %%
2 )$ 1)(a)#, a& D %%, # & öE.

Hence we can factorize
, %%

1 * (, %%
2 )$ 1 : O1 - O2 " U%( öE) t" Aut( D %%),

where U%( öE) ' U( öE) is the subgroup of unitaries that preserveD %%' B ( öE) upon conjugation and
the second map sends a unitary to the automorphism it induces by conjugation. The Þrst map is
continuous as seen above, the second map is continuous by [Lud23, Remark B.11]. Hence, %%

1 * (, %%
2 )$ 1

is continuous.

DeÞnition C.7. Let (D, E) be a rigged von Neumann algebra bundle with typical Þbre (D, E ) over
a Fr«echet manifold M , where öE is a standard form of D %%. The associated continuous von Neumann
algebra bundleis the collection D%%= ( D%%

x )x ' X together with the local trivializations , %%induced from
all local module trivializations ( ,, U ) of D.

The following result assures that associated continuous von Neumann algebra bundles are com-
patible with morphisms of rigged von Neumann algebra bundles.

Proposition C.8. DeÞnition C.7 establishes a functor between the category of rigged von Neumann
algebra bundles with spatial morphisms to the category of continuous von Neumann algebra bundles.

Proof. A spatial morphism (,, U ) : (D1, E1) " (D2, E2) between rigged von Neumann algebra bundles
extends Þbrewise (via conjugation byUx or, equivalently, ultraweak continuity of , x ) to normal %-
homomorphisms, x : (D%%

1 )x " (D%%
2 )x , and these send local trivializations to local trivializations. It is

clear that all constructions are compatible with pullbacks.

Example C.9. Applying DeÞnition C.7 to the rigged von Neumann algebra bundleA rig
LM := ( D, E) of

Example C.5, we obtain a continuous von Neumann algebra bundle (A rig
LM )%%over LM with typical

Þbre A. In fact, we have
(A rig

LM )%%= L Spin(M ) # L Spin( d) A,

where the associated bundle is formed using the continuous representation +%of L Spin(d) on A.

Finally, we have to consider rigged bimodule bundles. Let (D1, E1) and (D2, E2) be rigged von
Neumann algebra bundles over a Fr«echet manifoldM with typical Þbres (D1, E1) and (D2, E2), re-
spectively, and let E be a riggedD1-D2-bimodule. A rigged D1-D2-bimodule bundleE with typical
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Þbre E is a rigged Hilbert bundle E over M that is both a rigged D1-module bundle and a rigged
Dop

2 -module bundle such that the actions commute, and such that around every point in M there exist
local trivializations , 1 of D1, U1 of E1, , 2 of D2, U2 of E2, and V of E with ( , 1, U1), ( , 2, U2), ( , 1, V )
and (, 2, V ) all compatible at the same time. [KW20a, Lemma 2.2.14] shows that that each ÞbreEx

is a rigged (D1)x -(D2)x -bimodule, and [KW20a, Lem. 2.1.16] shows then that the completion öEx is a
(D1)%%

x -(D2)%%
x -bimodule.

Lemma C.10. If (D1, E1) and (D2, E2) are rigged von Neumann algebra bundles, andE is a riggedD1-
D2-bimodule bundle, then the(D1)%%

x -(D2)%%
x -bimodule structure on the ÞbresöEx turn the Hilbert bundle

öE into a D%%
1 -D%%

2 -bimodule bundle.

Proof. We consider an open setO ' M that supports local trivializations

, 1 : D1|O " O # D1 U1 : E1|O " O # E1

, 2 : D2|O " O # D2 U2 : E2|O " O # E2

and
V : E|O " O # E

The compatibility conditions imply that for each x & M we have

Vx (a1 " # $ a2) = ( , 1)x (a1) " Vx (#) $ (, 2)x (a2), ai & Di , # & Ex . (C.6)

The further compatibility conditions imply, as discussed above, that (, i )x extend to local trivializations
(, %%

i )x : (D%%
i )x " D %%

i of von Neumann algebra bundles (obtained by conjugation with the completions
( öUi )x : ( öEi )x " öEi ). Thus, (C.6) extends by continuity to the completions, and becomes

öVx (a1 " # $ a2) = ( , %%
1 )x (a1) " öVx (v) $ (, %%

2 )x (a2), ai & (D%%
i )x , # & öEx . (C.7)

This shows that öVx is an intertwiner along , %%
1 and , %%

2 .
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