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Introduction

The subject of loop space spin geometry was started over 35 years ago with the seminal
paper [21] of Witten, where he calculated the S'-equivariant index of the Dirac operator on
loop space, arriving at a manifold invariant now called the Witten genus. Closely related to
this is a famous conjecture of Stolz [16], which says that if a closed 4k-dimensional string
manifold admits a metric of positive Ricci curvature, then its Witten genus vanishes.
If true, this would be the only known obstruction against positive Ricci curvature on
simply-connected closed manifolds of dimension greater than 4.

While a lot of progress has been made since then in understanding the Witten genus
from the point of view of algebraic topology [2|, little progress has been made on the
geometric side; in particular the Stolz conjecture remains wide open.?

On a basic level, even the definition of a spinor bundle on loop space (let alone the
corresponding Dirac operator) remained unclear, even though the notion of a loop space
spin structure was introduced by Killingback [5] around the time of Witten’s work. Some
suggestions how to proceed were made by Stolz and Teichner [15]|, which, through the
work of Waldorf [17, 18], led to a good understanding of the interplay of Killingback’s
loop space spin structures and the string condition.

This thesis contains my work on the construction of the spinor bundle on loop space.
It consists of four different papers, the first two single-authored, the last two joint with
Kristel and Waldorf. Explicitly, in Papers I&I1, T construct the Clifford algebra bundle,
respectively the spinor bundle on the loop space of a Riemannian manifold, together with
its so-called fusion product. These structures yield a higher-differential geometric object
on the manifold itself, the stringor bundle, obtained by descending the loop space spi-
nor bundle with its fusion product to the manifold itself. Papers III&IV then describe
this structure using a different, representation theoretic approach. The work is differen-
tial topological and not yet differential geometric, as no connections (nor curvature) are
considered on the emergent structures.

In the remained of this introduction, we give an overview over the contents of these
papers.

! Although, while not directly related to the topic of this work, the Stolz-Teichner program on functorial
quantum field theory should be mentioned, which conjecturally provides a geometric way to interpret the
Witten genus and the cohomology theory of topological modular forms that the Witten genus, in its
refined form, takes values in).



8 INHALTSVERZEICHNIS

Finite-dimensional spin® manifolds. Being related to a central extension by U(1),
the construction of the spinor bundle on loop space is rather analogous to that of the
spinor bundle of a finite-dimensional spin®-manifold. We therefore first recall the relevant
constructions in this finite-dimensional case.

In spin geometry, there are (at least) two possible approaches to constructing a spinor
bundle: One using the representation of a group (the spin group) and one using the
representation of an algebra (the Clifford algebra). In finite dimensions, this looks as
follows:

(A) Recall that for d € N, the Lie group Spin®(d) is a central extension of compact Lie
groups
U(1) —— Spin‘(d) —— SO(d).

It is characterized homotopy theoretically by the property that the frame bundle
SO(X) of an oriented Riemannian manifold X admits a lift of its structure group
to Spin® if and only if its third integral Stiefel-Whitney class W5(X) vanishes. A
spin® structure on X is then the choice of such a lift. That is, a principal Spin®(d)-
bundle Spin®(X) together with a map Spin®(X) — SO(X) that intertwines the
group actions along the homomorphism p.

Given the choice of a spin®-structure, one may construct the corresponding spinor
bundle & using the associated bundle construction,

S = Spin®(X) Xgpinc(a) Sa,
where &, is the spinor representation of Spin®(d).

(B) Another approach uses the algebra bundle C1(X) obtained from applying the Clifford
algebra construction to each tangent space of the Riemannian manifold X. A spinor
bundle on X is then simply a bundle & of graded, irreducible left C1(X)-modules.
If d is even, the fibers Cl(X), are Morita equivalent to C, while if d is odd, they
are Morita equivalent to Cly, the Clifford algebra on on one odd generator. A spinor
bundle & then automatically has the structure of a pointwise invertible?, graded
C1(X)-C-bimodule bundle, respectively that of a graded Cl(X)-Cl,;-bimodule bundle
if d is odd.

By [4], general super algebra bundles A over X with fiber a fixed, finite-dimensional,
central simple super algebra A, are classified up to isomorphism by two characteristic
classes: an orientation class or(A) € H'(X,Z,) and the Dizmier-Douadi class DD(A) €
H3(X,Z). These classes vanish if and only if A admits a graded A-A,-bimodule bundle
M that is invertible at each point. In the special case that A = CI(X), we have [4,
Lemma 7|

or(Cl(X)) =wi(X),  DD(CLX)) = Wy(X),

2A (graded) A-B-bimodule M is invertible if there exists a (graded) B-A-bimodule N with the property
that there exist bimodule isomorphisms M ®g N = A and N ® 4 M = B. Equivalently, M is a Morita
equivalence (of super algebras).
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the first respectively third integral Stiefel-Whitney class of X. In other words, we again
recover the condition that X must be orientable and have vanishing W5(X) in order to
admit a spin®-structure.

Of course, any spinor bundle obtained, as in Approach (A), via the associated bundle
construction has a canonical C1(X )-module structure and hence yields a spinor bundle in
the sense of Approach (B) and it is not hard to see that any spinor bundle in the sense
of Approach (B) gives rise to a lift of structure groups as in Approach (A) (in fact, all
this comes from an equivalence between suitable categories). As we explain below, both
approaches have analogs when replacing X by its loop space. Also the stringor bundle
can be understood in two different ways, roughly corresponding to the Approaches (A)

and (B) above.

The Clifford algebra bundle on loop space. A prerequisite for carrying over the
Approach (B) to the loop space LX = C*(S!, X) of a Riemannian manifold X is the
construction of a suitable Clifford algebra bundle CI(LX). This is carried out in Paper I
and we briefly outline the relevant points. The tangent space T,LX at a loop v € LX
may be identified with the space of smooth sections of the pullback bundle v*T'X — S*,
which is a pre-Hilbert space with the usual L? inner product induced by the pullback
Riemannian metric on v*T°'X. We may therefore apply the Clifford algebra construction
to each tangent space, obtaining a bundle of (now infinite-dimensional) super algebras.
These Clifford algebras are, in fact, graded %-algebras and, moreover, turn out to have a
canonical completion to a C*-algebra bundle C1(LX).

At this point, it may be tempting to define a loop space spinor bundle as a bundle
S of graded, irreducible left modules for CI(LX), analogous to the finite-dimensional
Approach (B) above. However, it turns out that the C*-algebra bundle CI(LX) is always
trivial (see Thm. 4.1 in Paper I), so the existence of such a spinor bundle would not be
coupled to any topological information.

The main new insight of Paper I below is that one needs to further complete C1(LX)
to a bundle of (super) von Neumann algebras. Recall that one way to obtain a von
Neumann completion of a C*-algebra is to choose a *-representation on a Hilbert space
and to take the double commutant of its image. The important observation in the present
situation is that, while the fibers of CI(LX) do not possess canonical representations, the
geometric context provides a canonical equivalence class of x-representations, which all
lead to canonically isomorphic von Neumann completions. This yields to a bundle A x
of von Neumann algebras over LX, whose fibers are super factors of type I in the Murray-
von Neumann classification. Moreover, if X is oriented and d = dim(X) is even, then its
fibers are Morita equivalent to C (in a suitable sense), while if d is odd, they are Morita
equivalent to Cl;.3

Curiously, von Neumann algebra bundles A over X with typical fiber a properly
infinite type I super factor have not previously been considered in the literature (to my

3While this is not discussed in detail in Paper I, one may show more generally that the fiber of A x
at v € LX is Morita equivalent to C if wy(y*TX) = d mod 2 and Morita equivalent to Cl; otherwise;
see the discussion at the beginning of §1.3 of Paper II.
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knowledge). We show in Paper I that such bundles are classified, up to isomorphism, by
an orientation class or(A) € H'(X,Z,) and a Dixmier-Douady class DD(A) € H*(X,Z),
extending the Donovan-Karoubi classification of finite-dimensional super algebra bundles
[4]. The main result of Paper I is then the calculation of these classes for the Clifford
von Neumann algebra bundle on loop space in terms of the transgression of characteristic
classes on X itself. Explicitly, one has

Or(ﬂLx) :T(WQ(X)), 2DD(ﬂLx) :T(p1<X))

Moreover, if X is spin, then DD (A x) equals the transgression of the fractional Pontrjagin
class $p;(X).

The spinor bundle on loop space. In view of the above, a spinor bundle on LX
may now be defined, as in the finite-dimensional Approach (B), as a bundle & of irre-
ducible graded left modules for the Clifford von Neumann algebra bundle A x. This is
Definition 1.17 of Paper II.

Even though the generalization of Approach (A) is less straight forward, it is much
more classical. In the work of Killingback [5], a loop space spin structure is defined as
follows: The loop space of an oriented Riemannian manifold X of dimension d naturally has
structure group the loop group LSO(d), in the sense that the looped frame bundle LSO(X)
is a principal LSO(d)-bundle with the property that we have a canonical isomorphism

TLX = LSO(X) x 1s0(a) LR

If X is spin, the structure group moreover admits a lift to LSpin(d), and Killingback
defines a loop space spin structure as a further lift of structure groups to the basic central
U(1)-extension LSpin(d). LSpin(d) has a canonical projective Fock space representation
Sy, which unprojectivizes to an honest representation of its basic central extension. Given
a loop space spin structure LSpin(L.X) in the sense of Killingback, a loop space spinor
bundle may therefore by defined as in Approach (A) above as an associated bundle,

~——

S = LSpin(LX) S. (%)

X [Spin(d)

As in the finite-dimensional case, such a spinor bundle has a canonical action of the loop
space Clifford algebra A x, yielding an equivalence of both approaches.

The fact that some central extension of LSpin(d) acts on Fock space is already dis-
cussed in Pressley—Segal [14, Chapter 12| and was used in [13]| to construct a loop space
spinor bundle using the associated bundle construction from a loop space spin structure in
the sense of Killingback. However, the first proof that the extension acting on Fock space
is actually the basic central extension of LSpin(d) was — to my knowledge — much later gi-
ven by Kristel and Waldorf [11, §3.6]. Another construction of a loop space spinor bundle
was given by Ambler in his thesis 1], given the trivialization of the so-called Lagrangian
gerbe on LX. However, he was unable to relate his construction to loop spin structures
in the sense of Killingback, a connection that was only established in my Paper II. Mo-
reover, the observation that a loop space spinor bundle obtained by an associated bundle
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construction as in (%) yields an irreducible graded left module bundle for a Clifford von
Neumann algebra bundle on LX is entirely new.

The fusion product. Recall that a spin manifold X is called string* if the fractional
Pontrjagin class %pl (X) vanishes, which is, due to the possible presence of torsion, a
stronger condition than just the vanishing of p;(X) itself. It follows from the results of
McLaughlin [13]| or from the results of Paper I that any string manifold admits a loop
space spinor bundle &. However, this discussion also shows that a loop space spinor bundle
exists already under the weaker condition that only the transgression of %pl (X) vanishes.
In other words, the converse conclusion, namely that the existence of a spinor bundle on
LX implies that X admits a string structure, is false in general.

A suggestion how to remedy this situation was given by Stolz and Teichner [15].
They define a certain structure on a loop space spinor bundle, the fusion product, and
claim that such a product exists if and only if X admits a string structure. They were,
however, unable to prove this assertion at the time, which is why their draft [15] remained
unpublished.

A partial proof of this assertion was recently given by Kristel in his thesis [6] and
subsequent papers of Kristel and Waldorf [11, 10, 9]. Their work is based on previous
work of Waldorf, who showed that a string structure on a spin manifold X is equivalent
to a so-called fusive loop spin structure [18]. Given such a fusive loop spin structure, Kristel
and Waldorf construct a spinor bundle on loop space, together with a fusion product in the
sense of Stolz and Teichner. However, their work does not answer whether the existence of
a fusion product on some loop space spinor bundle & necessarily implies that the manifold
X admits a string structure.

A full answer to this question is given in Paper II below, which shows that a spinor
bundle with fusion product exists on a spin manifold X if and only if X admits a string
structure. Moreover, we show that given a loop space spinor bundle & on LX, the ob-
struction to the existence of a fusion product is geometrically represented by a certain
bundle 2-gerbe Fus(&), which we call the fusion 2-gerbe. We then show that the charac-
teristic degree 4-class classifying Fus(&) is precisely the first fractional Pontrjagin class
1p1(X) obstructing the existence of a string structure. In other words Fus(&) is trivial if
and only if X admits a string structure.®

The stringor bundle. As already observed by Stolz and Teichner in their draft [15],
the existence of a fusion product on a spinor bundle & on LX makes it behave “local
in X” in the sense that it constitutes a “higher differential geometric” object on the
manifold X itself. In recent joint work with Kristel and Waldorf [7], we developed a
suitable framework to make this statement precise. The main insight is that a loop space

4As in the case of spin manifolds, one might insist to call a manifold X with %pl (X) = 0 stringable
and reserve the term string for a manifold with a chosen string structure.

®We remark that the answer to the existence question of a fusion product on & is slightly subtle:
Triviality of Fus(6) is equivalent to the existence of a fusion product on the tensor product & ® £, for
some complex line bundle £.
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spinor bundle with fusion product gives rise to a 2-vector bundle on X. Consisely, a 2-
vector bundle is an object of the 2-stackification of the presheaf of bicategories on the site
of manifolds that assigns to a manifold X the bicategory of algebra bundles, bimodule
bundles and intertwiner families over X. In other words, a 2-vector bundle looks locally
like an algebra, but in an open cover description, one does not have automorphism-valued
transition functions, but instead glues along bundles of invertible bimodules.

Summarizing, the results of Kristel-Waldorf [11, 10, 9] and Paper II say that a choice
of (differential topological) string structure on X gives rise to a loop space spinor bundle
with fusion product and hence to a 2-vector bundle & on X. We call this 2-vector bundle
the (Stolz—Teichner) stringor bundle corresponding to the given string structure.

Associated 2-vector bundles. The construction of a stringor bundle from a given
string structure outlined above may seem rather ad hoc. A more conceptual approach
might be the following. A string structure on a spin manifold X may be defined as a lift
of the structure group Spin(d) to the string group String(d) (see Appendix B of Paper IV
for a comparison to other notions of string structures). Given such a lift, one might try to
define a stringor bundle as an associated bundle for a suitable “stringor” representation
of String(d). However, no such representations of the topological string group are known.

In the Papers III & IV below, we show that the situation may be remedied using
techniques from higher differential geometry. Namely, it turns out to be most fruitful to
realize String(d) as a (strict) 2-group, which we denote by Stzing(d) [3, 12]. In Paper III,
we construct a unitary representation of Stving(d), which we call the stringor represen-
tation. Here by a representation, we mean a (strict) homomorphism of (strict) 2-groups
into the unitary automorphism 2-group of a 2-Hilbert space. In our work, the preferred
model the bicategory of 2-Hilbert spaces is that of von Neumann algebras, bimodules and
intertwiners, which connects well to the above-mentioned notion of 2-vector bundles (see
the introduction of Paper III for more motivation of this choice). In the case of the stringor
representation, the representation 2-Hilbert space is a suitable von Neumann completion
of an infinite-dimensional Clifford algebra to a hyperfinite type I11; factor.

A string structure in this higher differential geometric context is a principal Stzing(d)-
2-bundle String(X) over X lifting the the structure group of Spin(X) to String(d). The
main new input of Paper IV is then the associated 2-vector bundle construction, which,
quite generally, associates to a principal G-2-bundle for a strict Lie 2-group ¢ and a
unitary representation ¢ : ¢ — U(A) of ¢ on a 2-Hilbert space (i.e., von Neumann
algebra) A an associated 2-vector bundle # x¢ A. In particular, given a string structure
String(X), we may form the associated 2-vector bundle

8§ = Steing(X) x, A, (%x)

where p is the stringor representation. This gives another higher differential geometric
object deserving the name “stringor bundle”. The main theorem of Paper IV is then that
this associated 2-vector bundle & is canonically isomorphic to the Stolz—Teichner stringor
bundle obtained from the construction above. This can be viewed as a stringor bundle
version of the equivalence of Approaches (A) & (B) for the construction of a spinor bundle.
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Main techniques. We now give a brief overview of novel techniques used in the papers
below, which we glossed over so far in order to streamline the presentation.

The main new tool that is used substantially in all four papers is the theory of (con-
tinuous) von Neumann algebra and bimodule bundles, which is developed in Appendix B
of Paper II (with some parts of it contained in §2.3 of Paper I). A crucial tool here is the
new notion of an implementing bimodule (see Definition B.13 of Paper II), which makes
the relative tensor product of bimodule bundles well defined. This notion was introduced
in the finite-dimensional context in a joint paper with Kristel and Waldorf [8|.

In particular, the stringor bundle in both versions discussed above is a 2-vector bundle
with “typical fiber” a 2-Hilbert space/von Neumann algebra, a notion which depends
crucially on the framework just explained. We remark that this is in contrast to work of
Kristel and Waldorf [10, 9|, where the different, more complicated notion of rigged von
Neumann algebra bundles is used. The problem here is that this notion does not seem to
lead to a good theory of 2-vector bundles and hence does not yield a suitable framework
for the construction of a stringor bundle.

The constructions of von Neumann algebra completions of Clifford algebras depend
on the well-known theory of Fock representations, which partially goes back to the 1960’s
(in particular the Shale-Stinespring equivalence criterion for Fock states). Surprisingly
however, while the completion of the Clifford algebra of an infinite-dimensional separable
Hilbert space to a hyperfinite type II; factor is often studied in the literature, its comple-
tions to factors of type I, and type III; (which are the ones relevant for this paper) have
received comparatively little attention. Moreover, the goal to endow the resulting objects
with a bundle structure requires to view some of the classical results in a new light.

Another feature of our work that is particularly important in Papers I & II is the
consequent use of Zy-graded objects, i.e., super von Neumann algebras and super bundle
gerbes. While these gradings are trivial in the case that the underlying manifold X is spin,
they cannot be ignored in the general case. While any super line bundle or super bundle
gerbe is an ordinary line bundle/bundle gerbe after forgetting the grading, it is observed
in Paper II (see Appendix C) that the same is not0 true for super bundle 2-gerbes. In
particular, if & is a spinor bundle of the loop space of a manifold X with wy(X) # 0,°
then the corresponding fusion 2-gerbe Fus(&) is a super bundle 2-gerbe, but not a bundle
2-gerbe in the ordinary sense.

Outlook. Papers [-1V give a self-contained, complete solution to the differential topo-
logical part of constructing a loop space spinor bundle with fusion product, as outlined by
Stolz and Teichner around 20 years ago [15]. What is not discussed is the geometric part
of the program, in particular a definition of a Dirac operator on loop space, as suggested
by Witten in his seminal paper [21]. While the Dirac operator may stay elusive, our work
should provide a solid basis to tackle the task of equipping the loop space spinor bundle
with a connection or a “conformal connection” as suggested by Stolz and Teichner [15].
This first requires to first come up with a suitable notion of connection on a 2-vector

6In other words, the transgression 7(wo (X)) vanishes, but now wy(X) itself.
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bundle. We believe that the associated bundle version (x) of the stringor bundle will
be very helpful for such considerations as connections on principal 2-bundles have been
well-studied to far [19, 20].

The investigation of such geometric structures is beyond the scope of this work and is
left for future research.
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Abstract

We construct a Clifford algebra bundle formed from the tangent bundle of the
smooth loop space of a Riemannian manifold, which is a bundle of super von Neu-
mann algebras on the loop space. We show that this bundle is in general non-trivial,
more precisely that its triviality is obstructed by the transgressions of the second
Stiefel-Whitney class and the first (fractional) Pontrjagin class of the manifold.

1 Introduction

The bundle of Clifford algebras C1(X) constructed from the tangent bundle over a Rie-
mannian manifold X is fundamental to spin geometry. In particular, X has a spin®
structure if and only if it is oriented and the Dixmier-Douady class of Cl(X) vanishes. In
particular, the spin® condition is related to (partial) triviality of C1(X). The purpose of
this paper is to obtain similar results for the analogous bundle on the loop space LX of
an oriented Riemannian manifold, which is fundamental to string geometry (i.e., to spin
geometry on the loop space).

The Riemannian metric on X (which we assume to be oriented throughout) induces
a natural metric on the smooth loop space. Forming the (infinite-dimensional) algebraic
Clifford algebra on each tangent space is unproblematic, but in order to make the setting
amenable to analysis, we must complete these algebras in some way.

It is a fact that the infinite-dimensional Clifford algebra has a unique C* norm, and
completing the fibers with respect to this norm yields a bundle of C*-algebras. However,
it turns out that this bundle is always trivial, hence does not encode any information on
whether the loop space satisfies a spin condition.

Instead, we consider a fiberwise completion in a suitable weak topology, which leads
to a continuous bundle Apx of von Neumann algebras. The canonical grading of the
Clifford algebra carries over to the von Neumann completion, and in fact, the fibers are
super factors of type I, meaning that the fibers are type I von Neumann algebras with
trivial graded center.



Super factors of type I come in two stable isomorphism classes: Those of even kind,
which are stably isomorphic to C, and those of odd kind, which are stably isomorphic to
Cl;. It turns out that if the dimension of X is even, then the fibers of Aj x are of even
kind, while otherwise, they are of odd kind.

The classifying space of the automorphism group Aut(A) of a non-trivially graded,
properly infinite super factor of type I turns out to be a product of Eilenberg-MacLane
spaces, BAut(A) ~ K(Z,3) x K(Z,,1). Hence bundles A — X with typical fiber A are
classified by two characteristic classes

DD(A) € H*(X,Z), ov(A) € H'(X, Zy), (1.1)

which we call the Dizmier-Douady class and the orientation class. The first is an analog
of the class first defined in [10]. The second class comes from the fact that we work with
bundles of super algebras, and that all automorphisms considered are required to respect
the grading.

Our main result is the calculations of these characteristic classes for the loop space
Clifford algebra bundle Ay yx, which in particular shows that it is non-trivial in many
cases. Explicitly, we find:

Main Theorem. Let X be an oriented Riemannian manifold of dimension d > 5. Then
2-DD(Aryx) = 7(p1(X)),  ov(ALx) = 7(w2(X)),

where T denotes transgression, and where p1(X) and we(X) are the first Pontrjagin class,
respectively the second Stiefel-Whitney class. Moreover, if X is spin, then DD(ALx) equals
the transgression of the fractional Pontrjagin class %pl(X).

In fact, we have a more refined version of the above theorem (see Thm. 4.16): There is
a canonical characteristic class &(X) € H*(LX,Z) on the loop space such that 2-&(X) =
7(p1(X)), which we call loop spin class (see Def. 4.12), and DD (A x) is expressed in terms
of this class. The interesting point is that while the fractional Pontrjagin class %pl(X )
only exists when X is spin, the corresponding class &(X) on the loop space always exists.

The typical fiber of the bundle Ay, x is a suitable completion Ay of the algebraic Clifford
algebra on H? = L*(S',R%). The loop group LSO(d) acts naturally on the von Neumann
completion A; by Boguliubov automorphisms, and it turns out that Ay y can be written
as an associated bundle to the looped frame bundle LSO(X) of X. Our proof of Thm. 1.1
is then based on the fact that the map QSO(d) — Aut(A,) induces an isomorphism on
7 for k < 2; in other words, Aut(A,) is the Postnikov truncation of Q2SO(d).

The relation of our Clifford von Neumann algebra bundle to other objects from loop
space spin geometry, such as the transgression of the Chern-Simons gerbe [33] and the
loop space spinor bundle [17, 16, 15| is best understood using the language of 2-vector
bundles [18|. This point of view is discussed in §1 of [19].

Recall that a spin manifold X is called a string manifold if the fractional Pontrjagin
class %pl (X) vanishes. Our theorem therefore implies in particular that the loop space
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Clifford algebra bundle Apx of a string manifold X is trivializable. Hence Ay x admits a
bundle of irreducible modules, the loop space spinor bundle, so that LX is spin.

The converse of the above statement is false, as the transgression 7(3p;(X)) may
vanish without %pl (X) being zero. It is a general fact that such converses require the
extra condition of fusion |31, 34, 32]. In the present context, it turns out that the bundle
Apx is the transgression of a certain bundle of free fermion conformal nets [12], which
(on a spin manifold) is classified by +p;(X). This will be discussed in future work.
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2 Bundles of super von Neumann algebras

In this section, we define bundles of von Neumann algebras with fiber a super factor of
type I, a notion that will be explained in the next subsection. Throughout the paper, all
Hilbert spaces are assumed to be separable and all von Neumann algebras are o-finite.



2.1 Super factors of type I and their classification

A super von Neumann algebra is a von Neumann algebra A together with a normal (i.e.,
ultraweakly continuous) involutive k-automorphism 7. Such an automorphism gives a
direct sum decomposition A = A @ A', such that 4; - A; C A;;;. The graded center of
A is defined as

Z(A)={a€ A|Vbe A:[a,b] =0},

where the graded commutator is defined by [a,b] = ab — (—1)1%’lbg on homogeneous
elements and extends to all of A by bilinearity.

Definition 2.1 (Super factor). We say that a von Neumann algebra A is a super factor
of type I if it is type I (as an ungraded von Neumann algebra) and its graded center is
equal to C. We say that A is properly infinite if its even part A° is properly infinite in
the usual sense.

Lemma 2.2. Let A be a super factor. Then the ungraded center Z"™(A) is a graded
subalgebra, which is isomorphic to either C (trivially graded) or to C@C (with the grading
operator given by swapping the two summands).

Proof. Let a = ag 4+ a; € Z"(A). Then comparing the odd and even components of ab
and ba, for b homogeneous, shows that both ag,a; € Z"(A). Hence Z"(A) is a graded
subalgebra.

Z"(A) is an abelian von Neumann algebra, hence isomorphic to L*>°(X) for some
measure space X. As it is a graded subalgebra, we can write Z"(A) = Z° @ Z! for
its graded components. That A is a super factor implies that Z° = C - 1, as any even
element in the ungraded center is also an element of the graded center, which is trivial
by assumption. Hence Z'"(A) = C-1 @ Z!, where Z! satisfies Z! - Z' C C- 1. Suppose
that Z'"(A) # C. Then there exists a projection p # 0,1 in Z"(A). Write p = A1 + p!
with A € C, p* € Z'(A). Then X # 0, as projections cannot be purely odd. Now, for any
other non-zero projection ¢ = ul + ¢* with pg = 0, we have

0=pg=Ml+pq" + g +pup'.

Considering the odd part, we obtain A\¢' + up' = 0. Hence (as both A\, u # 0) ¢! is a
multiple of p!, so that ¢ lies in the span of 1 and p. As von Neumann algebras are gener-
ated by their projections, this implies that Z""(A) is two-dimensional. An isomorphism
Z'"(A) = C @ C of super von Neumann algebras is then obtained by mapping A1 + up*
to (A + p, A — ) € C e C, where p' € Z'(A) is a self-adjoint element of norm one. [

Definition 2.3 (Even/odd kind). We say that a super factor A of type I is of even
kind if its ungraded center Z""(A) is trival, and of odd kind otherwise.

Example 2.4. The complex Clifford algebra Cl; on R? is a finite-dimensional super factor
of type L. It is of even kind when d is even and of odd kind when d is odd.



Example 2.5. If H is a graded Hilbert space with grading operator I', then B(H) is a
super factor of type I with grading automorphism given by conjugation with I". B(H)
is always of even kind, and it is non-trivially graded if and only if I' is non-trivial and
properly infinite if and only if both H° and H! are infinite-dimensional.

Example 2.6. A type I super factor of odd kind is obtained by taking the super tensor
product B(H) ® Cly, where Cl; is the complex Clifford algebra of degree one.

Theorem 2.7. Let A be a super factor of type 1. If A is of even kind, then it is isomorphic
to B(H), with the grading operator given by conjugation with some unitary involution I’
of H. If A is of odd kind, then it is isomorphic to B(H) ® B(H), with grading operator

given by exchanging the two summands.

Proof. We distinguish by the two cases of Lemma 2.2.

(i) If Z"(A) = C, then A is an ordinary type I factor, hence isomorphic to B(H). As
any automorphism of B(H) is inner, the grading automorphism -y is given by conjugation
with a unitary I', which must satisfy I'> = 2 - 1 for some z € U(1) as 7 is an involution.
If w is some square root of z, then I' = @I also implements ~ and satisfies T2 = 1.

(ii) If Z"(A) = C&® C, then (as A is type I), we have A = B(H) @& B(K) for Hilbert
spaces H and K. The grading operator 7 of A is then given by conjugation with a unitary

- (2 )

on H & K. Since the restriction of v to Z""(A) swaps the two factors, we have

0 0\ [u =z 1y O ut ot fuut ur”
0 1x/) \z w 0 0/)\z* w') \zu* z2*
1y 0\ [u =z 0 O utoxt\ (22" zw*
0 0/ \z w/)\0 1x/)\2z* w*) \wz* ww

This implies that v and w are zero, hence x and z are unitary. After modifying I by an
element of U(1) as above, we may assume that > = 1. Then z and z are inverses to each

other, and identifying K with H using x gives an isomorphism of A to a super factor of
type I of the form claimed. U

and

Remark 2.8. A reformulation of the previous theorem is that each super factor is isomor-
phic to either B(H) for some super Hilbert space H or to B(H) ® Cl; for some ungraded
Hilbert space H.

Remark 2.9. By the isomorphism Cl; ® Cl; = B(C?), the previous remark implies that
if A and B are two super factors of type I, then their spatial super tensor product A® B
is again a super factor of type I. Here the product in A® B is on homogeneous elements

defined by

def

a1 @br-az @by = (—1)|a2”b1|a1a2 ® by1bs.
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Remark 2.10. The isomorphism classification of super factors of type I is complicated
by the fact that some Hilbert spaces involved may be finite-dimensional. In particular, in
the case that A = B(H) for some super Hilbert space H, there is a variety of possibilities,
as the even and the odd part of H may have different dimensions.

Calling type I super factors A, B stably isomorphic when A@ B(H) = B® B(H) for
some super Hilbert space H, the set of equivalence classes forms a group (isomorphic to
Zs and generated by Cl;), which is an infinite-dimensional version of the graded Brauer
group® considered in [35].

2.2 The automorphism group of super factors of type I

We will now calculate the automorphism group (i.e., the group of grading-preserving -
automorphisms) of a non-trivially graded, properly infinite super factor A of type 1.2 To
this end, let H be a Hilbert space and define involutions I'y, and I',qq on H & H by

def 1 0 def 01

Aey = B(H ® H), Aoaa = B(H) @ B(H),

Set moreover

with grading automorphisms given by conjugation with 'y, respectively I'yqq. Then Ae,
is of even kind, while Agq4q is of odd kind. One can also show that any non-trivially graded,
properly infinite super factor of type I is isomorphic to either A., or Ayqq, assuming that
the Hilbert space H is infinite-dimensional.

Proposition 2.11. The automorphism groups of Aey and Agqq are given as follows.
(i) Aut(Aev) = P(U(H) x U(H)) % Zs, where Zy acts by permuting the factors.
(11) Aut(Aodd) = PU(H) X ZQ.

Here the letter P denotes the corresponding projective group, i.e., the quotient by
U(1) (where U(1) acts diagonally on U(H) x U(H)).

Proof. (i) It is well known that the group of (not necessarily grading-preserving) normal
s-automorphisms of A, is PU(H @ H ), the projective unitary group of H @ H, which acts
on A., by conjugation. That the conjugation with a unitary U € U(H & H) is grading
preserving is equivalent to the requirement

IewUaU'Ty = Ul'eyal'o,U* Va € Aey.

I This is the group of equivalence classes of finite-dimensional central simple algebras. We remark that
over C, such algebras are the same thing as a finite-dimensional von Neumann algebras.

2We remark that *-automorphisms of a von Neumann algebra are automatically normal, i.e., ultra-
weakly continuous.



Hence I'o,U*T' U is in the (ungraded) center of A.,, which consists only of multiples of
the identity. Consequently, there exists A € U(1) such that I'e,Ul', = AU. Writing

- (4,
)2 2)

which implies that A € {£1} and, moreover, this implies that either x = z = 0 (when
A=1)oru=v=0 (when A = —1). Hence the non-zero entries must be unitary, and we
Aut(Aey) = Gy /U(1), (2.2)

obtain
oo (s Dfesevmnlo{( )

There is an obvious short exact sequence

we get

where

x,z € U(H)} : (2.3)

P(U(H) x U(H)) — Aut(Aw) — Zo,

which is split by sending the generator of Zs to the operator I',qq defined in (2.1). This
realizes Aut(Ae,) as a semidirect product of P(U(H) x U(H)) with Z,.

(ii) It is straightforward to see that the group of not necessarily grading-preserving
automorphisms of A,qq is precisely Aut(Ae,). The additional requirement that such an
automorphism preserves the grading operator means that Ul'ggqal'oqqaU”* = I'oqaUalU T pqq
for all @ € Ayqq, where U is a representing unitary. This is the case if and only if if and
only if I'yqqUT oqqa = AU for some A in the (ungraded) center of A,qq, which in this case is
generated by the identity operator and I'.,. As U is either diagonal or off-diagonal, this
means that

uw 0 Ao 0 . 0 =z 0 Az
0 )= o s respectively . 0)= uz 0
for some A\, u € C. So u = v, respectively z = Az. Hence

Aut(Aodd) = Godd/U(l), (24)

Gogd = { (g 2) ue U(H)} U { (2 g) ue U(H)} . (2.5)

But clearly, Goga = U(H) X Zs, hence Aut(Agaq) = PU(H) X Zs. O

where

The automorphism group Aut(A) of a von Neumann algebra A will always be endowed
with Haagerup’s u-topology (see [14, §3]). Under the identification of Prop. 2.11, this
coincides with the (quotient of the) strong topology on G, /U(1), respectively Goaqq/U(1)
[14, Corollary 3.8].



Remark 2.12. The subgroups G, and Goaq of U(H @ H) defined in (2.3) and (2.5) both
have two connected components. It is clear that the continuous group homomorphism ¢
from Gey/oaa to Aut(A) (sending a unitary U to the automorphism given by conjugation
with U) induces an isomorphism on 7.

Remark 2.13. Observe that G., equals the set of homogeneous unitaries inside Ae,. It
follows that all automorphisms of Ae, are inner. As Ayqq N Godada = (Goaa)o, the identity
component of Gyqq, only the automorphisms in the identity component Aut(Aqq)o are
inner.

Observe that the automorphism group Aut(Ayqq) is a subgroup of the the automor-
phism group Aut(Ae,). We will need the following lemma.

Lemma 2.14. If H is infinite-dimensional, then the inclusion Aut(Agqq) — Aut(Aey) is
a weak homotopy equivalence.

Proof. Consider the commutative diagram

0 > U(l) > Godd — Godd/U(l) = Aut(Aodd) — 0

H | |

0 > U(1) > Goy — Gy /U(1) = Aut(Aey) —— 0

with exact rows. It is clear that the inclusion G,qq — G., is a weak homotopy equiva-
lence, as it is on 7 by inspection, and the connected components of Ge, and Gyqq are
contractible. We obtain that the first two vertical maps induce isomorphisms on ;. for
all k, hence so must the third. Il

Corollary 2.15. The classifying space of the automorphism group of a non-trivially graded,
properly infinite super factor A of type I has the homotopy type

BAwt(A) ~ K(Z,3) x K(Zs, 1),

and the map induced by the inclusion Aut(A)g — Aut(A) of the identity component is
trivial in the second component.

Proof. If A is of odd kind, then the result follows from the isomorphism Aut(A) =
PU(H) X Zs (Prop. 2.11(ii)) and the fact that PU(H) is a K(Z,2), hence its classifying
space is a K(Z,3). If A is of even kind, its automorphism group is homotopy equivalent
(as a group) to the automorphism of an odd factor, i.e., to PU(H) X Zs, by Lemma 2.14.
This induces a weak homotopy equivalence between the classifying spaces. U

In particular, we obtain that the homotopy groups of Aut(A), for A a non-trivially
graded, properly infinite super factor of type I, are given by
Zg k = 0
m(Aut(A) =< Z k=2 (2.6)

0 otherwise.



2.3 Bundles of graded type I factors

Let S be a topological space and let A,, s € S be a collection of super von Neumann
algebras. For a subset U C S, we write A|y for the disjoint union of all A, s € U. By a
local trivialization, we mean a map ¢ : Aly — U X A, A a super von Neumann algebra,
that restricts to grading preserving s-homomorphisms A, to {s} x A for each s € U.
Two local trivializations are called compatible if the corresponding transition function is
continuous as a map U NV — Aut(A) (endowed with Haagerup’s u-topology).

Definition 2.16. A collection A as above together with a maximal compatible collection
of transition functions is called a (continuous) von Neumann algebra bundle with typical

fiber A.
If P is a principal Aut(A)-bundle over S, then the associated bundle
A = P Xaua) A

is a von Neumann algebra bundle with typical fiber A in the sense of Definition 2.16.
It follows that that isomorphism classes of super von Neumann algebra bundles over S
correspond bijectively to isomorphism classes of principal Aut(A)-bundles (see, e.g., [13,
§4]). As (for sufficiently nice spaces S) such bundles are in turn classified by maps to the
classifying space BAut(A), we obtain the following result.

Proposition 2.17. Isomorphism classes of von Neumann algebra bundles with typical
fiber A over a paracompact Hausdorff space S are in bijection with homotopy classes of
maps S — BAut(A).

Cohomology classes over BAut(A) provide characteristic classes for bundles with typ-
ical fiber A via pullback. If A is a non-trivially graded, properly infinite super factor of
type I, Corollary 2.15 implies that

H*(BAut(A),Z) =7,  H'(BAut(A),Z) = Zs.

Denote by ot the generator of H'(BAut(A),Z,). There is also a preferred generator DD
of H3(BAut(A),Z), defined as the transgression of the first Chern class of the canonical
U(1)-bundle over Aut(A) (which over the identity component is U(A%) — Aut(A)y); see
Appendix A for more details.

Definition 2.18 (Characteristic classes). Let A be a non-trivially graded, properly
infinite super factor of type I and let A be a von Neumann algebra bundle with typical
fiber A and classifying map f : S — BAut(A). The characteristic classes

def

DD(A) & DD e H3(S,Z),  ov(A) ¥ frore HY(S,Z,).

will be called the Dizmier-Douady class, respectively the orientation class of A.



The terminology for DD(A) follows that for the analogous class for bundles with
typical fiber the algebra of compact operators, first defined by Dixmier and Douady [10].

By Corollary 2.15, for a non-trivially graded, properly infinite super factor of type I,
BAut(A) is a product of Eilenberg-Maclane spaces. As these are classifying spaces for
cohomology, we obtain the following result.

Proposition 2.19. Suppose that S has the homotopy type of a CW complex and let A be
a von Neumann algebra bundle with typical fiber A over S, where A is a super factor of

type I. Then A is trivializable if and only if the characteristic classes DD(A) and or(.A)
are zero.

Remark 2.20. For CW-complexes S, the characteristic classes of Definition 2.18 can be
conveniently described using Cech cohomology, as follows. Over a suitable open cover
{O4}aer, we can choose super Hilbert spaces H, and grading-preserving s-isomorphisms
b : Alo, = B(H,). Over two-fold intersections, we can choose families U,z : (0,NOg) X
H, — Hpg of homogeneous unitaries such that ¢, o ngl is given by conjugation with U,g.

A Zsy-valued Cech 1-cocycle is obtained by defining €,5 = {£1}, depending on whether
Uap is grading preserving or grading reversing. Over O, N Oz N O, we have

UyvaUpyUap = Aapy - 1da

for some function Ags, : On MOz N O, — U(1), so we obtain a U(1)-valued Cech cochain
{Aagy }apyer- One checks that this cochain is closed with respect to the Cech coboundary,
and that a cochain obtained from another choice of unitaries {U,s}ager differs from this
cochain by a coboundary. Hence we obtain a well-defined element in F2(S, U(1)). Under
the Bockstein homomorphism for the sequence Z — R — U(1), this element corresponds
to the Dixmier-Douady class.

The Dixmier-Douady class can also be defined for bundles A with typical fiber a finite-
dimensional non-trivially graded super factor A of type I. One way to do this is through
the Cech picture from Remark 2.20. A second, equivalent, way is via stabilization: We
replace A by the bundle A® B(H) for some infinite-dimensional super Hilbert space H
such that both H? and H! are infinite-dimensional and take the characteristic classes in
the sense of Definition 2.18 of this bundle.

Remark 2.21. Let A = A, or Ayqq be one of the super factors from §2.1, constructed in
terms of a finite-dimensional Hilbert H. In this case, it turns out that H'(BAut(A),Z,) =
Zy and H?*(BAut(A),Z) = Z,, where n = dim(H). We get a group homomorphism
Aut(A) — Aut(A® B(H’)) (where H' is an infinite-dimensional Hilbert space as above)
by sending ¢ — ¢ ®id, and one can show that pullback along this homomorphism induces
an isomorphism on H' and is reduction mod n on H?3. If now A is a bundle over S with
typical fiber A, the classifying map for A® B(H') factors through BAut(A), which shows
that the Dixmier-Douady class of such a bundle is n-torsion.
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Remark 2.22. A bundle A with typical fiber a properly infinite super factor of type I
is trivial if and only if A = B(H) for some bundle H of super Hilbert spaces over S.
For the class DD(A) to be zero it suffices that H exists as a bundle of Hilbert spaces
which is not necessarily globally graded (i.e., H does split locally into two subbundles
but not necessarily globally). The class ot(A) is zero if H splits into the direct sum of
two subbundles, but may only be a projective bundle. In the ungraded setting, projective
bundles of Hilbert spaces were discussed in [3].

Let A and B be two von Neumann algebra bundles over a space S with typical fibers
type I super factors A and B. Then the fiberwise spatial super tensor product A® B
has a canonical structure of a von Neumann algebra bundle with typical fiber A® B,
which is again a type I super factor (see Remark 2.9). The proof of the following result
is analogous to that of Lemma 9 (respectively Lemma 4) in [11].

Proposition 2.23. We have
ot(A® B) = ot(A) + or(B), DD(A® B) = DD(A) + DD(B) + (ot(A) — ot(B)),

where B : H*(S,Zy) — H*(S,Z) is the Bockstein homomorphism.

3 Clifford von Neumann algebras

In this section, we explain the construction of the von Neumann algebra completion of the
algebraic Clifford algebra, given the choice of an equivalence class of (sub-)Lagrangians,
and we recall the action by restricted orthogonal transformations on this algebra. Gen-
eral references for the theory of Clifford (and, closely related, CAR) algebras and Fock
representations are, e.g., |2, 24, 26, 27, 28, 29, 36]. The completion of the Clifford algebra
to a hyperfinite factor of type II; is considered in [24, §1.3], but the subsequent discussion
of a completion to a factor of type I, seems to be new.

3.1 Clifford algebras and Fock spaces

Let H be a real Hilbert space and denote its complexification by Hc. Let Cl,.(H) be the
algebraic Clifford algebra, generated by elements of H¢, subject to the relation

vow+w-v=—2(T,w).

In order to make the situation accessible to analysis, we have to complete Clyy(H) to
C*-algebra, using the x-operation given by

*

(V1 v,)" =Ty -+, v,w € He.

In fact, any s-representation of Cl,,(H) induces the same C*-norm on Cl,.(H) |28,
Prop. 1], and it follows that the Clifford algebra has a unique norm-completion C1(H) to
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a C*-algebra, which turns out to be isomorphic to the infinite tensor product My(C)®>
[2]. It is moreover a Real C*-algebra, as the complex conjugation of H extends to an
anti-linear s*-automorphism of CI(H).

The situation is quite different when we ask for completions of Cl,z(H) to a von
Neumann algebra. Such a completion can be obtained by the choice of a Lagrangian, which
is a complex subspace L C Hg such that L+ = L. The Clifford algebra Cl,,(H) then
has a natural representation 77 on the Fock space F, = AL (the Hilbert space exterior
power of L) where elements v € L C H¢ act by exterior multiplication and elements
v € L C Hc act by contraction. We can therefore take the von Neumann completion
Clp(H) = mp(Clag(H))” in the space B(FL) of bounded operators on F;. The Fock
space is a super Hilbert space with its even/odd grading and the Fock representation
is a graded representation, hence Cly(H) is naturally a super von Neumann algebra.
However, the real structure on Clyg(H) does not extend to a real structure on Cly(H)
if H is infinite-dimensional. It follows from irreducibility of the Fock representation F
[24, Thm. 2.4.2] that any bounded operator on F;, commuting with the Clifford action is

scalar, hence
def

CIL(H) == FL(Clalg(H))” == B(fL), (31)
is a super factor of type I, of even kind.

The choice of Lagrangian can be partially eliminated as follows: Two Lagrangians L,
L, C H are equivalent if the difference Pr, — Pr, is a Hilbert-Schmidt operator, where
Py, denotes the orthogonal projection onto L;. By the Segal-Shale equivalence criterion,
two Fock representation 7y, and 7y, are unitarily equivalent if and only if L; and L,
are equivalent [24, Thm. 3.4.1]. Moreover, the unitary implementing the equivalence is
grading-preserving if and only if dim(L; N Ly) is even [25, Thm. 1.22], [24, Thm. 3.5.1].
We denote the equivalence class of a Lagrangian L by [L].

For any L' € [L], Cl/(H) is a completion of Cl,,(H) with respect to the pullback via
71 of the weak operator topology on B(F/). However, as all representations 7., L' € [L],
are equivalent, all these topologies coincide. As any two completions of a topological vector
space are canonically isomorphic, we obtain a universal Clifford algebra associated to an
equivalence class of Lagrangians.

Remark 3.1. An explicit description of this von Neumann algebra is as the set of equiv-
alence classes (ar/)rer) with ar, € Cly(H), which are related by ¢/ pv(ar) = agr, with
@rs 1 the unique normal *-homomorphism B(F/) — B(FL») sending 71/ (v) to mp»(v)
for every v € H. Another approach is to take the abstract completion of Cly,(H) with
respect to the ultraweak topology induced by any 7, defined in terms of equivalence
classes of Cauchy nets.

A sub-Lagrangian is a closed subspace L C Hg such that L C L* and such that L+ L
has finite codimension in H¢c. Again, two sub-Lagrangians Ly, L, are called equivalent
it Py, — Pp, is a Hilbert-Schmidt operator. Associated to an equivalence class of sub-
Lagrangians, we still have a canonical completion of Cl,(H), constructed as follows.
First we need the following lemma.

12



Lemma 3_.2. If Ly, Ly are two equivalent sub-Lagrangians, then dim(L; & Zl)i and
dim(Ly @ Lo)* have the same parity.

Proof. Consider the operators J& = i(Py,—Pr.) on Hc. Since Py, = Pr, the operators J{
commute with complex conjugation, hence are the complex linear extension of operators
on H denoted by J;. Observe that these operators are skew-adjoint, hence by [4], they
have a well-defined index ind(.J;) = dimker(.J;) mod 2 € Z,. Observe that ker(J;) @gC =
ker(JC) = (L;®L;)*, hence ind(J;) = dim(L; ®L;)* mod 2. However, by the assumption
that L, and L, are equivalent, the difference J; — Js is a Hilbert-Schmidt operator, in
particular compact. This implies that ind(.J;) = ind(.Jz), so the lemma follows. O

For a sub-Lagrangian L, consider the complex subspace K = (L @ L)* of H¢. The
construction of the desired completion of Cl,,(H) depends on the dimension of K.

(i) If K is even-dimensional, we can find a Lagrangian FF C K, and L+ F € [L] is
a Lagrangian in Hc. This yields the completion Cly p(H) of Clyg(H). If L' is a
sub-Lagrangian equivalent to L, then by Lemma 3.2, K’ = (L' & f)l is still even-
dimensional, and for any Lagrangian F' C K’, L'+ F" is equivalent to L+ F'. Hence
Clp 4 (H) is canonically isomorphic to Clp,p(H).

(ii) If K is odd-dimensional, then K & C is even-dimensional and admits a Lagrangian
F c K& C. Then L+ F is a Lagrangian in He @ C, equivalent to the sub-
Lagrangian L & {0}. Hence we obtain the completion Cl,p(H) of Clyz(H @ R) =
Clug(H)®Cly. In particular, we get a completion of Cl,,(H), as a closed subalgebra
of Cly p(H). If L' C Hc is a sub-Lagrangian equivalent to L, K’ = (L' & L)t is
still odd-dimensional, by Lemma 3.2, and for any Lagrangian F' C K'@C, L'+ F' is
equivalent to L + F. Hence Cly, (H) is canonically isomorphic to Cly, p(H), and
the isomorphism induces an isomorphism between the corresponding completions of

Clug(H).

We denote by Cliz;(H) the canonical von Neumann completion of Clyz(H ), determined
by the equivalence class [L] of sub-Lagrangians, as constructed above.

Observe that in the case that K is even-dimensional, (3.1) implies that Cly(H) =
B(Fp), for any Lagrangian L' € [L]. Hence Cly(H) is of even kind. If K is odd-
dimensional, then Cli;)(H) ® Cly = B(F.) for some Lagrangian L in Hc ® C equivalent
to L @ {0}. Hence Clj;(H) is of odd kind.

3.2 The restricted orthogonal group

The algebraic Clifford algebra Cl,,(H) has an action of the orthogonal group O(H) by
Bogoliubov automorphisms, by its universal property. This action extends to an action
on the C*-Clifford algebra Cl(H). In contrast, by the Segal-Shale equivalence criterion,
the Clifford algebra Cliz;(H) does no longer have an action of the entire orthogonal group
O(H).

13



Definition 3.3 (Restricted orthogonal group). The restricted orthogonal group of
H with respect to an equivalence class [L] of sub-Lagrangians, denoted by O,es(H, [L]),
consists of those orthogonal transformations g of H such that the commutator [g, Pr] with
the orthogonal projection P, onto L is a Hilbert-Schmidt operator. If the equivalence class
[L] is clear from the context, we write just O,es(H).

That O,es(H, [L]) acts on Clizj(H) is well known in the case that L is equivalent to a
Lagrangian (see e.g., [2, §6]). To get the same statement in the odd case, embed

Ores(H, [L]) — Ores(H ® R, [L & 0])

with the upper left corner embedding. Then L & 0 is equivalent to a Lagrangian and the
latter group now acts on the Clifford von Neumann algebra Cl)(H ®@R) = Cl(H) @ Cly
of even kind. Then O, (H, [L]) preserves the subalgebra

Clyyy(H) = Clyy(H) @ C C Clyyy(H) @ Cl,.

We always consider O,es(H, [L]) with the coarsest topology finer than the norm topol-
ogy induced from O(H) that makes the group homomorphism

0 : Ores(H) — Aut(Cly(H)) (3.2)

continuous, which sends an orthogonal transformation to its Bogoliubov automorphism.
In fact, Oyes(H, [L]) is a Banach Lie group with this topology [26, §6.2 & §2.4].

Theorem 3.4. The map 0 from (3.2) induces an isomorphism on my for k <5.

The proof uses the bundle of implementers, defined as follows. Depending on whether
the equivalence class [L] contains a Lagrangian or not, we may choose a Lagrangian L
either in H¢ or in Hc®C and let F, be the corresponding Fock space. For g € O,e(H, [L]),
define

Imp, ={U € U(FL) | Vv € H : m(gv) = Unp(v)U"}.

By irreducibility of the Fock representation, Imp, is a U(1)-torsor. It follows from the
proof of Prop. 2.11 that U is either even or odd. Let Imp be the union of all Imp,, a
subgroup of U(F7). Then Imp can be equipped with the structure of a Banach Lie group
such that the map Imp — O,s(H) is a central extension of Banach Lie groups (where the
fiber over g is Imp,), see [17, §3.5].

Proof. First suppose that Clizj(H) is of even kind. In this case, we may assume that L is a
Lagrangian, so that Clizj(H) = B(F.). Now, the group O,es(H) is well known to have the
homotopy type of the based loop space of the infinite orthogonal group |26, Prop. 12.4.2].
In particular, the first few homotopy groups are

ZQ k? = 0
0 k=1

Wk(ores(H)) - 7 k=9 (33)
0 k=345
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Comparing with (2.6), we observe that it has the same homotopy groups as Aut(Cl)(H))
for & < 5. For k ¢ {0,2}, the statement of the theorem is therefore automatic, and it
remains to consider the cases k =0 and k& = 2.

For k = 0, we use that when ¢ does not lie in the identity component of O, (H ), then
dim(gLNL) is odd [24, Thm. 3.5.1]. Hence the (projectively unique) unitary U : Fyr, — Fr,
with 7 (a) = Unp(a)U* (which exists as gL and L are equivalent) is parity reversing.
Let A, : F, = F41, be the unitary map given by taking the exterior power of g. As A, is
parity preserving, the unitary UA, on F, is still parity reversing. By Remark 2.12, this
implies that the x-automorphism of Aut(Cly;(H)) = B(F) given by conjugation with
UA, lies in the non-identity component of Aut(Cly(H)). But UA, implements 6(g),
hence [0(g)] is the non-trivial element in mo(Aut(Cli(H))).

We now consider k = 2. Here we use the fact that Imp is a generator for the group of
line bundles over the identity component O,e(H ), i.e., the first Chern class of Imp is a
generator for H?(Oyes(H)o,Z) = ma(Ores(H)) = Z |29, Prop. 1.2].

On the other hand, Imp is (by definition) the pullback of the canonical line bundle
over Aut(Cly)(H)) (given over the identity component by U(A°)), the first Chern class
of which is a generator for H?(Aut(Cly;(H))o,Z) = Z. But this implies that 6 is an
isomorphism on H?, hence also on 7 (applying the Hurewicz isomorphism to the identity
component).

This finishes the proof in the even case, so we now discuss the odd case. Then there
exists a sub-Lagrangian L in the fixed equivalence class such that K = (L & L)* is one-
dimensional. The Clifford algebra Cli;j(H’), is then of even kind, where H' C H is the
real subspace of K. We now have the commutative diagram

Ores(H,) Aut(Cl[L] (H,))

| |

Ores(H) B— Aut(Cl[L]<H>>a

where the right vertical map is 6 — 6®idcy, (using the isomorphism Cliz)(H) = Cly,(H')®
Cly) and the left vertical map is the upper corner embedding O,es(H') — Oyes(H). The
latter is a homotopy equivalence, as the quotient Oes(H')/Oyes(H) is homeomorphic to
the unit sphere in H, which is contractible. The long exact sequence for homotopy groups
therefore implies that the map O,es(H') — O,es(H) is a weak homotopy equivalence. By
the first part of the proof, the bottom horizontal map induces an isomorphism on 7 for
k < 5. The same statement for the top horizontal map now follows from commutativity
of the diagram and the fact that all groups involved are either Z or Zs. O

4 The loop space Clifford algebra bundle

In this section, we define the loop space Clifford algebra bundle and calculate its charac-
teristic classes. We also discuss transgression and define the loop spin class.
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4.1 Definition of the bundle

Let X be an oriented Riemannian manifold of dimension d and let LX = C*(S!, X) be
its smooth loop space. LX is an infinite-dimensional manifold, modeled on the nuclear
Fréchet space C (S, R?). Its tangent space T, LX at aloop v € LX can be identified with
the space C*(S!,y*T'X) of vector fields along 7. It has a natural inner product coming
from the standard parametrization of S* and the Riemannian metric of X, turning it into
a pre-Hilbert space. As we will form completed Clifford algebras (which are insensitive to
whether the underlying pre-Hilbert space is complete or not [24]), it is natural to consider

the completion
def

H, =
of the tangent space. These Hilbert spaces fit together to a bundle H of Hilbert spaces over
LX. To describe the bundle structure of H, let SO(X) be the oriented frame bundle of
X and LSO(X) its loop space. LSO(X) is a principal LSO(d)-bundle as X is orientable®.
Now, LSO(d) acts on the Hilbert space

L*(SY, T X), (4.1)

HY < 128 RY (4.2)
by pointwise multiplication, and we have the canonical identification
H = LSO(X) XLSO(d) Hd.

Here we interpret elements ¢ € LSO(X) as orthogonal transformations H? — H.,. As the
group LSO(d) acts smoothly on H¢, this bundle is a smooth bundle of Hilbert spaces*.
For each v € LX, we can form the algebraic Clifford algebra Cl,,(?,) and its canonical
C*-completion Cl(H,). These algebras fit together to a continuous bundle of C*-algebras,
which, as above, can be identified with the associated bundle LSO(X) x50 Cl(H?),
where LSO(d) acts on CI(H?) through O(H?), by Bogoliubov automorphisms. Here it is
important that the homomorphism LSO(d) — O(H?) — Aut(Cl(H?)) is continuous when
O(H?) carries the norm topology |1, Prop. 4.35]; this implies that C1(#) has the structure
of a continuous bundle of C*-algebras. However, this bundle seems rather uninteresting

for loop space spin geometry, by the following.

Theorem 4.1. The bundle CI(H) is trivial.

Proof. The action of LSO(d) extends to an action of the orthogonal group O(H?) of H,
which is contractible by Kuiper’s theorem. So CI(#) is an associated bundle for the
principal O(H?)-bundle LSO(X) X1s0(a) O(H?), which must be trivial by contractibility
of O(H?) and its classifying space BO(H?). Hence CI(H) is trivial as well. O

3Here one only needs to show that any loop 7 has a lift to LSO(X). Such a lift exists precisely if
v*TX is trivializable. Now, a vector bundle E over S! is trivializable if and only if w;(E) = 0. For
E =~*TX, we have wy (v*TX) = v*w1 (T X), which is zero for all loops v if and only if X is orientable.

4We remark that often, Hilbert spaces bundles are only continuous (namely when they have the
structure group U(H) with its strong topology, which is not a Lie group). But in this case, the map
LSO(d) — O(H?) is smooth when the latter group carries its Banach Lie group structure.
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Remark 4.2. As an infinite tensor product algebra, CI(H?) is an example of a so-called
strongly self-absorbing C*-algebra, which has a contractible automorphism group |[8, 9].
Hence any bundle with typical fiber CI(H?) must in fact be contractible. However, this
argument does not take into account the grading or the real structure, while the above
argument also shows that CI(H) is trivial as a bundle of graded, real C*-algebras.

In order to obtain a non-trivial bundle, we now construct a suitable completion of
Clag(H) to a bundle of von Neumann algebras. To this end, we observe that the model
space H& admits a canonical sub-Lagrangian

LY =span{¢ ® ¢ | n € N, ¢ € C}. (4.3)

The space (L¢ + fd)L is just the space of constant functions on the circle, which has
dimension d. By the discussion in §3.1, we therefore obtain a canonical von Neumann

completion
def

Ay = Clpg(HY), (4.4)
which is of even kind when d is even and of odd kind when d is odd.

To obtain a von Neumann completion A, of Cly,(#,) for v € LX, we observe that any
lift ¢ € LSO(X) gives a Lagrangian ¢L? C H.. It is now crucial that the multiplication
action of LSO(d) on H? is in fact by elements of the restricted orthogonal group O,e(H?) =
Ores(H?, [L?]) and that we get a continuous group homomorphism

LSO(d) — Ores(HY), (4.5)

see [26, Prop. 6.3.1], [17, Prop. 3.23]. Hence for any two lifts ¢,¢" € LSO(X) of v, the
Lagrangians ¢L? and ¢’ L? are equivalent. We therefore obtain a well-defined von Neumann
completion

Ay Clypa(Hy), (4.6)

independent of the choice of q. These algebras can be canonically identified with the fibers
of the bundle

def

ALX = LSO(X) XLSO(d) Ad. (47)

This is a continuous bundle of von Neumann algebras as the homomorphism
0 : LSO(d) —— Ores(HY) —— Aut(Ay) (4.8)

obtained by composing (4.5) with the Boguliubov action (3.2) is continuous.

Remark 4.3. An alternative construction of the von Neumann completion of Clyg ()
is the following. Let D, = i% be the operator acting on the bundle v*T°X ® C using the
pullback of the Levi-Civita connection on 7X. Let L. be the Hilbert space direct sum of
eigenspaces to negative eigenvalues of D,. This is a sub-Lagrangian in HS, which can be
shown to be equivalent to ¢L? for any ¢ € LSO(d). For details, see [19, §1.3].
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Remark 4.4. A closely connected bundle of Clifford algebras on LX has recently been
considered in the somewhat different context of rigged von Neumann algebra bundles by
Kristel and Waldorf [16].

For a Lie group G, we denote by QG C LG the based loop space of G, i.e., the set of
smooth loops 7 : S — G with v(0) = e, the neutral element of G. For G = SO(d), the
restriction of (4.5) to based loops gives a continuous group homomorphism

QSO(d) — Oyes(H?). (4.9)
Lemma 4.5. Ifd > 5, the above homomorphism induces an isomorphism on my for k < 2.

Proof. For d even, this statement is well known: By [26, 12.5.2|, for any m € N, the map
QSO(2m) — O,es(H*™) is (2m — 3)-connected. This shows the claim in even dimensions
d=2m > 6. For d > 5 odd, we consider the commutative diagram

QSO(d) ———— O,es(H?)

l l (4.10)

QSO(d + 1) —— Oyes(HHY),

the bottom map of which is an isomorphism on 7 for £ < d — 3 by the discussion for
the even case. The right vertical map in (4.10) is the restriction of the map O(H?) —
O(HY) x O(HY) c O(H™?1). The left vertical map of the diagram is induced by the
canonical embedding SO(d) — SO(d + 1), which induces an isomorphism on 7, for k < 3.
By [6, Prop. 7.1], the inclusion of 2SO(d) into the continuous based loop space of SO(d)
is a homotopy equivalence. Hence 250(d) — Q2SO(d + 1) induces an isomorphism on 7y
for k < 2.

By the above considerations and the commutativity of (4.10), the map 7, (2SO(d)) —
Tt (Ores(H?)) is injective, and the right vertical map in (4.10) is surjective on 7, for k < 2.
As seen in (3.3), the first few homotopy groups of O,e(H?) are Zy, 0 and Z, which implies
that all maps in the diagram must be isomorphisms on 7. O

Combining the above result with Theorem 3.4, we obtain the following result.

Corollary 4.6. If d > 5, the composition
0 : QSO(d) —— Oyes(H?) —— Aut(Ay) (4.11)

induces an isomorphism on m, for k < 2.
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4.2 Transgression and the loop spin class

For a manifold Y and a coefficient group R, transgression is the composition
- HE(Y,R) - HY(LY x S',R) —25 H*1(LY,R),

where the left map is pullback with the evaluation map ev : LY x S — Y and the right
map is fiber integration over the S! factor. Transgression is natural, in the sense that for
a smooth map [ :Y — Y’ the diagram

H*(Y',R) ——— H*Y(LY',R)
H*(Y,R) ——— H*(LY, R)

commutes. Let G = SO(d) or Spin(d). The classifying spaces BG and the universal
bundle FG admit an infinite dimensional manifold model, so that their smooth loop
space LBG is well-defined. As LEG is again contractible and LG acts freely on it, the
quotient LBG is a model for the classifying space BLG. We therefore have transgression
homomorphisms

7: H*(BG, R) — H*'(BLG, R).

Remark 4.7. Of course, transgression is also defined for general topological spaces, using
the continuous loop space instead of the smooth version. However, as we work with the
smooth loop space throughout, we presented the construction in this case. We recall that
the smooth loop space of a manifold is homotopy equivalent to the continuous loop space,
and the same is true for based loop spaces [6, Prop. 7.1].

The base loop group QG is the kernel of the evaluation-at-zero map evg : LG — G, so
we have the short exact sequence

QG —— LG —— G, (4.13)

which is split via the inclusion ¢ : G — LG as constant loops. This induces a fibration of
the corresponding classifying spaces, and an exact sequence

H3(BSO(d),Z) —— H*(BLSO(d),Z) —— H*(BQSO(d),Z) (4.14)

on the corresponding cohomology groups. The first group here is Zs,, generated by the
third universal integral Stiefel-Whitney class W3 (i.e., the Bockstein image of the sec-
ond universal Stiefel-Whitney class ws). As BQSO(d) ~ SO(d), the right group equals
H3(SO(d),Z) = Z.

19



Lemma 4.8. If d > 5, the sequence (4.14) is split exact, hence we have a canonical
1somorphism

H?*(BLSO(d),Z) = 7 x Zs.

Proof. As (4.13) is split exact, with G = SO(d) including into LG as constant loops, the
corresponding fibration of classifying spaces admits a section B:. This induces a left split
of (4.14). That the sequence (4.14) is exact in the middle follows from the Serre spectral
sequence for the classifying space fibration of (4.13). The right map in (4.14) is surjective
by the following argument. By Corollary 4.6, the map B : BQSO(d) — BAut(Ay)
induces an isomorphism on 7 for £ < 3. It is moreover trivially surjective on w4 as
m4(BAut(A,)) = 0. Hence pullback induces an isomorphism

BO* : H¥(BAut(Ay, Z)) — H*(BQSO(d), Z).

On the other hand, the group homomorphism 6 : QSO(d) — Aut(Ay) extends to all of
LSO(d), hence the above isomorphism factors through H3(BLSO(d),Z). This shows that
the right map in (4.14) must be surjective. O

We are now interested in the following commutative diagram

H3(BLSO(d), Z) — H3(BLSpin(d), Z)

TT TT% (4.15)

H*(BSO(d),Z) —2— H*(BSpin(d),Z),

where d > 5. The bottom left group is Z, generated by the universal Pontrjagin class p.
The bottom right group is also Z, generated by the fractional Pontrjagin class %pl, and
the bottom horizontal map has been shown to be multiplication by two on generators by
McLaughlin [21, Proof of Lemma 2.2.], more specifically it sends p; to the class 2 - %pl.
The right transgression map is an isomorphism as BSpin(d) is 2-connected |21, p. 149].

Proposition 4.9. Ifd > 5, the top horizontal map in (4.15) is surjective.

For the proof, we need the following lemma.

Lemma 4.10. The map H?*(BQSO(d),Z) — H?*(BQSpin(d),Z) is an isomorphism.

Proof. Observe that QSpin(d) is canonically identified with the identity component of
2S0(d). We therefore obtain the commutative diagram

QSpin(d) = QSO(d)g —— Aut(Aq)o

| |

0SO(d) ———— Aut(4y).
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The horizontal maps of this diagram induce isomorphisms on 7 for k£ < 2, by Corol-
lary 4.6. It follows that in the corresponding diagram on classifying spaces, the horizontal
maps induce isomorphisms on 7 for £ < 3. They are moreover trivially surjective on
74 (since this group is trivial for the right hand side). By Whitehead’s theorem [30,
Thm. 10.28|, these maps also induce isomorphisms on Hy, for & < 3 (and a surjection
on Hy). From the universal coefficient theorem and the five lemma, we obtain that they
also induce isomorphisms on H*, for k¥ < 3 (and a surjection on H?). Moreover, the
map H?(BAut(Ay),Z) — H?*(BAut(Ag)o,Z) is an isomorphism by Corollary 2.15. The
Lemma follows. U

Proof (of Prop. 4.9). Consider the commutative diagram

H3(BLSO(d),Z) — H3(BLSpin(d), Z)

| |

H3(BQSO(d), Z) —— H3*(BQSpin(d), Z)

The bottom horizontal map is an isomorphism by Lemma 4.10. The left horizontal map
is surjective by Lemma 4.8. Now the counterclockwise composition is surjective, hence so
must be the clockwise composition. As the two rightmost groups are isomorphic to Z, we
obtain in particular that the top horizontal map must be surjective, as claimed. Il

We conclude that the square (4.15) takes the following form

ZxZLy — 7
(.Q,O)T H (4.16)
Z—2-17
Corollary 4.11. If d > 5, there is a unique class & € H*>(BLSO(d),Z) such that
2-6=17(m) and B*6 =0,

where B : BSO(d) — BLSO(d) is induced by the splitting (4.13). Moreover, under the
homomorphism H*(BLSO(d),Z) — H*(BLSpin(d), Z), this class is sent to T(3p1).

Proof. Using Lemma 4.8, an inspection of the diagram (4.16) shows that there are two
solutions for the equation 2 - & = 7(p;), which differ by the 2-torsion class eviWs. The
condition B*6G = 0 removes this ambiguity. The additional statement also follows from
the commutative diagram (4.16). d

Definition 4.12 (Universal loop spin class). We call the class & € H*(BLSO(d), Z)
from Corollary 4.11 the universal loop spin class.
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4.3 Proof of the main theorem

In this section, we express the characteristic classes of Ay in terms of transgression and
hence prove the main theorem from the introduction. Let X be an oriented Riemannian
manifold of dimension d > 5 and let f : X — BSO(d) be the classifying map for its
oriented frame bundle SO(X). Then the looped map Lf : LX — LBSO(d) = BLSO(d)
classifies the principal LSO(d)-bundle LSO(X).

Definition 4.13 (Loop spin class). The loop spin class of X is

def

6(X) = Lf*6 e H*(LX,Z).

Let Apx be the Clifford von Neumann algebra bundle on LX constructed in §4.1.
Its typical fiber is the Clifford von Neumann algebra A, from (4.4). By Prop. 2.17, the
bundle is therefore classified by a map

h:LX — BAut(Ay).

The characteristic classes of Apx are then by definition the pullback along A of the
universal classes ov and DD on BAut(Ay;). On the other hand, by (4.7), Apx is an
associated bundle to LSO(X), via the action (4.8) of LSO(d) on A;. This means that the
classifying map h of the bundle Apx admits the factorization

h:LX —L5 BLSO(d) —2%5 BAut(Ay).

Proof (of the Main Theorem). We first consider the orientation class. To this end, we
consider the following commutative diagram.

e HY(BAut(Ay), Zs)
Bo* J{E
HYLX,Zy) <—— HY(BLSO(d), Zy) —— H*(BQSO(d), Z,) (4.17)

Lf*

TT TTg

H2(X,Z,) +L— H*(BSO(d), Z,)

Here all groups independent of X are Z,, and all the maps independent of X are isomor-
phisms: Indeed, it is well known that H*(BSO(d),Z;) = Z,, generated by the universal
Stiefel-Whitney class wy. That the right transgression map is an isomorphism has been
shown by McLaughlin [21, Proof of Prop. 2.1]. This implies H'(BLSO(d),Zsy) = Zo.
That also H'(BAut(Ay),Zy) = Zo follows from (2.6) and the Hurewicz isomorphism.
The rightmost vertical map is an isomorphism by Corollary 4.6. It follows that the map
H'(BLSO(d), Zy) — H'(BQSO(d),Zs) is surjective. That it is also injective is clear as
all groups involved are Zs.
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The above discussion implies that Bf*ot = 7(ws). Hence using commutativity of the
left rectangle in (4.17), we obtain

h*ot = Lf* B ot = Lf*t(w,) = 7(f*ws) = T(wy(X)),

where we recall that the pullback f*w, is by definition the second Stiefel-Whitney class
wy(X) of X. This proves the claim.
For the third integer cohomology, we consider the commutative diagram

//— BAuI Aq),Z)

HYLX,Z) «7— H*(BLSO(d),Z) — H*(BLSpin(d),Z) (4.18)

HA(X,Z) +L— HY(BSO(d),Z) —2— H*(BSpin(d),Z).
Here we use that LSpin(d) acts on Ay along the homomorphism Lp : LSpin(d) — LSO(d),
which induces a map BLSpin(d) — BAut(Ag). The bottom right square is just (4.15).

Lemma 4.14. The top right vertical map in (4.18) is an isomorphism.

Proof. Consider the following commutative diagram.

H3(BAut(A,),Z) —— H?*(BLSpin(d),Z)

% \ l (4.19)

H3(BQSO(d), Z) —=— H*(BQSpin(d), Z)

The left vertical map is an isomorphism by Corollary 4.6. The bottom horizontal map is
an isomorphism by Lemma 4.10. Hence the diagonal map in (4.19) is an isomorphism.
The fact that all groups involved are isomorphic to Z then implies that also the right
vertical map in (4.19) is an isomorphism. O

Both the top and bottom right groups in (4.18) are canonically isomorphic to Z, with
generators the universal Dixmier-Douady class DD, respectively the fractional universal
Pontrjagin class %pl. By Lemma 4.14 and the fact that the bottom right map is an
isomorphism (seee the discussion below (4.15)), we observe that the transgression of $p;
equals the pullback of DD along the top right vertical map in (4.18), up to a possible sign.
This sign turns out to be +1, but establishing this involves rather intricate calculations
which we defer to the appendix. By a diagram chase, we then get that 2- BO*DD = T(p1),
hence

T(p1(X)) = 7(f*p1) = Lf*r(p1) = 2- LfF*BODD = 2- h*DD = 2 - DD(ALx).

This finishes the proof of the Main Theorem. O
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Remark 4.15. Replacing the Lagrangian L¢ with (L%)* results in a different von Neu-
mann algebra bundle Arx, satisfiying DD(ALX) = —DD(ALx). This follows from the
fact that the Lie algebra cocycle for the group extension Imp — O,es( H?) is replaced by its
negative under this change, by the calculation in |2, Thm. 6.10]. Hence any choice of sign
for the Dixmier-Douady class (in comparison to 7(p;)) can be achieved by a modification
of the Clifford algebra construction.

The following is a more refined version of the Main Theorem.

Theorem 4.16. Let d > 5. Then we have
O'C(AL)() = T(’wg), DD(AL)() = 6<X) + €V8W3(X).

Proof. With a view on Lemma 4.8, it follows from the Main Theorem that
DD(ALx) = S(X) + neviW;(X), for n € {0,1}.

We have 15 S(X) = 0 and t5eviWs(X) = W3(X), where tx : X — LX is the inclusion as
constant loops and evy : LX — X is evaluation at zero. For the proof of Thm. 4.16, it is
therefore left to show that (5, DD(Apx) = W3(X). By naturality of the Dixmier-Douady
class, we have 15, DD(Arx) = DD(¢/ ALx).

Now, the bundle ¢% A x over X can be written as an associated bundle,

Ux ALx = SO(X) xso@) A,

where SO(d) acts on A, through Boguliubov automorphisms, induced by the multiplica-
tion with constant loops on H?. Denote by K C H? the subspace of constant functions.
Then both K¢ and L? are invariant under the action of SO(d) and L¢ is a Lagrangian in
H' = K¢. Let A, = B(Fpa) be the von Neumann algebra completion of Clu,(H’) with
respect to this Lagrangian. Then identifying CI(K) = Cl,, we have A; = A’ ® Cly and
V5 Apx splits as a tensor product,

L}ALX = .A, ® Cl(X),

where A" = SO(X) xgo@) A" and Cl(X) is the usual complex Clifford algebra bundle on
X. By Thm. 2.23, we have

DD(¢i Arx) = DD(A) + DD(CI(X)) + B(or(A’) — or(CI(X))).

It is well known that DD(CI(X)) = W5(X) [11, Lemma 7|, [20]. We show that A’ is
trivializable, which finishes the proof. To this end, observe that as A’ is associated to
SO(X), its classifying map X — BAut(A’) factors through BSO(d). We now show that
the map BSO(d) — BAut(A’) is contractible. To this end, observe that the action of
1(SO(d)) € LSO(d) preserves L. This means that for each ¢ € SO(d), multiplication by
t(g) commutes with the complex structure J = i(Ppa — Pra). The image of +(SO(d)) in
Oyes(H?) therefore lies in the subgroup U(H$) C Oyes(H?), which is contractible. Hence
the classifying map SO(d) — LSO(d) — Oyes(H?) — Aut(A4’) of A’ is null-homotopic,
and so is the induced map on classifying spaces. This proves the claim. Il

24



4.4 A twisted Clifford algebra bundle

There is a variant for the construction of the loop space Clifford algebra bundle which

takes the model space
H¢ = L*(S",R'®S)

as input, where S is the Mobius bundle over S'. This has been considered, e.g., in [16,
§6.2]. The main difference here is that this space has a canonical Lagrangin Lg, which
under the identification of Hg with 27-anti-periodic functions on R can be written as

Lé={£® "™ | n e N, € € R} (4.20)

Hence the corresponding Clifford von Neumann algebra A5 = Cl[Lg](Hg) is of even kind

in any dimension d. In a similar fashion to before, we obtain a bundle A{ y of super type
I factors.

Theorem 4.17. Let d > 5. Then the characteristic classes of Ay are

or(Ax) = T(w2(X)),  DD(Afy) = 6(X).

Proof. This is shown analogously to the proof of Thm. 4.16. The only difference is the
calculation of 15, DD(Arx) = DD(1% A%y ). In this case, 1% A%y can be identified with the
associated bundle SO(X) xso() A5. The point is now that the action of SO(d) preserves
the Lagrangian LZ, hence the homomorphism SO(d) — O.s(HY) — Aut(AS) factors
through the contractible subgroup U((HZ);), with J the complex structure determined
by L. Therefore 1% A¢y is trivializable and DD(t%.A5 i) = 0. O

A Sign discussion

In this appendix, we fix the sign indeterminacy present in the proof of Thm. 4.16 above.
Precisely, we prove the following.

Proposition A.1. For d > 5, the transgression
7(p1) € H*(LBSO(d),Z) = H*(BLSO(d), Z)

of the universal first Pontrjagin class equals two times the pullback of the universal
Dizmier-Douady class DD € H3*(BAut(Ag),Z) along the map on classifying spaces in-
duced by the composition

0 : LSO(d) —L— Ores(HY) —2— Aut(Ay).

For definiteness, we emphasize that we use the (standard) convention for Pontrjagin
classes that for any complex line bundle L with underlying real bundle Ly, we have

pi(Lr) = 1 (L)%
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We recall the definition of the universal Dixmier-Douady class DD. To begin with,
recall that for a topological group G with classifying space fibration G — EG — BG,
there is a homomorphism

7: H*(BG,R) — H* (G, R), (A1)

natural in GG, which is called transgression and should not be confused with the notion of
transgression discussed in §4.2.° In the case of G = Aut(Ay) and k = 3, the transgression
homomorphism

71 H*(BAut(Ay),Z) — H?*(Aut(Ag),Z) (A.2)

is an isomorphism, and the universal Dixmier-Douady class DD is by definition the class
that is sent to the first Chern class ¢1(Gq) € H*(Aut(Ay4),Z) of the canonical U(1)-bundle
G4 over Aut(Ay).

As the classes we are interested in are not torsion, we may work over real coefficients.
We consider the diagram

2 H3(BLSO(d),R) «Z— H*(BSO(d),R)

o

H3(BAut(Ay),R) 2% H3(BO,.(HY),R) —

b L : !

-k

H*(Aut(Ag),R) —%— H?(Oes(H?Y),R) —4— H*(LSO(d),R) +—— H3(SO(d),R),

J

which commutes by naturality of the transgression maps (A.2). By the results of §4 and
the universal coefficient theorem, all groups in this diagram are isomorphic to R and all
maps are isomorphisms.

In a first step, we observe that the pullback of the bundle GG; under the map € is
precisely the implementer bundle Imp — O,s(H?), so that the statement of Prop. A.1 is
equivalent to the equality

2 7%c1(Imp) = 7(7(p1)). (A.3)

Since the three groups on the right are all Fréchet Lie groups, we may work with
de Rham cohomology instead of singular cohomology. Here the transgression homomor-
phisms 7 may be described as follows. Let o € H¥;(BG) and let m*a € H5: (EG) be
its pullback. Then since EG is contractible, 7*a = df for some 8 € QF(EG). The
transgression of « is then defined by

T(a) =B, (A.4)

where ¢ : SO(d) — ESO(d) is the inclusion of a fiber.

The de Rham cohomology groups Hf, (SO(d)) are best understood using the isomor-
phism with the Lie algebra cohomology group H*(s0(d), R), which identifies a Lie algebra
k-cocycle a with the left-invariant 3-form @ on SO(d) that coincides with « at the identity.
We now have the following general statement.

5Both this notion of transgression and the one discussed in §4.2 are special cases of the more general
notion of transgression in a fiber bundle [5].
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Lemma A.2. We have 7(p1) = @, the left invariant 3-form corresponding to the Lie

algebra cocycle
1

= galwlya), .z €so(d).

o(z,y,z)
The proof uses the theory of Chern and Simons [7], which we recall now. Let w
be a connection 1-form on a principal G-bundle E over B with curvature €). Let P €

Sym?(g*)¢ be an invariant polynomial on g. Then the corresponding Chern-Simons form
is TP(w) € H*(E,R) defined by

TP(A) = P(w A Q) — %P(w A [, @),

see formula (3.5) of [7]. Denoting by ¢ : G — E the inclusion of a fiber (for some fixed
base point e € FE), one uses that the curvature form (2 is horizontal, so that :*Q = 0,
while *w = wg, the Maurer-Cartan form of G. Hence

PTP(w) = —%P(wc A lwes wal), (A5)

which differs from the formula (3.11) in [7] by a factor of 2. Going through the conventions
used in |7] for the wedge product and commutator of g-valued differential forms (see |7,
p. 50]), one obtains that (*TP(w) is the left-invariant form corresponding to the Lie
algebra cocycle

1
OC(ZI?,y, Z) = —gP(fE ® [y,Z] Ty [Z,LU] +2® ['T7y]) (A6)
Proof. We take G = SO(d) and E = ESO(d), B = BSO(d), the universal bundles.
Choosing models for these that are infinite-dimensional Fréchet manifolds (for example,

the infinite Grassmannian and Stiefel manifold), we may choose a connection 1-form
w € HY(ESO(d),s0(d)). Setting P(X ® Y) = —tr(XY) /872, Prop. 3.2 of [7] states that

dTP(w) = P(Q® Q) = —#tr(ﬂz).

By the usual Chern-Weil formulas for Pontrjagin classes, we see that this equals the
pullback 7*p; of the de Rham representative of the universal first Pontrjagin class along
the bundle projection 7 : ESO(d) — BSO(d).

Using the description (A.4) of the transgression homomorphism, we see that 7(p;) =
t*TP(w). As discussed above, the pullback (*TP(w) is the left invariant differential form
that corresponds to the Lie algebra cocycle a given by (A.6). For our particular choice of
P, we get

alz,y,2) = (—%) - <—$> te(2ly, 2] + ylz, 2] + 2l 4]) = o(2,y, 2). 0
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Lemma A.3. We have 7(7) = —w /2w, where @ is the left-invariant 2-form on LSO(d)
corresponding to the Lie algebra cocycle

w(X,Y) = % /S t(X(OY'(t), XY € Lso(d).

This result can be found as Prop. 4.4.4 in [26], but with incorrect prefactors and an
incomplete proof, which is why we repeat the proof below.

Proof. Tangent vectors X, Y at v € LSO(d) can be identified with those elements of
LMatgyq such that X € Lso(d), where X (t) = v(¢)"' X (¢). We now calculate

7(@),(X,Y) = / o7/ (£), X (1), Y (t)dt

Sl

= /S1 o(v(t) (1), 7() X (1), 7 (1) Y (2))dt

= L[ (o 01X @), Y o).

87'('2 S1

Let f € QY(LSO(d)) be given by

5,00 = [ a0 YO 0)ar
For the exterior derivative of 3, we find

4B,(X,Y) = Ix{BY)}, — d {B(X)}, — B, (X, Y))
= /S 1 (tr(ff’(t)f/(t)) —tr(Y/(1)X (1)) — tr((6) " (t) [X(t),f/(t)]))dt.

for suitable extensions of X and Y to vector fields on LSO(d). Integrating by parts, we
see that
d = —2-2r-w — 87* - 7(7),

hence 27 - 7(¢) and —w are cohomologous. O

Let G — G be a central U(1)-extension of a Fréchet Lie groups, inducing a Lie algebra
homomorphism g — g. Choosing a linear section of the Lie algebra homomorphism g — g
gives an identification g = g R. With respect to this choice, the Lie bracket of g is given
by

(X, A), (Y, )] = ([X, Y], (X, Y)).

for some continuous Lie algebra cocycle 2-cocycle €2, which represents a class in H, 2(g,R).
The first Chern class of the principal U(1)-bundle G — G is then given by

(G) = %ﬁ, (A7)
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where Q denotes the associated left-invariant 2-form, see for example [26, Prop. 4.5.6].

In the case that G = O,e(H, [L]) and G = Imp, for some real Hilbert space with a
Lagrangian L C Hc, the relevant Lie algebra cocycle has been computed in several places;
see, e.g., [2, Thm. 6.10], 22, Thm. 10.2] or [23, Thm. 6]. The result is

QX,Y) = %tr(J[J, XI[Y]), X,V € ons(HY, (A8)

where I' = (P, — Pr) is the complex structure determined by the Lagrangian L.

When trying to apply these results to the specific Hilbert space H? defined in (4.2),
we face the difficulty that the subspace L? C H¢ defined in (4.3) is only a sub-Lagrangian.
We deal with this issue as follows:

(1) If d is even we let K = (LY@ Zd)L be the even-dimensional subspace of constant
functions and choose a Lagrangian Ly C K. Then L = L+ Ly C H is a Lagrangian.

(2) If d is odd, we let K = (L ® Zd)L @ C and again choose a Lagrangian Ly C K.
Then L = L%+ Ly is a Lagrangian in H¢ @& C. By definition, the implementer bundle
over O,es(H?) is the restriction of the implementer bundle over O, (H? & R), hence
the group cocycle associated to this extension is the restriction of the cocycle (A.8)
t0 Ores(H?) C 0,es(HY @ R). Given an element g € LSO(d), the element j(g) acts on
H? @ R through multiplication by ¢ on the first summand and the identity on the
second, and consequently, for X € Lso(d), the operator j,X acts by multiplication
with X on the first summand and by zero on the second.

To have a uniform notation, we write H for either the Hilbert space H? or for H? @ R in
the case that d is odd and let L C H be the Lagrangian described above.

Lemma A.4. We have 2 - j*¢;(Imp) = —@ /2.

A similar computation, for the the Lagrangian (4.20) instead of L, can be found in
[17]; unfortunately, the result is off by a factor of +i. Prop. 6.7.1 in [26] is an analogous
result for the basic central extension of restricted unitary group U,(H) of a polarized
complex Hilbert space H.

Proof. We will establish the cocycle identity
270 = —w, (A.9)

which gives the result by (A.7). By continuity and bilinearity, it suffices to verify that both
Lie algebra cocycles evaluate identically on the specific Lie algebra elements XY € Lso(d)
of the form

X(t)=ae™™,  Y(t)=be ™,  abeso(d), kel
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On these elements, the right hand side of (A.9) is given by

1 2 € o '
w(XY) = o [TV o) = 3= [ et
o n (A.10)

) —il-tr(ab) k+(=0
0 otherwise

To calculate the left hand side of (A.9), we write

. (2 T v (Y 7
j*X_(:E fl)v ]*Y—(y ?)

with respect to the decomposition Hec = L @ L. In other words, 2’ = P, XP; and
x = PrX Py, and similarly for ¢’ and y, while T denotes the conjugation of = by the real
structure of Hc. Then since 7,.X and j,Y are restricted, the off-diagonal entries x and y
are Hilbert-Schmidt operators and a straightforward calculation gives

v (T
Q7. X, 5.Y) = étr(my —yx). (A.11)

Write V,, = {£¢ ® ™ | € € C?} C HE. We observe that j,X sends V, to V,,; and
J«X 7Y sends V,, to V,,_;_s. On the other hand, P, and P; preserve the subspaces V,,
for n # 0 and send Vj to K (where K = V; if d is even, while K = V, @ C if d is
odd). We conclude that both Ty and 2y send V,, to V,,_x_y, respectively V,,_x_, ® C if
d is odd. Choosing an orthonormal basis adapted to the decomposition He = €D, Va,
respectively He = (€D,,c5, Vo) ® C to calculate the trace on the right hand side of (A.11),
we see that the result can be non-zero only if £+ ¢ = 0.
So suppose now that k = —¢ and let £ ® e € VE n > 1. Then we have

(ab§®xn 1<n</i-1
TY(E @ Xn) =  aPobé @ X n =1

{ 0 otherwise.

(ba§®xn 1<n—-1<—-(-1
gz ® Xn) = < bF()CLé XXn n=-—4
0 otherwise.

\
where F is the orthogonal projection onto Ly in K. For £ ® 1 € V), we find
(Piabé @1 £>0

0 otherwise.

(Pbaé @1 £<0

0 otherwise.

\
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Concluding, if ¢ > 0, we obtain

. /-1
2

05X, 5.Y) = 2tlr(fy) = % (Z tr(ab) + tr(aPob) + tr(wa)) = %tr(ab).

n=1

Here we used that tr(aPgb) + tr(Pyab) = tr(ab), which follows from the following calcula-
tion. First, because a and b are real and skew-adjoint and F, is self-adjoint, we get

tr(aPyb) = tr(baPy) = tr((baPy)*) = tr(Py(—a)(—b)) = tr(Pyab).
hence B B
tr(aPob) + tr(FPyab) = tr(Pgab) + tr(Pyab) = tr(ab),
using Py + Py = id. If £ < 0, we obtain in a similar fashion

. . [¢]—1 .
_ ¢
Q(j.X,j.Y) = —%tr(ya:) - —% 3" tr(ba) + tr(bPoa) + tr(Poba) | = —Z|2—|tr(ab).

n=1

Finally, if ¢ = 0, then

7

Q. X, 5.Y) = %tr(fy _gz) = (tr(Poa?Ob) - tr(Pobﬁoa))

2
- %(tr(Poab) — tr(PyaPyb) — tr(Pyba) + tr(PobPOa)>
- %(tr(Poab) — tr(ba) + tr(FOba))
=0.
Comparing with (A.10), this establishes (A.9). O
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Abstract
We give a construction of the spinor bundle of the loop space of a string manifold
together with its fusion product, inspired by ideas from Stolz and Teichner. The
spinor bundle is a super bimodule bundle for a bundle of Clifford von Neumann
algebras over the free path space, and the fusion product is defined using Connes
fusion of such bimodules. As the main result, we prove that a spinor bundle with
fusion product on a manifold X exists if and only X admits a string structure.
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Introduction

The idea study the spinor bundle of the free loop space of a Riemannian manifold came
up in the 1980’s, in the context of string theory [19]. Most notably, Witten formally
calculated the S'-equivariant index of the Dirac operator on loop space, arriving at a
modular form valued characteristic class, now known as Witten genus [57].

Recall that a manifold X is string if it is spin and the characteristic class $p; (X)) van-
ishes. The string condition implies that the loop space LX of X admits a spin structure,
in the sense that its structure group (which, for a spin manifold is canonically reduced
to LSpin(d)) can be lifted to its basic central extension. However, early on it became
apparent that the spin condition for LX does not in turn imply the string condition for
the manifold X itself. More precisely, a spinor bundle on LX can be defined already if
the transgression 7(p;(X)) vanishes, a weaker condition than the vanishing of 1p;(X)
itself [32].

As the vanishing of 1p;(X) (and not only of its transgression) is crucial for Witten’s
machinery to work (in particular, only under this condition, the Witten genus takes values
in topological modular forms [58, 2]), one is lead to ask for an additional structure on the
loop space spinor bundle which only exists under the string condition on X. In the very
influential draft [45], this answer was conjectured by Stolz and Teichner almost 20 years



ago: The spinor bundle over LX admits a fusion product if and only if X admits a string
structure. The purpose of the current paper is to make this statement precise and to give
a proof.

Our work is highly influenced by the work of Kristel and Waldorf [27, 26, 25], based
on the PhD thesis of Kristel [22]. Given a string structure on a manifold X, Kristel
and Waldorf construct a spinor bundle on the loop space of X, together with a fusion
product. Apart from simplifying and somewhat generalizing their construction, the main
contribution of this paper is to show the converse implication: If a spinor bundle with
fusion product on LX exists, then X admits a string structure.

We now give an overview over the contents of the present paper.

The spinor bundle. After reviewing some required preliminary facts on Clifford al-
gebras, Lagrangians and Fock spaces, we give a construction of the spinor bundle on
loop space. Since it is related to a central extension by U(1), the construction of the
spinor bundle on loop space is analogous to the construction of the spinor bundle on an
even-dimensional spin® manifold, where a spinor bundle & can be defined as a bundle
of irreducible super Cl(T'X)-modules. In the infinite-dimensional case, it is crucial that
we complete the relevant bundle of algebraic Clifford algebras to a bundle of von Neu-
mann algebras. Throughout the paper, we crucially depend on the notion of a (locally
trivial) bundle of von Neumann algebras, and, correspondingly, bundles of bimodules for
these. While these notions have not been worked out before, they are more or less straight
forward to define; we give an account in Appendix B.

We now briefly summarize our construction. For a loop v € LX, consider the Hilbert
space

H,=L*S"S®y'TCX),

where S denotes the spinor bundle on S! for the bounding spin structure. Up to the
twist by S (which is negligible in even dimensions but necessary in odd dimensions for
index-theoretic reasons), this is just the completion of the (complexified) tangent bundle
TLX with respect to its canonical L*-metric. H, is a “real” Hilbert space, i.e., a complex
Hilbert space with a real structure, and the twisting by the bundle S ensures that it
carries a canonical polarization Lag, i.e., an equivalence class of Lagrangian subspaces
L C H,. The algebraic Clifford algebras Cl(H,) can be completed, with respect to this
polarization, to super von Neumann algebras C, of type I, which, varying v, form a
(continuous) bundle of super von Neumann algebras over LX [29]|. The definition of a
loop space spinor bundle is now directly analogous to the finite-dimensional case.

DEFINITION. A loop space spinor bundle is a (continuous) bundle & of irreducible super
left modules for the Clifford von Neumann algebra bundle C.

It is important here to insist that the fibers &,, v € LX, are a modules for the
von Neumann algebra C, and not only for the algebraic Clifford algebra CI1(H,); this is
necessary to ensure that &, has the correct isomorphism type.



We show that the obstruction for the construction of a loop space spinor bundle is
geometrically represented by the Lagrangian gerbe JLagpx, a super bundle gerbe on LX
previously considered in [1, 26|, but without taking into account its grading. In fact, if X
is spin, then JLagy x is ungraded, and isomorphic to the obstruction gerbe for lifting the
structure group of LX from LSpin(d) to its basic central extension. Hence we obtain the
following result.

THEOREM A. For a spin manifold X of dimension d > 5, a loop space spinor bundle
G on LX emists if and only of LX admits a lift of structure groups to the basic central
extension of LSpin(d).

Constructions of some version of a spinor bundle on loop space have been previously
given by several authors [1, 42|, starting with McLaughlin [32, p. 150]. However, as far as
we know, as bundle of modules for a von Neumann algebra bundle, a spinor bundle first
appears in [26].

A principal achievement in the work [26] of Kristel and Waldorf is to make the spinor
bundle smooth, by working within a framework of rigged von Neumann algebras and mod-
ules. We incorporate smoothness differently: While &, just as the Fock space bundle over
the bundle of Lagrangians is only a continuous bundle, it turns out that the Lagrangian
gerbe is a smooth bundle gerbe (stemming from the fact that the Pfaffian line bundle
has a canonical smooth structure). We then define a smoothing structure on a spinor
bundle & as a certain additional structure ensuring that spinor bundles with smoothing
structures correspond precisely to smooth trivializations of the Lagrangian gerbe.

The fusion product. Next we explain the notion of a fusion product on a given spinor
bundle & over LX. Roughly speaking, this encodes a certain compatibility of & with
respect to the decomposition of loops into paths. Throughout, we use the path space PX
of smooth paths in X that have vanishing derivatives to all orders at both end points,
which ensures that we can glue two paths 7,7 € PX with the same end points to a
smooth loop 71 [Lale LX. For a path v € PX, we consider the Hilbert space

V., = L*([0, 7], v*TX).

We show that the Clifford algebra C1(V;) has a canonical completion to a von Neumann
algebra A, (more precisely, to a hyperfinite type III; factor), and that these von Neumann
algebras glue together to a locally trivial bundle A of von Neumann algebras over PX.

As claimed by Stolz and Teichner [45], if 71,72 € PX are two loops with common end
points, the spinor bundle &,, ;1 becomes an A,-A,,-bimodule in a canonical way. Con-
structing this bimodule structure precisely is a somewhat non-trivial task and the main
achievement of §2. Our construction then produces a (continuous) bundle of bimodules
over the subspace PX?  LX of loops that decompose into two paths in PX.

DEFINITION. A fusion product for a loop space spinor bundle & consists of an grading
preserving unitary isomorphism

TZGVZ@@GM@HGM@
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of A,-A,,-bimodules for each triple of paths v1,72,v3 € PX with common end points.
We require T to depend continuously on the paths +; and to be associative for each
suitable quadruple of paths.

In the definition of the fusion product, [dénotes the Connes fusion product over
Ay, i.e., a bundle version of the appropriate tensor product of (Hilbert) bimodules for
von Neumann algebras; see Appendix A.3&B.3. We stress that it is crucial in the above
definition to work in a von Neumann algebra setting, as the algebraic tensor product of
S, mm and 6., ;1 over Cl(V,,) will not be isomorphic to &,z The main result of
this paper is the following theorem, which gives a proof of the assertions formulated as
Theorems 1 & 2 in [45].

THEOREM B. Let X be an oriented Riemannian manifold of dimension d > 5. Then
there exists a spinor bundle & with fusion product over X if and only if X admits a string
structure.

In fact, we will prove the following more refined statement, which starts with an
arbitrary loop space spinor bundle &. We show that if X admits a string structure, then
— while there may not exist a fusion product for & itself — there exists a line bundle T over
LX such that & ® ¥ admits a fusion product. This extends the result of [25]. Moreover,
in the presence of a smoothing structures for a spinor bundle &, as alluded to above, one
has a natural notion of smoothness for fusion products.

As discussed by Stolz and Teichner [45], a spinor bundle with a fusion product over
LX behaves locally in X, and should therefore be viewed a “higher” differential geometric
object over the manifold itself. We argue that, using the language developed in 23], this
stringor bundle is naturally a super 2-vector bundle; we give a definition in §2.5.

Super bundle 2-gerbes. Our proof of Thm. B uses the machinery of higher differential
geometry, more precisely that of super bundle 2-gerbes, which where first introduced
(without grading) in [43] and whose definition generalizes in a rather straightforward
fashion to the super case. As many facts needed seemed not to be available in the
literature (at least for the super case), we give an account in §C.

To prove Thm. B, we show that given a spinor bundle & over LX, the obstruction for
the existence of a fusion structure on & is given by a certain super bundle 2-gerbe Fus(&)
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over X x X, which we call the fusion 2-gerbe. This higher gerbe is easily described in
terms of the path fibration PX — X x X: It is given by a super line bundle over the
space PXBl of triples (1, 72,73) of paths with common end points. Explicitly, the fiber
of this line bundle over such a triple is the space Hom(&., a1 La) 64 a1 65, 53) of
As3-A1-bimodule homomorphisms.

On the other hand, it turns out that (via an explicit, canonical isomorphism of super
bundle 2-gerbes) Fus(&) is isomorphic to the another super bundle 2-gerbe Lagy on X X
X, defined independently of a loop space spinor bundle &. We call Lagy the Lagrangian
2-gerbe (see §3). We show that Lagy is ungraded if and only X is spin, and that, in
this case, it is isomorphic to a certain lifting 2-gerbe (often called Chern-Simons 2-gerbe),
which in dimension d > 5 is known to characterize the string condition.

Further discussion. The main new idea of this paper is to combine the theory of
von Neumann algebras with the techniques used in higher differential geometry, in order
to represent the obstruction against existence of a spinor bundle and/or fusion product
within the geometric framework of bundle gerbes. However, for this to work, we had to
make some modifications to the existing theory; in particular, we had to develop some
theory of locally trivial super von Neumann algebra bundles, which to our knowledge is
not present in the existing literature and therefore is presented in Appendix §B.

Moreover, it is crucial to work in the super, i.e., Zs-graded, setting throughout. This
becomes particularly apparent for the Lagrangian 2-gerbe Lagy: While super bundle
gerbes become ordinary bundle gerbes after forgetting the grading, a super bundle 2-
gerbe does not define an ordinary bundle 2-gerbe.

What is not contained in this work is an investigation of the geometric features of the
loop space spinor bundle envisioned in [45], in particular the construction of the conformal
connection on the spinor bundle [45, Definition 3|. This seems to require working with
super bundle (2-)gerbes with connection throughout, which is beyond the scope of the
current paper.

Acknowledgements. It is a pleasure to thank Peter Kristel, André Henriques, Stephan
Stolz and Konrad Waldorf for helpful discussions, and Peter Teichner for greatly inspir-
ing my research and for his support over many years. I would also like to gratefully
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0 Preliminaries on Clifford algebras

In this section, we review well-known classical results on Clifford algebras and Fock rep-
resentations.

Throughout, by a “real” Hilbert space H, we mean a complex Hilbert space with a
real structure, i.e., a complex antilinear involution v — v. An orthogonal transformation



between “real” Hilbert spaces H, H' is a unitary map H — H’ that intertwines the real
structures. In particular, for H' = H, we have the orthogonal group O(H) C U(H) of H.

0.1 Cli'ord algebras

The (algebraic) Clifford algebra C1(H) of a “real” Hilbert space is the quotient of the
tensor algebra of H by the Clifford relations

veow+w-v=—-2(0,w) -1, v,w e H. (0.1)

Here the inner product on H is taken to be complex antilinear in the first component
so that the expression on the right hand side of (0.1) is complex bilinear. CI(H) is a
x-algebra, with x-operation determined on the generating set H C Cl(H) by the formula

vt = -7, veH. (0.2)

It is a fact that Cl1(H) has a unique norm satisfying the C*-identity [3]. The tensor algebra
of H has a natural Z-grading by tensor number, which is not respected by the Clifford
relations. However, since both sides of (0.1) are even, the grading is respected modulo 2,
hence CI(H) is a super algebra.

The Clifford algebra has the universal property that for any unital x-algebra A and
any linear map f : H — A satisfying the relations

f)f(w)+ f(w)f(v) = =2@Ww)-1a  and  f(7) = —f(v)",

for all v,w € H, there exists a unique *-homomorphism Cl(H) — A extending f. In
particular, for any orthogonal transformation g : H — H' C CI(H') between “real”
Hilbert spaces, we obtain an induced *-isomorphism

Cl, : CI(H) — CI(H). (0.3)

If H' = H so that Cl, is an automorphism of Cl(H), these are often called “Bogoliubov
automorphisms”. The assignment g — Cl, is compatible with composition.

If H is a Hilbert space with a real structure v — o, its opposite —H is the “real”
Hilbert space with the same underlying complex vector space, but with real structure
v — —v. The universal property of the Clifford algebra provides a canonical isomorphism

Cl(—H) = CI(H)* (0.4)
of the Clifford algebra of the opposite Hilbert space to the opposite super algebra of C1(H)
(see § A.1), which is the determined by v — v°? on the generating subset H C Cl(—H).

0.2 Lagrangians and Fock representations

A Lagrangian in a “real” Hilbert space H is a subspace L C H with L = L*. For a
Lagrangian L C H, denote the Fock space associated to L by

!oo
3, ¥ AL= AL

n=0



Here the right hand side denotes the Hilbert space completion of the algebraic direct
sum with respect to its canonical inner product, so that § is a Hilbert space. §, is Zo-
graded via the even/odd grading of the exterior algebra. Consequently, the space B(Fp)
of bounded operators on §, is a super von Neumann algebra. There is a canonical grading
preserving s-representation

7 : CI(H) — B(§1),

called the Fock representation, which is uniquely determined by the properties

(V)€ =v A&, velL £e€fFL

WL(@) = —7TL<U)*, RS H <05)

on the subset H C Cl(H). Each Fock representation is irreducible [38, Thm. 2.4.2].

If g: H — H'is an orthogonal transformation between “real” Hilbert spaces and
L C H is a Lagrangian, then gL C H' is a Lagrangian in H’. The corresponding Fock
representations 7, and 7,z of C1(H) and CI(H’) are related by

Ter(gv) = Agmr(v) Ay, v e H, (0.6)

where A, : § — §, is the map on Fock spaces induced by g|, : L — gL. This relation
can be easily verified by checking that both sides satisfy the defining properties (0.5); it
can be interpreted as saying that A, : §, — §,z is an intertwiner along the *-isomorphism
Cl, : CI(H) — CI(H') induced by g via the universal property of the Clifford algebra.

0.3 Equivalence and implementation

By definition, two Fock representations §;, and §: are equivalent (as ungraded represen-
tations) if there exists a unitary isomorphism! U : §; — &1 such that

mr(v) = Unp(v)U™, veH. (0.7)

The Segal-Shale equivalence criterion states that two Fock representations §; and §p
are equivalent in this sense if and only if the difference P, — P of the corresponding
orthogonal projections is a Hilbert-Schmidt operator [38, Thm. 3.4.1]. This criterion
motivates the following definition.

DEFINITION 0.1 (EQUIVALENCE OF LAGRANGIANS). Two Lagrangians L, L' C H
are equivalent if the difference P;, — Py of orthogonal projections is a Hilbert-Schmidt
operator. A polarization on a “real” Hilbert space H is the choice of an equivalence class
Lag of Lagrangians.

It turns out that a unitary U : §, — §p satisfying (0.7) is always either parity-
preserving or parity reversing [38, §3.5]. More precisely, U is parity-preserving if and only
if dim(L N'L) is even and parity-reversing otherwise [38, Thm. 3.5.2], [39, Thm. 1.22].
This gives a grading to the Pfaffian lines defined below.

LU is not necessarily grading preserving, see the discussion below.
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DEFINITION 0.2 (PFAFFIAN LINE). Let H be a “real” Hilbert space with a polariza-
tion Lag. The Pfaffian line of two equivalent Lagrangians L, L' € Lag is the space of
Cl(H )-module homomorphisms

PH(L, L) = Hom(Fs, 311), (0.8)

which can be described as the space of bounded linear maps ® : §;, — § that are either
grading preserving or grading reversing and satisfy the relation

1 (v)® = (=1)*® 7, (v), v e H. (0.9)
The Pfaffian line is graded by parity of its elements.

REMARK 0.3. The additional sign in (0.9) comes from the Koszul rule; see §A.2 for
the general definition of intertwiners between super bimodules. A unitary map satisfying
relation (0.9) can be turned into a unitary map satisfying (0.7) by composing with the
grading operator.

There are the following additional structures on the Pfaffian lines.

(1) As L; and L, are equivalent, their Pfaffian line is non-zero. On the other hand, it fol-
lows from the irreducibility of the Fock representations that two elements of Bf(L1, L2)
differ only by a scalar A € C, in other words, Pf(L1, Lo) is one-dimensional, hence
indeed a complex line. As there always exist unitary intertwiners U : §., — T,
between Fock representations for equivalent Lagrangians, which are either grading
preserving or grading reversing, it follows that any element ® € Pf(L;, Ls) is neces-
sarily a scalar multiple of a unitary.

(2) From the fact that its elements are multiples of unitaries, it follows that Bf(Lq, L2)
carries a natural inner product. It satisfies

O P = (B, &)y - idg, (0.10)

and is uniquely determined by this relation. The inner product induces an identifica-

tion PF( Ly, Lo)* = PF(Lo, L) of the dual Pfaffian line.

(3) For any triple of Lagrangians Ly, Ly, L3 € Lag, composition of operators provides a
grading preserving isomorphism of super lines

Pf(L2, Ls) © Pf(L1, Lz) — BF(L1, Ls). (0.11)

Let (H,Lag) and (H’,Lag’) be polarized “real” Hilbert spaces. An orthogonal trans-
formation g : H — H'is restricted if gL € Lag’ for all L € Lag. In particular, for H' = H,
one makes the following definition.



DEFINITION 0.4 (RESTRICTED ORTHOGONAL GROUP). Let H be a “real” Hilbert
space with a polarization Lag. The corresponding restricted orthogonal group is defined

as

Ores(H) « {g € O(H) |VL € Lag : gL € Lag}.

The Pfaffian lines enjoy the following equivariance with respect to O,es(H): If g €
Oes(H) and L, L' € Lag, there is a grading preserving isomorphism

Bf(L, L") — Pf(gL, gL’), D — AJOA. (0.12)

Fix a “real” Hilbert space H with a polarization Lag. Historically, for L, L' € Lag
the task of constructing an intertwiner §; — §' between Fock modules is known as the
equivalence problem. Closely related is the implementation problem, which is the task of
implementing the Bogoliubov automorphism corresponding to an orthogonal transforma-
tion on some Fock space. Here an implementer is a unitary operator U on &, which is
either grading preserving or grading reversing and satisfies

m(gv) = (=D)IVU 7L (0)U*, veH, (0.13)

for some g € O,es(H). One says that U implements the Bogoliubov automorphism Cl,,
or just that U implements g. This leads to the following definition.

DEFINITION 0.5 (IMPLEMENTER GROUP). Let L € Lag. The group

Imp; def

#
U € U(FL) | 39 € Ores(H) : U implements g
of unitary transformations of §, satisfying (0.13) for some g € O,es(H) is called the group
of implementers for L.

REMARK 0.6. The relation (0.13) differs from the usual one by a sign in the case that
U is grading reversing, due to our general sign convention (A.4) for intertwiners. Given
an implementer satisfying (0.13), one obtains an intertwiner in the sense of, e.g., [38, §3.3|
by composing with the grading operator.

REMARK 0.7. An implementer U for g is grading preserving if ¢ lies in the identity
component of O,(H) and grading reversing otherwise [38, Thm. 3.5.1].

Any solution U to the implementation problem (0.13) gives a unitary element UA} €

Pf(gL, L) of the Pfaffian line, i.e., a solution to the equivalence problem for gL and L.
For details, see [38, §3.2].
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0.4 The von Neumann completion of the Clilord algebra

Let H be a “real” Hilbert space. For any Lagrangian L C H, the Fock representation 7y,
induces a topology on the Clifford algebra Cl1(H) by pulling back the ultraweak topology
of B(F1) along my; explicitly, this topology consists of the sets ;' (0), where O C B(Fr)
ranges over the ultraweakly open sets. Given a unitary transformation U : §., = T1,,
a subset O C B(§r,) is open for the ultraweak topology if and only if UOU* C B(FL,)
is open. Therefore, the relation (0.7) implies that two equivalent Lagrangians L;, Lo
induce the same topology on CI(H). In other words, this topology only depends on the
equivalence class. Hence we can make the following definition.

DEFINITION 0.8 (COMPLETION OF CLIFFORD ALGEBRA). Let Lag be an equiva-
lence class of Lagrangians in H. The completion C of C1(H) with respect to Lag is the
abstract completion (in the sense of topological vector spaces) with respect to the ultra-
weak topology induced by the Fock representations 7, for any L € Lag.

Given a Lagrangian L € Lag, the Fock representation 7, : CI(H) — B(FL) extends
by ultraweak continuity to an isomorphism of topological vector spaces from C to the
closure of the image 7, (Cl(H)) inside B(§) with respect to the ultraweak topology. By
von Neumann’s bicommutant theorem, this ultraweak closure is equal to both the closure
with respect to the weak and the strong topology, and, moreover, coincides with the
bicommutant 7., (Cl(H))” C B(FL). We obtain that the completion C is a super von
Neumann algebra, and that, for any L € Lag, the Fock representation 7, extends to a
x-representation

T, - C — B(SL) (014)

These extensions are x-isomorphisms, so we obtain that C is a super factor of type I, of
even kind (see |29, §2.1]).

REMARK 0.9. If H is finite-dimensional (necessarily even to admit a Lagrangian), this
is just the statement that the Clifford algebra of an even-dimensional complex vector
space is isomorphic to a matrix algebra, where the isomorphism is non-canonical, but
depends on the choice of a Lagrangian L and an isomorphism L 22 C4m(H)/2,

If (H,Lag) and (H',Lag') are two polarized “real” Hilbert spaces and g : H — H' is
an orthogonal transformation sending Lag to Lag’, then the relation (0.6) implies that
the induced isomorphism (0.3) extends to a x-isomorphism

Clg:G—>G’

between the von Neumann completions with respect to the polarizations. This assignment
is compatible with composition so that we obtain a functor from the category of polarized
Hilbert spaces and restricted orthogonal transformations to the category of super von
Neumann algebras and isomorphisms. In particular, for H' = H and Lag = Lag’, we
obtain a group homomorphism

Ores(H) — Aut(C). (0.15)
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The category of polarized Hilbert spaces has an involutive endofunctor which sends
a polarized Hilbert space (H,Lag) to the opposite polarized Hilbert space (—H, Lag®),
where —H is the opposite “real” Hilbert space and

Lagt = {L* = L | L € Lag}. (0.16)

Similarly, the category of super von Neumann algebras has an involutive endofunctor
sending a super von Neumann algebra A to its super opposite A° (see §A.1). The follow-
ing lemma states that the functor that assigns the completed Clifford algebra intertwines
these involutions.

LEMMA 0.10. Let H be a “real” Hilbert space and let Lag be an equivalence class of
Lagrangians in H. The canonical isomorphism (0.4) extends to a *-isomorphism C_ =
C°P, where C is the completion of CI(H) with respect to Lag and C_ is the completion of

Cl(—H) with respect to the opposite equivalence class Lag™.

Proof. For a complex vector space K, we write K for its complex conjugate, the elements
of which we denote by 7, for v € K. Let I" be the real structure of H. Choose a Lagrangian
L € Lag. Then we have a canonical (complex-linear) isomorphism § = Fp, given by
sending ¢ — Ap€ (here Ar : 7 — 1 denotes the map on Fock spaces induced by the real
structure I'). This induces an isomorphism B(F7) = B(FL), given by conjugation with
AF.

Denote by 7 : —H — B(Ff) the Fock representation corresponding to the Lagrangian
L C —H, which is characterized by 77 (v)* = 7z(7) for v € —H and 7p(v)§ = v A for
v € L and £ € §z. Consider the following diagram of x-algebras.

Cl(H
/ Wl l \ (0.17)
COI’ljUgatIOI'\ conjugauon

— T BB 2 BEL) e BB =5 B(FL) ¢

where the curved arrows are the canonical inclusions into the completions, the top squig-
gly arrow is the canonical super anti-isomorphism obtained from (0.4) and the bottom
squiggly arrow is the canonical super anti-homomorphism # given by

*

g %t @ aeven (0.18)
ta*  a odd.
See §A.1 for a more detailed discussion of opposite super algebras, super anti-homomorphisms
and the homomorphism f.

To show that the square in the middle of (0.17) commutes, it suffices to show that
the two compositions agree on elements of H C Cl(—H). The north east composition
Cl(—H) — B(gL) is given on elements of H simply by v — 7.(v) (as the top squiggly
arrow is the identity on H C Cl(—H)), while the south west composition is given by

H3vr () € A(Apms ()AL = iA_imp (v) Ay

12



It is now straight forward to show that 7’ satisfies the defining properties (0.5) of the Fock
representation 7y, so that 7'(v) = mp(v) for all v € H. Therefore, the square commutes. It
follows that the composition of the bottom arrows is the desired *-isomorphism C_ — C°P
extending Cl(—H) — CI(H)°P. !

0.5 The Lagrangian Grassmannian and the Pfa"an line bundle

Let (H,Lag) be a polarized Hilbert space and let C be the completion of Cl(H) with
respect to Lag (see Definition 0.8). We equip O,e(H) with the coarsest topology that
makes both the group homomorphism (0.15) into Aut(C) and the inclusion into O(H)
continuous. Here we always equip the automorphism group of a (super) von Neumann
algebra with Haagerup’s u-topology (see §B). It turns out that with this topology, Oyes(H)
is a Banach Lie group [40, §6.2 & §12.4].

For a Lagrangian L € Lag, any unitary u € U(L) extends uniquely to an element of
Ores(H); this identifies U(L) with the closed subgroup of g € O,e(H) that commute with
the complex structure J, = i(P, — Pr# ).

The obvious action of O,(H) on Lag is transitive, with stabilizer at L € Lag the
closed subgroup U(L) C O,es(H). This turns Lag into a homogeneous space for O,es(H),
and there is a unique smooth structure making the action of O,es(H) smooth |9, Prop. 11 of
§III.11]. Explicitly, this structure is characterized by the property that for each L € Lag,
the map

ar : Ows(H) — Lag, g+— gL (0.19)

descends to a diffeomorphism O,.s(H)/U(L) = Lag.

For any L € Lag, the group Imp; of implementers on L can be described as the
pullback of the principal U(1)-bundle U(§F;) — Aut(C) along the group homomorphism
(0.15),

| l (0.20)
Ores(H) —— Aut(C).

[t turns out that also Imp; is a Banach Lie group [27, §3.5]; hence we obtain a central
extension
U(1) — Tmp;, —> Oreu(H)

of Banach Lie groups. Here the right map sends an implementer to the orthogonal trans-
formation it implements.

The Fock spaces §1, L € Lag glue together to a continuous bundle § of super C1(H)-
modules, with the property that the action of O,e(H) given by

Ay T = For (0.21)

is continuous. In other words, § is an equivariant bundle of Hilbert spaces for the O,s(H )-
action on Lag. In fact, this determines the bundle structure completely. Observe here
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that for each L € Lag, the restriction of (0.21) to the stabilizer U(L) is a continuous
group action on §p, which is, however, not smooth in infinite dimensions (for the norm
topology of U(FL); see|36, §2.3]).

Notice that this equivariant structure does not intertwine the Clifford actions (hence
§ is not equivariant as a Cl(H)-module bundle); instead, by (0.6), A, is an intertwiner
along the “Bogoliubov” automorphism Cl, of C1(H). All statements above stay true when
CI(H) is replaced by its completion C with respect to Lag.

Over Lag x Lag, we have the Pfaffian line bundle

Bi €' Hom(31,32).

where §; denotes the pullback of § along the projection onto the i-th factor. In infinite-
dimensions, as § is only a continuous bundle, this only gives a continuous bundle structure
at first. However, it is straight forward to show that there is a unique smooth structure
on the Pfaffian line bundle such that composition map (0.11) is smooth and such that B
is smoothly O,e(H )-equivariant for the action given by (0.12). It has the property that
for each L € Lag, the map

Imp, — Bf,, Ur— UA, € Bf(gL, L), (0.22)

is smooth and descends to a diffeomorphism on the quotient of the left hand side by
the subgroup U(L) when the right hand side is restricted to the subbundle of unitary
intertwiners between Fock spaces. In (0.22), U is an implementer for g.

REMARK 0.11. The Lagrangian Grassmannian Lag has two connected components.
Indeed, since Lag is a homogenous space for O, (H) with isotropy U(L), it follows from
the long exact sequence of homotopy groups and the contractibility of U(L) that Lag
is homotopy equivalent to O,es(H) (compare Prop. 12.4.2 in [40]). That the restricted
orthogonal group has two connected components is part of Thm. 6.3 in [3]. Given L, L’ €
Lag, the Pfaffian line Bf(L, L’) is even if and only if L, L’ lie in the same connected
component and odd otherwise. This follows from the (grading preserving) isomorphism
(0.22) and the corresponding fact for Imp, [38, Thm. 3.5.2].

1 The spinor bundle on loop space

In this section, we first define spinor bundles corresponding to bundles of polarized Hilbert
spaces on arbitrary (infinite-dimensional) manifolds and then specialize to the example of
the loop space.

1.1 Spinor bundles and the Lagrangian gerbe

Let M be a (possibly infinite-dimensional) manifold.
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DEFINITION 1.1 (BUNDLE OF POLARIZED HILBERT SPACES). A smooth bundle of
polarized Hilbert spaces is a bundle of “real” Hilbert spaces H over M (see §B.2) such that
each fiber H), carries a polarization Lag,. We require that there exists a collection of local
trivializations {7; : H|o, — O; X Hp}ier such that the following holds:

(i) The domains O;, i € I, form an open cover of M.

(ii) The typical fiber Hy has a polarization Lag, such that for each i € I, the trivializa-
tion 7; is fiberwise a restricted orthogonal transformation.

(iii) By the previous requirement, the corresponding transition functions defined over
two-fold overlaps of the cover {O;};c; are fiberwise restricted orthogonal transfor-
mations. We now require that the corresponding functions O; N O; — O,es(Hy) are
smooth.

REMARK 1.2. As bundles of Hilbert spaces are often not smooth, it may be useful in
some situations to relax the above definition by dropping the smoothness requirement in
(ii) and instead require continuity of the functions O; N O; — O,e(H) for the coarsest
topology on O,es(Hp) that makes the inclusion into Aut(Cy) continuous, where Cy is the
completion of Cl(Hy) with respect to Lag, (see Definition 0.8). This topology is coarser
than the Lie group topology of O,(Hy) considered here, but finer than the strong topology
induced from O(H). With this weakened notion, topological versions of the statements
below still hold; for example, the Lagrangian gerbe Lag is still defined as a topological
bundle gerbe. However, it turns out that the main example for a polarized Hilbert space
bundle in this paper (which is essentially the completed tangent bundle of the smooth
loop space of a Riemannian manifold) is smooth in the above sense, which allows to stay
in the smooth setting.

Given a bundle H of polarized Hilbert spaces over M, the fiberwise completions C, of
the Clifford algebras Cl(H,), p € M, glue together to a (continuous) bundle C of super
von Neumann algebras over M. Local trivializations for C are immediately obtained from
those of H, using continuity of the group homomorphism (0.15).

DEFINITION 1.3 (SPINOR BUNDLE). Let H be a bundle of polarized Hilbert spaces
on M and let C be corresponding bundle of super von Neumann algebras. A spinor bundle
for H is a (continuous) bundle & of irreducible super left modules over M for the super
von Neumann algebra bundle C.

See Definition B.7 for the general notion of a bundle of super left modules for a super
von Neumann algebra bundle. In particular, the definition entails that over each p € M,
the fiber G, is a super Hilbert space together with a grading preserving *-isomorphism

C, ~ B(S,).

We now construct a geometric obstruction for the existence of a spinor bundle for a
bundle H of polarized Hilbert spaces, which is a super bundle gerbe. Given a bundle of
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polarized Hilbert spaces, the fiber polarizations Lag,, p € M, glue together to a smooth
fiber bundle Lag — M, whose transition functions are obtained from those of H, using
the smoothness of the action of O,es(Hy) on Lag, (here (Hy,Lag,) is the typical fiber of
H). The Fock spaces §p, L € Lag, form a (continuous) bundle § over Lag, the fibers
of which are super left modules for (the pullback to Lag of) the Clifford von Neumann
algebra bundle €. The Pfaffian line bundle
P < Hom(F1, 52)

is then a smooth super line bundle over the 2-fold fiber product Lag?. Here, following
Notation C.1, §; denotes the pullback of § along the i-th projection map Lag? — Lag.
(We remark here that since § is only a continuous bundle, this only gives a continuous
line bundle at first. However the smooth structure of the Pfaffian line bundle Bf° over
the homogeneous space Lag, carries over to Bf by smoothness of the O,qs(Hp)-action on
Bf°.) The composition map (0.11) lifts to a smooth isomorphism of super line bundles

A Pag @ Pfra —> PBus (1.1)

over the three-fold fiber product Lag?® (see Notation C.1). These data form the La-
grangian gerbe for H, defined as follows.

DEFINITION 1.4 (LAGRANGIAN GERBE). Let H be a bundle of polarized Hilbert
spaces over M. The Lagrangian gerbe for H is the super bundle gerbe depicted as follows.
% (

q:} f composition associativity
map A of composition

Lagy = Lag &—— Lagm E Lagm g Lag[‘q . (1.2)

M

Its cover is the bundle Lag of Lagrangians in H, its super line bundle is the Pfaffian line
bundle Bf over Lag® and its gerbe multiplication is the composition map (1.1), which
satisfies the necessary coherence (C.1) over Lag!¥ by associativity of the composition of
operators.

This super bundle gerbe has been previously considered in [26, §5] (in a somewhat
different language), but without using the grading of its defining line bundle; see also [1,
Chapter 11].

EXAMPLE 1.5. Suppose that M is a Riemannian manifold of finite dimension d. Con-

sider the vector bundle H over M given by

$
TCM if d is even

TM & C if d is odd.
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It can be identified with the associated bundle O(M) X gy Ho, where O(M) is the principal
O(d)-bundle of orthogonal frames on M and Hy = C¢ respectively C4*!. Then a spinor
bundle & for H exists if and only if M has a Spin® structure, and in that case, is just a
usual complex spinor bundle.

In this situation, one can show that the characteristic classes of the Lagrangian gerbe
are the first Stiefel-Whitney class wy(M) € H'(M,Z,) and the third integral Stiefel-
Whitney class W3(M) € H*(M,Z) of M, which are precisely the obstructions for the

existence of a Spin“-structure.

EXAMPLE 1.6. If the bundle Lag of Lagrangians in H has a global section L : M — Lag,
then a spinor bundle is just obtained by setting & = F;, = L*§. However, this assumption
is very restrictive: Indeed, the choice of a Lagrangian in H, is the same thing as the
choice of an orthogonal complex structure in H, (where a Lagrangian L corresponds to
the complex structure J;, = i(P, — Pr)). Hence in the context of Example 1.5 with d
even, a global section of Lag is the same thing as an almost complex structure on M.
But many spin® manifolds do not admit an almost complex structure; for example, it is
well-known that M = S*" only admits an almost complex structure when n € {1,2,3}.

EXAMPLE 1.7. Compared to Example 1.6, a less restrictive way to obtain a spinor
bundle is to choose an open cover (O;);c; such that Lag|o, admits sections L;, together
with grading preserving bundle isomorphisms Uy; : §1, — &1, defined over O;NO;. These
are then required to satisfy the cocycle condition

Uik = Uijij, (13)

in order for the bundles (Fy, )ies over the open cover to glue together to a spinor bundle
S. In fact, any spinor bundle on M is isomorphic to one obtained this way.

EXAMPLE 1.8. The data (0;);e; and (U;;)ijer from Example 1.7 are a special case of a
trivialization of the Lagrangian gerbe JLagy. The above construction can be generalized
as follows for an arbitrary trivialization t = (¥, 7) of Lagy, where T is a smooth super
line bundle over Lag and 7 : ¥y ® Bf — T, is an isomorphism of super line bundles
over Lag?). To obtain a spinor bundle & from the trivialization (¥, 7), we define a bundle
S — Lag of super left C-modules by the formula S =F®%T. Over Lagm, we have a
canonical isomorphism of super vector bundles

é2=32®‘12%’%1®‘13f®‘12%&@fz@‘ﬁf% 519% =6,

given by 7 and the canonical bundle isomorphism Fs = §; ®°Bf coming from the fiberwise
application isomorphism

Fr, ® Hom(31,, Fr,) @ §1,, (L1, Lo) € Lag?.

The three different pullbacks of this isomorphism to Lag[g} satisfy the obvious cocycle

condition, hence & descends to a bundle & of super left C-modules on M. By construction,
the fiber &, of & is isomorphic to §, for any L € Lag,, hence irreducible as a C-module.
In other words, & = &g ) is a spinor bundle for H.

17



We may form the category SpinBdl g whose objects are spinor bundles & for H and
whose morphisms are isomorphisms of super C-module bundles (see Definition B.8). The
construction from Example 1.8 that associates to a trivialization of Lagy a spinor bundle
for H can be easily upgraded to a functor

Triv(Lagy) — SpinBdl 4. (1.4)
THEOREM 1.9. The above functor is essentially surjective and faithful.

In particular, the above theorem shows that non-triviality of the Lagrangian gerbe
Lagy is the obstruction to the existence of a spinor bundle for H; compare also Theo-
rem 5.3.7 of [26].

Proof. That the functor is faithful follows directly from the construction.
To see that the functor is essentially surjective, given a spinor bundle & over M,
consider the super line bundle

N = Hom(§, 7 6), (1.5)

over Lag, where 7*G& is the pullback along the footpoint projection 7 : Lag — M. N
comes with a canonical grading preserving isomorphism of super line bundles

VIMQ®§Bf—)m1, (16)

see Notation C.1. The tuple (M, r) then forms a continuous trivialization of Lagy and
there is a canonical isomorphism & = &y ,), where &Gy, is the spinor bundle constructed
in Example 1.8.

The category Triv (JLagrx) in the domain of (1.4) is the category of smooth trivializa-
tions, but we may choose a smooth structure on 91 such that the canonical composition
map (1.6) is smooth. This follows from the fact that every continuous trivialization of
a bundle gerbe is (in the category of continuous trivializations) isomorphic to a smooth
trivialization. !

REMARK 1.10. Using the language of (super) 2-vector bundles (see §2.5), the above
constructions can be phrased as follows. Both JLagy and the Clifford algebra bundle C are
examples of super 2-vector bundles over the manifold M and the canonical isomorphism

52 @ Pf — $1

establishes that the Fock space bundle § over Lag defines an isomorphism of super 2-
vector bundles f : Lagy — C. In the finite-dimensional case, this is discused in §5 of [23].
The inverse of any trivialization is an isomorphism I — JLagy (where J is the trivial
super 2-vector bundle) and postcomposing with § gives an isomorphism of super 2-vector
bundles ¢ — €, which is the same thing as an irreducible super left C-module.
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1.2 Smoothing structures

At this stage, we cannot upgrade the statement of Thm. 1.9 to an equivalence of categories,
because the functor constructed in the proof above is not full. The problem is here that
there is no smoothness requirement for isomorphisms in the category of spinor bundles.
This can be fixed as follows.

DEFINITION 1.11 (SMOOTHING STRUCTURE). Let & be a spinor bundle for H. A
smoothing structure on & is a choice of smooth structure for the super line bundle 91 over
Lag defined in (1.5), which makes the canonical composition map (1.6) smooth.

REMARK 1.12. Following [26], a rigging of & is a smooth Cl(H)-submodule bundle
6% C 6 which is fiberwise isomorphic to the subspace §7° of smooth vectors for the
action of U(L). Given such a rigging, inclusion of intertwiners produces a line bundle
isomorphism

Hom (7" &, §°) 2 Hom (7", 3) = N
Since the left hand side has a natural smooth structure (as both 7*&> and §>° are smooth

vector bundles), we see that any rigging provides a canonical smoothing structure on &.

sSm

We may form the category SpinBdl %' of spinor bundles for H with a smoothing
structure. Morphisms in this category consist of even bundle isomorphisms & — &'
intertwining the C-actions that make the induced line bundle homomorphism

N = Hom(F, 7*6) — Hom(F, 7" &) =N’
smooth.

LEMMA 1.13. Ewvery spinor bundle & admits a smoothing structure. Two spinor bundles
with smoothing structures are isomorphic in SPINBAI 57" if and only if they are isomorphic
in SpinBdl 5.

Proof. A smoothing structure for a spinor bundle & can be obtained by identifying it with
an element in the image of the functor (1.4) (which has a canonical smoothing structure).
As the functor is essentially surjective, this is always possible. The second statement
follows from the fact that (1.4) is faithful. !

The proof of the following refinement of Thm. 1.9 is now straight forward.
THEOREM 1.14. The functor (1.4) refines to an equivalence of categories

Triv(Lagy) — SpinBdl 7. (1.7)

Proof. By Lemma 1.13, the functor is still essentially surjective. It is faithful by Thm. 1.9.
It is full as the compatibility with the smoothing structures of morphisms in SpinBdl 3
ensures that each isomorphism of spinor bundles with smoothing structures in the image
of (1.7) comes from an isomorphism of the corresponding trivializations of Lagy. !
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1.3 Lagrangians over the circle

When applying the general constructions from §1.1 to the loop space M = LX, where X

is some (oriented) Riemannian manifold, the Hilbert space bundle should H should be a

suitable completion of the tangent bundle TLX. The crucial task, however, is to endow

its fibers with a suitable polarization, i.e., a preferred equivalence class of Lagrangians.
To analyze this problem, consider the Hilbert space

def
Hp =

L*(S', B),
where F is a “real” metric vector bundle £ on S'. Hpy acquires a real structure from the
pointwise real structures in the fibers of F.

As Hpg is a Hilbert space of sections, it makes sense to consider Lagrangians L. C Hg
whose orthogonal projection P, is a pseudodifferential operator (necessarily of order zero),
at least up to a Hilbert-Schmidt perturbation. Two equivalent spectral projections FPj,
and Pr; of this type must necessarily have the same principal symbol p, which is a section
of the bundle 7*End(FE) over T*S!. If we insist additionally that the principal symbol p
is invariant under orthogonal transformations of the fibers of E, then (up to sign), p must
necessarily be given by

p(t,9) & sign(®)-idg, te s, ¥eTysh. (1.8)

It therefore seems natural to consider the equivalence class

Lagg o {L C Hp Lagrangian | Py, has principal symbol p}, (1.9)

consisting of those Lagrangians L such that the corresponding orthogonal projection P,
is (up to a Hilbert-Schmidt perturbation) a classical pseudodifferential operator with
principal symbol given by (1.8). If L and L’ are two such Lagrangians, the difference
P;, — Py has zero principal symbol which implies that it is a Hilbert-Schmidt operator,
hence L and L' are indeed equivalent.

However, there is an index-theoretic obstruction for this approach to work. Recall
that real vector bundles E over S! are characterized by two invariants: Their dimension
and their first Stiefel-Whitney class w(E) € Zy. We now have the following.

THEOREM 1.15. Lagy is non-empty if and only if w1 (E) = dim £ mod 2.

Proof. Suppose that Lagy is non-empty. Then given a Lagrangian L € Lagy, the operator
Jp = i(Pp — Pp#) is real skew-adjoint and therefore has an index ind J;, = dimker J,
mod 2 € Z,, which is independent of L (as the difference J;, — Jp is Hilbert-Schmidt for
L,L' € Lagg) . However, by [4, Thm. 2.3], this index can be computed in terms of the
symbol p. Carrying out this calculation gives

ind J, = wi(F) +dim E  mod 2.
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On the other hand, since L is a Lagrangian, we have H = L@ L+, which implies ker J;, = 0.
Hence we must have w;(E) = dim £ mod 2.

For the converse direction, we construct a Lagrangian L € Lagy, assuming w(F) =
dim £ mod 2. To this end, choose a connection V¥ on E. Then covariant differentiation
with respect to the canonical coordinate on S' gives a real skew-adjoint operator VE,
whose mod 2 index is wi(E) + dim £ mod 2 = 0. This implies that its kernel is even-
dimensional. Define now !

L= Eig(D, £), (1.10)

A>0

the (Hilbert space) direct sum of eigenspaces to positive (negative) eigenvalues of the
self-adjoint operator D = iVF. Then L_ = L, and the orthogonal projection onto L_
is a pseudodifferential operator with principal symbol (1.8) (see Prop. 14.2 in [7]). Now,
for any choice of Lagrangian K in the finite-dimensional “real” Hilbert space ker(D) =
ker(VE) C Hp, the sum L = L_ + K is a Lagrangian in Lagy. Such a Lagrangian K
exists as dimker(D) = ind V¥ mod 2, which is zero. !

A real vector bundle E satisfying the condition (1.15) can be written in the form
E =S ®C¢, where S is the bounding spinor bundle on the circle, i.e., the rank one “real”
bundle with nontrivial w;(S) (observe here that w; (S ® C?) = d-w,(S) = d mod 2). We

therefore set
def

Hy € L*S',s®C? (1.11)
and let Lag, be the equivalence class of Lagrangians defined by (1.9) for this choice of E,
i.e., the class of Lagrangians L. C H, such that the corresponding projection P;, is, up to a
Hilbert-Schmidt perturbation, a pseudodifferential operator with principal symbol (1.8).
If d is even, we simply have C? = S @ C? but if d is odd, Thm. 1.15 shows that we need
the twist by S in order for Lag, to be non-empty.

It will be important that the Hilbert space H, has a canonical action of the loop
group LSO(d), given by pointwise multiplication in the C? factor. This action is by
orthogonal transformations, and as conjugation by elements of LSO(d) leaves the principal
symbol (1.8) invariant, these preserve the polarization Lag,. Hence we obtain a group
homomorphism

LSO(d) — Ores(Ho), (1.12)

which turns out to be smooth (see [40, Prop. 12.5.1], |27, Prop. 3.23]). Given a Lagrangian
L, we can pull back the implementer extension Imp, along the homomorphism (1.12) to
obtain a central extension of LSO(d). This extension can then be pulled back further
along the group homomorphism LSpin(d) — LSO(d), obtaining a central extension of
LSpin(d). We obtain these central extensions the implementer extension of LSO(d),
respectively LSpin(d).

| l (1.13)
LSpin(d) —— LS;)(d) —— Ores(Ho)
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THEOREM 1.16. [27, Theorem 3.26| If d > 5, then the implementer extension is a
basic central extension of LSpin(d), meaning that its first Chern class is a generator for

H?(LSpin(d),Z) = Z.

This theorem is either proved by using that the first Chern class of Imp; is a generator
for H?(O,es(H),Z) = 7 [42, Prop. 1.2| together with the fact that the map QSpin(d) —
Ovres(Hp) is (d — 2)-connected [40, Prop. 12.5.2]. Alternatively, one can explicitly compute
the group cocycle characterizing the extension (see [27, Lemma 3.24] or [8, Thm. 8.3])
and use |40, Theorem 4.4.1 (iv) & Proposition 4.4.6].

1.4 The loop space spinor bundle

Let now X be an oriented Riemannian manifold of dimension d with loop space LX =
C>(S', X). The loop space has a canonical bundle of “real” Hilbert spaces Hpy, the fiber
of which at a loop v € LX is

def
o, =

L*(SY,S®~'TX), (1.14)
with S the bounding spinor bundle on the circle. The structure group of Hyx is canoni-
cally reduced to LSO(d), in the sense that the looped frame bundle LSO(X) is a principal
LSO(d)-bundle with the property that the associated bundle LSO(X') X 1504y Ho is canon-
ically isomorphic to Hyy, where Hy is the Hilbert space considered in (1.11).

As X is oriented, we have w(v*TX) = v*w, (T X) = 0, hence the canonical polariza-
tion

Lag, gef {L C H, Lagrangian | P, has principal symbol p} (1.15)

of H, described in §1.3 is non-empty. We now provide Hpx with the structure of a smooth
bundle of polarized Hilbert spaces according to Definition 1.1. To this end, we remark
that elements of the bundle SO(X) of orthogonal oriented frames can be viewed as ori-
ented orthogonal transformations RY — T, X, hence by pointwise application, elements
g € LSO(X) of the looped frame bundle that lift a loop v € LX give orthogonal transfor-
mations g : Hy — H,. As such a ¢ intertwines the principal symbols (1.8) for the bundles
E =S®C?and S®y*TX, it is a restricted orthogonal transformation. Therefore, a local
section g of LSO(X) over an open set O C LX provides a local trivialization of Hpy.
If ¢’ is another local section over an open set O’ C LX, then the transition function is
obtained from the smooth function ¢’¢g~! : O N O" — LSO(d) by postcomposing with
the Lie group homomorphism (1.12). Hence the transition functions are smooth.

As in §1.1, the fiberwise completions C, of the Clifford algebra Cl(H,) with respect
to Lag, glue together to a continuous bundle C of super von Neumann algebras over LX
(this bundle was previously considered in [29]). We repeat Definition 1.3 for the present
context.

DEFINITION 1.17 (LOOP SPACE SPINOR BUNDLE). A loop space spinor bundle is
a (continuous) bundle & over LX of irreducible super left modules for the super von
Neumann algebra bundle C.
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The fiberwise polarizations Lag,, glue together to a smooth fiber bundle Lag, x — LX.
Over Lag, we have the Fock bundle §, a (continuous) bundle of super left modules for the
(pullback to Lag; y of the) Clifford algebra bundle Cl(Hx) and its completion C.

Over the 2-fold fiber product Lag®®, we have the Pfaffian line bundle 3§, which is the
defining super line bundle for the Lagrangian gerbe Lagyx for Hypx (see Definition 1.4).
As seen in §1.1, non-triviality of the Lagrangian gerbe is the obstruction to the existence
of a loop space spinor bundle. This statement is repeated in the following theorem.

THEOREM 1.18. A loop space spinor bundle on LX exists if and only if the Lagrangian
gerbe Lagrx admits a trivialization.

In the present situation, non-triviality of the Lagrangian gerbe JLag; x can be charac-
terized in geometric terms as follows.

THEOREM 1.19. The structure group of LSO(X) can be reduced to the identity compo-
nent LSO(d)y C LSO(d) if and only if the orientation line bundle or(Lagyx) is non-trivial.

Recall here that every super bundle 2-gerbe ¢ has an associated principal Zsy-bundle
or(@), see Definition C.3.

A sufficient condition for the reduction of structure groups from Thm. 1.19 to ex-
ist is the existence of a spin structure Spin(X) of X. Indeed, the image P of the
map LSpin(X) — LSO(X) is a principal LSO(d)o-bundle. Conversely, it was shown
by McLaughlin [32, Prop. 2.1] that in the case that X has dimension d > 4 and is simply
connected, the existence of a reduction of the structure group to LSO(d)q implies that X
is spin.

Proof. Let P C LSO(X) be a reduction of the structure group to LSO(d)y, i.e., P is
a subbundle on which the subgroup LSO(d), acts fiberwise freely and transitively. Fix
some Lagrangian L € Lag, and consider the map of covers p : P — Lag, g — gL.
Since the fibers of P are connected, we obtain that the pullback ¢*Jf is purely even (see
Remark 0.11). This implies the orientation bundle of the refinement of Lag,y along o is
trivial.

Conversely, suppose that the orientation bundle or(JLagrx) is trivial and choose a
section s of or(<Lagrx) and a Lagrangian L € Lag,. Then

P ¥ geLSOX), | s(y) =[gL, 0]# C LSO(X).

is a principal LSO(d)o-bundle. !

—_——

For the next result, recall that a central extension LSpin(d) of LSpin(d) by U(1) is
basic if its first Chern class is a generator of H*(LSpin(d),Z) = Z.

THEOREM 1.20. Suppose that X is a spin manifold of dimension d > 5. Then JLagrx
admits a trivialization if and only if there exists a lift of the structure group of LX from
LSpin(d) to its basic central extension.
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Proof. Suppose that X is spin and let Spin(X) be the corresponding principal Spin(d)-
bundle. For a given Lagrangian L € Lag,, consider the map o : LSpin(X) — Lag given
by g — gL, where g is the image of g in LSO(X) under the loop map of the double
covering map Spin(X) — SO(X). By Thm. 1.19, Lag,x has trivial orientation bundle,
and refining JLagyx along the map o gives a new purely even super bundle gerbe ¢y,
isomorphic to Lagx with cover LSpin(X).

We claim that the underlying U(1)-bundle gerbe of G}, is strictly isomorphic to the
lifting gerbe Liftg,(x) for the implementer extension (1.13) of LSpin(d); compare (C.6).
Recall here that the Pfaffian line bundle has a canonical metric given by (0.10) and hence
a canonical underlying U(1)-bundle gerbe, given by passing to the norm one (i.e., unitary)
elements. Now, the line bundle of G at (§1,32) € LSpin(X)? is Pf(q1L, goL). Using
(0.22) and (0.12), we obtain a map

(Impy)g591 — Bf(g591L, L) — Bf(g1L, g=L). (1.16)

This gives an isomorphism of the subbundle of p*Bf consisting of unitary intertwiners
with the pullback of the principal U(1)-bundle Imp; — O,s(Hp) along the map

LSpin(X) -2 LSpin(d) — LSO(d) — Oses(Ho),  (G1,82) — G501
But with a view on (1.13), this pullback is just ¢*LSpin(d). The isomorphism (1.16)
moreover intertwines the composition map (0.11) with group multiplication in Imp;, so
that G is indeed isomorphic to Liftg;, x)-

By Thm. C.2, we therefore obtain that ¢y, and hence also Lagy x are trivial if and only
if the structure group of LX admits a lift from LSpin(d) to the implementer extension.
On the other hand, by Thm. 1.16 the assumption d > 5 guarantees that the implementer
extension is LSpin(d). !

Recall that on a spin manifold X, there exists a characteristic class %pl (X)), which has
the property that twice this class equals the first Pontrjagin class [32, Lemma 2.2]. It was
shown by Waldorf [55, §5.2] that the Dixmier-Douady class of the obstruction gerbe to
lifting the structure group LSpin(d) to its basic central extension is 7(3p1(X)). Conversely,
McLaughlin showed that if X is 2-connected and dim(X) > 5, then vanishing of 7(5p1 (X))
implies the vanishing of %pl (X) itself. Examples of manifolds X with %pl (X) # 0 but
7(5p1(X)) = 0 have been provided in [37].

2 The fusion product

Let X be a Riemannian manifold of dimension d. In this section, we discuss fusion
products on the loop space spinor bundle. For this, it will be important to cup loops into
paths. We write

PX c C*([0,7],X)
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for the subset of those paths v : [0, 7] — X that are flat near the end points, i.e., in some
coordinate chart (hence all coordinate charts) the derivatives of 4 vanish to all orders at
the end points. PX is an infinite-dimensional Fréchet manifold.

REMARK 2.1. In the literature, two variations of this path space are often considered:
First, one could drop the condition that the paths be flat at the end points, which also
gives a nice Fréchet manifold of paths but has the disadvantage that after gluing two
paths with the same end points to a loop with the map (2.1) below, one does not obtain
a smooth loop. This can be repaired by considering paths with sitting instants instead,
i.e., paths that are constant near the end points. But this has the disadvantage that one
leaves the realm of manifolds and has to work with diffeological spaces instead.

For k > 2, denote by PX ¥ the k-fold fiber product of PX with itself over the endpoint
evaluation map to X x X. Explicitly, elements of PX¥ consist of tuples (vi,...,v) of
paths v; € PX that each share both the same starting point and the same end point.

For (y1,72) € PXP we set
$

= PO el

n2r—t) tem2n]. 1)

Since v; and v, are flat at the endpoints, v; [qd is a smooth loop in X, and sending
(71,72) to v1 [3alyields a smooth inclusion map PX? — LX.

gt 1 Y2 | =

2.1 The von Neumann algebra bundle over the path space

In this section, we construct a bundle A of Clifford von Neumann algebras over the path
space PX of a Riemannian manifold X. We first discuss the typical fiber of this bundle.
Consider the “real” Hilbert space

def

Vo = L*([0,n],C%). (2.2)

By choosing a metric preserving trivialization of the restriction S|y ), we identify V{ with
a subspace of the “real” Hilbert space Hj defined in (1.11). We fix such a trivialization
once and for all. This induces an inclusion *-algebras Cl(V;) < Cl(Hy) C Cy, where Cy
is the completion of Cl(Hy) with respect to the polarization Lag; see (1.9). We define

Ay & (V)" C G, (2.3)
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as the completion of C1(V4) with respect to the ultraweak topology induced by this inclu-
sion.

REMARK 2.2. Observe that S| has precisely two trivializations (that preserve the
fiber metrics), which differ by a sign. Hence the two inclusions C1(Vj) < Cy corresponding
to these trivializations are intertwined by the grading automorphism of Cy. We therefore
see that both inclusion induce the same topology on Cl(V;) and hence lead to the same
completion Aj.

LEMMA 2.3. The Bogoliubov automorphisms of Cl(Vy) induced by elements of PSO(d)
extend to Ay by ultraweak continuity and the resulting group homomorphism

PSO(d) — Ay (2.4)
18 continuous.

Proof. Let g € PSO(d), which induces a Bogoliubov automorphism Cl, of C1(Vp). To see
that Cl, is continuous, choose an element ¢’ € PSO(d) with the same start and end point
as g. Then the element ¢’ [gE O,(Hp) induces a *-automorphism of Cy restricting to
Cl, on CI(Vp). So Cly is the restriction of a x-automorphism of Cy, hence ultraweakly
continuous, therefore extends by continuity to Aj.

To see that (2.4) is continuous, we first observe that the composition

PSO(d)2 —5'LSO(d) — Oyes(Hy) — Aut(Cp)

is continuous, where the middle one is (1.12) and the last one is (0.15). Notice that
the image of the composition is contained in the subgroup Aut(Cy)" C Aut(Cp) that
consist of automorphisms of Cy that preserve Ay, hence we obtain a homomorphism
PSO(d)! — Aut/(Cy). Precomposition with the diagonal map PSO(d) — PSO(d)!? and
postcomposition with the map that restricts an automorphism of Cy that preserves A to
an automorphism of A, gives a factorization of the homomorphism as the composition
PSO(d) — PSO(d)? — Aut(Cy)" — Aut(Ap) of continuous group homomorphisms. !

We now construct the desired bundle A with typical fiber A, over the path space PX
of a Riemannian manifold X. For v € PX, consider the Hilbert space

def

vV, = L*([0,7],7"TX). (2.5)

For (71,72) € PX we can form the loop 7, [, and V., is naturally a subspace of
the Hilbert space H.,, sz defined in (1.14). H.,, i supports the equivalence class Lag,, =
of Lagrangians defined in (1.15), which gives rise to the completion C,, 53 of the corre-
sponding Clifford algebra. We therefore have inclusions

CI(V’Yz) - Cl(HM |4_¢2|) - 871 [z} (2'6)

To get rid of the dependence on ~;, we use the following lemma.
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LEMMA 2.4. The ultraweak topology induced on Cl(V,,) by the inclusion (2.6) does not
depend on the choice of ;.

Proof. Let v; € PX be another path with the same start and end points as 7,. Choose
lifts g € LSO(X),, zmand ¢ € LSO(X),; iz that agree on [0, 7] (i.e, over 72). We view
these as orthogonal transformations

g:H0—>HA/1@ g/1H0—>H7!1@.

of polarized “real” Hilbert spaces. The composition ¢'g™"' : H,, 5 — H.\ ;s then also
an orthogonal transformation of polarized “real” Hilbert spaces, hence induces an isomor-
phism Cl,, 1 on the corresponding Clifford algebras which by construction intertwines
the inclusions of CI(V,,).

CI(HM |—’)—42-|) — G’Yl [52]

(/
CL(V;,) JCIQ!Q-- . ng!g'v .
T~

Cl(Hv!l qu_zl) — Gv!l

On the other hand, Clgy, 1 extends by ultraweak continuity to the von Neumann algebra
completions, which shows that both inclusions induce the same ultraweak topology. !

NoOTATION 2.5. For v € PX, we denote by A, the completion of Cl(V,) with respect
to the ultraweak topology induced by any of the inclusions (2.6).

Each A, v € PX, is a super von Neumann algebra, and by construction, for any
(71,72) € PX, we have *-homomorphisms

‘%’Yz — G’Yl [z}

The A, v € PX, glue together to a bundle of von Neumann algebras (see Definition B.3).
Indeed, if g : O — PSO(X) is a local section of PSO(X) over an open set O C PX, we
obtain a local trivialization Cl; : A|o — Ay x O. That the transition functions are
continuous follows from Lemma 2.3.

2.2 Fock spaces as bimodules

Let H be a “real” Hilbert space together with a “real” subspace V' C H, i.e., a complex
subspace of H that is preserved by the real structure. Suppose now that there exists an

orthogonal involution
c.:H—H

that exchanges V with V4. The composition io can be viewed as an orthogonal transfor-
mation —H — H, hence we obtain an induced *-isomorphism

Clj

CLV)°P = Cl(—H) —2 C1(H), (2.7)
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which sends Cl(—V) to C1(V1), the super commutant of C1(V) inside CI(H).

Given a Lagrangian L C Lag, the corresponding Fock space §, is a left super CI1(H )-
module via the Fock representation 7. It also has an action of C1(V) C CI(H) obtained
from restricting 7. But the #-isomorphism (2.7) determined by o also induces a *-
representation 79 of C1(V)°P on §p, explicitly given by

) & n(iov), wveV (2.8)

As a Hilbert space with super commuting actions of C1(V') and CI(V')°P, the Fock space §,
acquires the structure of a super Cl(V)-Cl(V)-bimodule, where the right action is given
on V C CI(V) by

cav E (—D)Er)E,  weV (2.9)

We now lift the above construction to the von Neumann algebra completions. Suppose
we are given a polarization Lag on H and let C be the completion of the Clifford algebra
Cl(H) with respect to Lag (see Definition 0.8). Let moreover

A =ClV)' ce

be the ultraweak closure of the Clifford subalgebra ClI(V) C CI(H) in C. We assume
additionally that o sends the equivalence class Lag to the opposite equivalence class
Lag™; see (0.16). Then Cl, extends by ultraweak continuity to a *-isomorphism C_ — C,
where C_ denotes the completion of C1(—H) with respect to Lag™. By Lemma 0.10, also
the canonical isomorphism CI(H ) = Cl(—H) extends continuously to a *-isomorphism
C°P = C_. Combining these two extensions, we obtain that (2.7) extends by ultraweak
continuity to a x-isomorphism

crxe. 2, e (2.10)

As (2.7) sends C1(V)°P to C1(V1), the super commutant of C1(V') in C1(H), its continuous
extension sends A to the super commutant of A in C.

By the above, for any Lagrangian L € Lag, the representations m; and 77 extend
to supercommuting *-representations of A, respectively A, on §;. Turning the left
A°P-action into a right A-action using (2.9) then turns the Fock space §, into a super
A-A-bimodule. It is a non-trivial fact that the image of A°P under 7¢ is actually equal
to the super commutant of 7 (A); this is the so-called “twisted duality” of the Clifford
algebra, see [6] or [56, Thm. 13(iii)|. We obtain that the images of A under 7y, and 7§ are
each other’s super commutant; this implies that the super A-A-bimodule §, is invertible
with respect to Connes fusion [28, Prop. 5.5]).

REMARK 2.6. The above constructions extend to the slightly more general setup. Let
V' C H be another subspace of a polarized Hilbert space (H, Lag) and let A = CI(V)" C €
be the completion of the corresponding Clifford algebra in the completion C of CI(H) with
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respect to Lag. Then given an orthogonal transformation o : H — H sending V to V*
and Lag" to Lag, the *-isomorphism

Cl(H)P = Cl(—H) 2

CI(H)
extends by ultraweak continuity to a *-isomorphism C°° — € that takes AP to the super
commutant of A in C.

Moreover, for any L € Lag, the representation 7¢ of C1(V') given by the formula (2.8)
extends continuously to a *-representation of A on §, such that 77(A) is the super
commutant of 7, (). This turns §, into an invertible super A-A-bimodule.

Any Lagrangian L in general position with respect to V' (meaning that the intersections
LNV and L NV* are trivial) determines an orthogonal involution o = o, as above.
Namely, since L is in general position, we have

L = graph(T})

for some (possibly unbounded) densely defined, invertible operator Ty, : V' — V+. That

L is a Lagrangian entails that T} = —Tzl. This relation implies that the operator o,
defined with respect to the direct sum decomposition H =V @ V' by the matrix
+
o (T* —1/2p%’

iT (TyTy) =42 ’

is an orthogonal involution of H that exchanges V with V* and sends L to L (and hence,
in particular, sends Lag to Lag™).

THEOREM 2.7. Let L be a Lagrangian in general position and equip the Fock space §p,
with the right action (2.9) determined by the involution oy given by (2.11). Then as a
super A-A -bimodule, F1, is isomorphic to the standard bimodule L*(A), via a grading
preserving unitary transformation.

Proof. By Lemma 3.3 and Prop. 3.4 in [6], the vacuum vector 2 € §F, is a cyclic and
separating vector for 77 (A ). By Remark A.1, there exists a canonical grading preserving
unitary isomorphism L?(A) = §, which intertwines the left A-action on L?*(A) with 7,
and the right A-action on L?(A) with the right action on §, given by

gﬁ a = JQWL((I)*Jgg, (212)

where Jqo the modular conjugation determined by € (see Remark A.1). By Thm. 5.6 of
[6], the modular conjugation is given in this situation by

$

Jo—KAm, .  where ke— © €] even

i€ €] odd (218
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is the Klein transformation and I' is the real structure of H. With a view on 0.6, we find
that on elements of v € V' C A, the right action (2.12) is given by

€ av = (=1)¥lx,(ioLv),

which coincides with the right action (2.9) given by o. As the right action is determined
by V' C A, this shows that the two right actions agree. We obtain that the grading
preserving isomorphism L?(F) & F; is in fact a bimodule homomorphism. !

We see that for any Lagrangian L € Lag in general position with respect to V', there
is even a canonical unitary isomorphism §; = L?(A), namely the canonical isomorphism
determined by the vacuum vector €2, see Remark A.1. It is a bimodule isomorphism if
§ 1 carries the right action determined by the involution o; For general Lagrangians, we
have the following result.

COROLLARY 2.8. Let o be an orthogonal involution of H such that o = oy, for some
Lagrangian L € Lag in general position with respect to V. Then for any other Lagrangian
L' € Lag, the A-A-bimodule §r,, with the right action induced by o, is isomorphic to the
standard bimodule L*(A), via a unitary intertwiner that is either grading preserving or
grading reversing.

Proof. As L' and L are equivalent, there exists a unitary intertwiner U : §p — & for
the left action of CI(H) (equivalently C) that is either grading preserving or grading
reversing, depending on the parity of dim(L' N L). Our convention (A.4) is such that any
such intertwiner is at the same time an isomorphism of super A-A-bimodules. But by
Thm. 2.7, §, is isomorphic to the standard bimodule. !

We now apply the above general results to the circle Hilbert space Hy, given in (1.11),
with the equivalence class Lag, as in (1.9). Let V; be the “real” Hilbert space given in
(2.2), viewed as a subspace of H using the fixed trivialization of S| .

DEFINITION 2.9 (SPIN INVOLUTION). A spin involution is a “real” metric-preserving
bundle automorphism s of S covering the flip diffeomorphism ¢ — —t of S'.

A spin involution exists, because the pullback of S under the flip is isomorphic to S
(notice both S and its pullback have the same dimension and Stiefel-Whitney class), and
is unique up to sign. As the map t — —t is orientation-reversing, s sends the principal
symbol (1.8) to its negative; hence a spin involution s of H, exchanges Lag, with its
opposite class Lagé.

A spin involution s induces an orthogonal involution o of Hy, given by

(0f)(t) = (s ®idca) f(—1). (2.14)

THEOREM 2.10. There exists a Lagrangian L € Lag, in general position with respect to
Vo such that the orthogonal involution oy, given by (2.11) is induced by a spin involution
as in (2.14).

30



Proof. Such a Lagrangian is explicitly given as follows. Let D = ¢V, be the covariant
derivative with respect to the canonical “real” connection on S ® C?. The involution o
induced by a spin involution exchanges the positive and negative spectral subspaces L
and L_ of D, defined in (1.10). Combining this with the fact that D has trivial kernel,
we obtain that the subspace !

L_ = Eig(D, \) (2.15)

A<0

is a Lagrangian. L_ is in general position with respect to Vj, as is not hard to see.
By Prop. 14.2 in [7], the corresponding orthogonal projection Pj. has principal symbol
(1.8). It is then a non-trivial calculation that the corresponding orthogonal involution
or. is then induced by a spin involution; this result can be found in [18, Lemma 8|, [17,

pp. 57-58| or [27, Appendix B| and is a variation on a result of Wassermann, see [56,
Thm. 14(c)]. !

SIGN Di1scUSSION 2.11. There are two spin involutions for S, which differ by a sign.
By Thm. 2.10 and Corollary 2.8, there exists a spin involution such that with the right
action induced by the corresponding orthogonal involution o of Hy, all Fock spaces are
isomorphic to L?(Ap). Replacing the spin involution (and hence o) by its negative, this
modifies the bimodule structure by twisting the right action with the grading operator of
Ay. As one can show that the grading isomorphism is not inner for Ay, the Fock spaces
with this modified bimodule structure will not be isomorphic to L?(Aj), neither with
a grading preserving not with a grading reversing intertwiner. Hence Thm. 2.10 singles
out a spin involution s, such that the corresponding orthogonal involution makes all Fock
bimodules isomorphic to L?(Ay).

According to Sign Discussion 2.11, we fix, once and for all, the orthogonal involution o
of Hy induced by a spin involution singled out by Thm. 2.10. Then with the right action
determined by o, the Fock spaces §1, L € Lag,, become super Ajy-Ap-bimodules, where
Ay is the completion of C1(Vp) defined in (2.3). Combining Thm. 2.10 with Corollary 2.8,
we obtain the following result.

COROLLARY 2.12. With the bimodule structure described above, the Fock spaces §r,
L € Lag, are all isomorphic, as Ao-Ay-bimodules, to the standard bimodule L*(Ay), via
a unitary intertwiner that is either grading preserving or grading reversing.

REMARK 2.13. The above construction determines a connected component Lag] of
Lag, defined by the property that for each L € Lagg, the super A-A-bimodule isomor-
phism §; = L?(Ajy) is grading preserving. In particular, the Lagrangian L_ defined in
(2.15) is contained in Lagg. The other connected component consists of those L € Lag,
such that the isomorphism §j = L*(A,) is grading reversing.

2.3 Fusion of Fock modules on loop space

Let X be an oriented Riemannian manifold. For aloop 7; [5odn LX coming from (71, y2) €
PXB we can consider the Hilbert space H., =z defined in (1.14) and its subspace V.,
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given in (2.5). We fix a spin involution as in Sign Discussion 2.11. Together with this spin
involution, the flip diffeomorphism of S' induces an orthogonal transformation o sending
H., znto H,,  Composing with multiplication by ¢ (which for any “real” Hilbert space
H is an orthogonal transformation H — —H ), we obtain an orthogonal transformation

10 —Hoy o — Hoy 135

which restricts to an isomorphism —V,, — Vé and sends the equivalence class Lag,, to

Lag#l =z (recall that we also fixed, once and for all, a trivialization of S| that realizes
V,, as a subspace of H., 31). As explained in §2.2 (see Remark 2.6), the corresponding
isomorphism of Clifford algebras

Cl(Hay 3)™ = Cl(—Ho, ) —— Cl(H,, 1)

sends C1(V,)° C CL(H,, ) to CI(V.;) C Cl(H,, ) and extends to a *-isomorphism
G%) e~ Oyl

that sends AP to the super commutant of A, in C,, =z (see Notation 2.5). For each
L € Lag,, =5 this equips the Fock space §r with the structure of an invertible super
A,-A,-bimodule. The following result is crucial.

THEOREM 2.14. Let (71,72,73) € PXEBl and let Li;j € Lag, G ¢ < J Then there
exists a unitary isomorphism of A.,-A, -bimodules

8:[43 IwTv—zl ngz = 3[/137

which is either grading preserving or grading reversing, and this isomorphism is unique
up to a scalar.

Proof. Choose a lift (g1, g2,93) € PSO(X)B! of (y1,72,73) and consider the orthogonal
transformations g;; = g; [gl: Hy — H, zp Then L}; = gi;L;; are Lagrangians in Hy,
contained in the equivalence class Lag,. We obtain *-isomorphisms Cl; : Ay — A,
and unitary isomorphisms Ay, : §r. — §r, , which are intertwining along Cl; and Cl,,.

Moreover, the fusion product of Ay, and A4, provides a unitary isomorphism

Agzs Imlz :SL!B IZTISL!Q — SLzs @ ngz

that intertwines the bimodule actions along Cly, and Cly,. This reduces claim to the
statement that there exists an isomorphism

Sryy LaolSiy, = S,
of Ay-Ay-bimodules. But by Corollary 2.8, each of the super Ay-Ay-bimodules § L is
isomorphic to the standard bimodule L?(A,) (although possibly via a grading reversing
intertwiner), so the existence of the isomorphism follows from the fact that the standard
bimodule is the identity with respect to Connes fusion (see Example A.6). The statement
about uniqueness follows from the fact that for any von Neumann algebra A, the only
bimodule automorphisms of L?(A) are multiples of the identity. !
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2.4 Fusion for the loop space spinor bundle

Let X be an oriented Riemannian manifold of dimension d and assume that there exists
a spinor bundle & on the loop space LX, according to Definition 1.17. At every loop
v € LX, &, is a super left module for the completion C, of CI(H,).

For (v1,72) € PX, we have the von Neumann subalgebra A, C CL,, zzand, as seen
in §2.3, its super commutant is identified with ASP. Hence &, 75 attains the structure
of a super A.,-A,,-bimodule. That &, 75 is irreducible as a left Cl,, ;zrmodule implies
that this bimodule is invertible with respect to Connes fusion. Recall from §2.1 that over
PX, the von Neumann algebras A, glue together to a super von Neumann algebra bundle
A. Varying fibers, we obtain that the restriction of & to PX? (or, more formally, its
pullback along the cup map (2.1)) is a super Ay-A;-bimodule bundle, where A; denotes

the pullback of the von Neumann algebra bundle A along the projection PX P 4 PX.
This is according to Notation C.1, which we use throughout from now on.

DEFINITION 2.15 (FUSION PRODUCT). A (continuous) fusion product for a spinor
bundle & on LX is a grading preserving unitary isomorphism

T: 6y L6, — Gy

of super Ajs-A;-bimodule bundles over PX. This isomorphism is required to make the
diagram

Gu (51603 516, — 29 &, 4161,

id®T123l lT124

Y134
Gz L4163 > Gua

over PX™ commutative.

REMARK 2.16. As a spinor bundle & is locally isomorphic to a Fock space bundle §,
for a section L of Lag, it follows from Thm. 2.14 that fusion products always exist locally.
However, as we will see below, their global existence is obstructed unless X admits a
string structure.

The rest of this section will discuss how to refine this definition to build in a notion
of smoothness of the fusion product. The super von Neumann algebra bundles A; and
Ay over PX® can be further pulled back to bundles over the restriction to PX? of the
Lagrangian fibration Lag over LX (again denoted by the same symbols).

It is straightforward to show the following lemma.

LEMMA 2.17. The bimodule structure defined above turns the bundle of Fock spaces §
over Lag into a super Ay-Ay-bimodule bundle in the sense of Definition B.7.

We denote the pullback of the Lagrangian fibration over LX to PX? along the cup
map again by Lag. Let Lag;; be its pullback along the projection map PXBl - PX on
the indicated factors. Denote by

1,3 def

Lag = Lagyy X pyia Lag)y Xpx Lag;
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the fiber product of all these covers. We have three von Neumann algebra bundles A4,
Ay, Az over Lag[l’g}, obtained as the pullback of the von Neumann algebra bundle A
along the map Lag!'® — PXBl % PX. For 1 <i < j <3, we have the A j-A;-bimodule
bundle §;;, which is the pullback of the Fock space bundle over Lag,; to Lag[l’S].

DEFINITION 2.18 (FUSION LINE BUNDLE). The fusion line bundle is the line bundle
of bimodule homomorphisms

Sus & HO_IM%:& @512,313) (2-16>

(131 1t is graded by parity of its elements.

over Lag
Explicitly, (y1,72,73) € PXPl, then the fiber of Fus at a triple (Las, Ly, Li3) of
Lagrangians such that L;; € Lag,, 18 the super line

Sus(Las, L1z, L13) = Hom(F 1, Ca) Fr1s Srs)-

graded according to whether its elements are grading preserving or grading reversing.
By irreducibility of the Fock representations, it is one-dimensional. As both Fo3 L1512
and §13 are continuous super A3-A;-bimodule bundles, the corresponding homomorphism
space the structure of a continuous super line bundle. It turns out that Fus has a canonical
smooth structure. We will construct this smooth structure at the end of the section, but
for the moment take it for granted in order to define what a smooth fusion product is.

Suppose that we are given a smoothing structure on our spinor bundle &, which,
according to Definition 1.11 is a smooth structure on the associated super line bundle
M = Hom(F, 7*S) over Lag, satisfying a compatibility condition. Then a fusion product
T for & induces an isomorphism of line bundles

‘Jtl_31 X Sﬁgg X mlg — Sus,

(2.17)
D13 ® Po3 @ Py3 —> P30T o (Pog [BY3)

over Lag[l’?’]

definition.

, which in general is only continuous. We can now formulate the following

DEFINITION 2.19 (SMOOTH FUSION PRODUCT). Suppose that the loop space spinor
bundle & carries a smoothing structure. We say that a fusion product Y for & is smooth
if the canonical isomorphism (2.17) is smooth.

We shall turn to the question of existence of smooth fusion products for a given spinor
bundle in §3.2, see in particular Thm. 3.3.

We will now construct a smooth structure on Fus by writing it as an associated
bundle. To this end, consider the fusion line bundle over Lag, x Lag, x Lag, (also
denoted by Fus), whose fiber at (Lo, L12, L13) is the space of bimodule homomorphisms
Sios LadSr, — S1n,.- Here Lag, is the canonical polarization of the Hilbert space H
defined in (1.11).

34



LEMMA 2.20. There exists a unique smooth structure on the fusion line bundle Fus over
Lag, x Lag, x Lag, that such that the composition map

Pf(Lis, L13) @ Fus(Las, L1z, L1z) @ PBf(Las, Laz) @ PBF(Lo, Li2) — Fus(Lyg, Ly, L)
18 smooth in all arguments.

Proof. Clearly, for each fixed choice of Lis, Log, L3, there is a unique smooth structure
on Fus (as a line bundle in the variables L),, Ljs, L}5) such that the above map is smooth,
using the smooth structure on the Pfaffian line bundle PBf over Lag, x Lag,. That all
these smooth structures coincide follows from the smoothness of the composition map for
PBf over Lag, x Lag, x Lag,. !

There is an action of PSO(d)?®l on Lag, x Lag, x Lag, where

def
(Q1, q2, Q3) > (L237 Lo, L23) = (Q23L23, q12L12, Q13L13), qij = 4i @
The fusion line bundle Fus is equivariant for this action, with the action lifted by the
formula

def *
(q1,62,33) > T = Ay 0 T o (Ay,, [AY,)" (2.18)

PROPOSITION 2.21. The action (2.18) is smooth with respect to the smooth structure
on Fus from Lemma 2.20.

Given this proposition, the fusion line bundle Fus on the fiber bundle Lag[l’?’] over

PXBl now acquires a smooth structure from the local trivializations of Lag, just as the
Pfaffian line bundle over Lag®?. Here Prop. 2.21 is used to check that the corresponding
transition functions are smooth.

Proof (of Prop. 2.21). By the characterizing property of the smooth structure and the
smoothness of the action of O,(H) on the Pfaffian line bundle Bf, it suffices to show
smoothness of the action restricted to the orbit of the triple (L, L, L) for a fixed Lagrangian
L € Lag,. Here we have have canonical isomorphisms

Sus(qasl, 1oL, qisL) = PF(L, qi3L) @ Fus(L, L, L) @ PBf(qas L, L) @ Pf(q12L, L),

which are smooth in ¢, ¢z, ¢s. If now Y € Fus(L, L, L) is a unitary and U;; € Imp; are
implementers for ¢;;, then under this isomorphism, the element Ay, o T o (Ay,, [AJ,)* is
sent to

(—D)lI%2l(A, US) @ Ungo Yo (Usy TL,) @ (UssA;

q23

) ® (U12A212 );

here we use the relation (A.10). By smoothness of the map (0.22), the factors contained
in the Pfaffian lines depend smoothly on ¢, and U;;. Hence the smoothness of the whole
term is equivalent to smoothness of the middle term in Fus(L, L, L), which in turn is
equivalent to smoothness of the element

T o (U [dy) o T* € Impy,
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in U;; and ¢;. Let us choose L € Lagd, so that Fus(L, L, L) is even and pick an even
isomorphism §7 & L*(Ay) (see Remark 2.13). We may choose Y to correspond, under this
isomorphism, to the canonical unitor from Example A.6. A straightforward calculation
then gives the result

To (U23 IEQ> o T* = UQgLZ(Clqz)*Ulg, (219)

where L?(Cl,,)* denotes the unitary on L?(Aj) induced by the *-automorphism Cl,,; see
Remark A.2. The right hand side of (2.19) is just the fusion product of the implementer
extension, see (3.22) below. !

2.5 The stringor bundle

In their preprint [45], Stolz and Teichner argue that a fusion product T makes a spinor
bundle & on the loop space LX behave locally in X, and should therefore be called the
stringor bundle on X. In this section, we make this idea rigorous using (a von Neumann
algebra analog of) the language of 2-vector bundles developed in [23].

As a warm-up, we start by explaining the notion of finite-dimensional 2-vector bundles
and then explain how to modify this notion to meet the requirements of the present
context. A super 2-vector bundle ¥ over a manifold X, given in terms of a cover Y — X,
consists of a super algebra bundle A over Y, a super As-A;-bimodule bundle 9t over
Y1 and a grading preserving isomorphism

A Mg @7, Mg — M3

of super A;3-A;-bimodule bundles over Y¥ that is associative over Y4 (here Y is the
k-fold iterated fiber product of Y — X; see Notation C.1). Similar to bundle gerbes,
these data and conditions can be organized in a diagram as follows.

% (
T m Zb-\ljﬁ(étlgr associativity

product A of A

V=

Y D E— ng E Y;[?ﬂ g Yé[‘” 220
|

X

Observe that this notion is a common generalization of super algebra bundles over X and
bundle gerbes over X: Any algebra bundle over X gives rise to a 2-vector bundle over X,
given in terms of the trivial cover, and any super bundle gerbe over X is a super 2-vector
bundle for which the algebra bundle A is the trivial algebra bundle.

For each X, there is a bicategory 2-sVect (X) of 2-vector bundles over X; varying the
base manifold X, super 2-vector bundles form a 2-stack over the site of manifolds. This
2-stack can be obtained by applying the plus construction of Nikolaus and Schweigert [34|
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to the pre-sheaf of bicategories SAlg of super algebra bundles, super bimodule bundles
and even intertwiners described in [24],

2-sVect ¥ sAlg . (2.21)

In [23], we described a 2-stack of super 2-vector bundles whose typical fiber A is
a finite-dimensional super algebra. In the present context, we have to allow super 2-
vector bundles whose typical fiber is a super von Neumann algebra. In view of the simple
construction (2.21), such a stack is easily obtained by applying the plus construction to the
presheaf of bicategories SVWNAIg of super von Neumann algebra bundles, super (Hilbert)
bimodule bundles and even unitary intertwiners sketched in Appendix B. Explicitly, such
super 2-vector bundles can be visualized also by the diagram (2.20), but now A is a super
von Neumann algebra bundle (Definition B.3) and 9t is a (Hilbert) super Ay-A;-bimodule
bundle (Definitions B.7) whose typical fiber is implementing (Definition B.13). As the
composition of morphisms in this bicategory is the fiberwise Connes fusion product, the
2-vector bundle product in this case is a grading preserving unitary intertwiner

)\ : i)ﬁgg mlg — int13-

Using this notion of super 2-vector bundle, it is completely straight forward to define
the stringor bundle of Stolz and Teichner. Let X be an oriented Riemannian manifold
and let & be a loop space spinor bundle (Definition 1.17), together with a fusion product
T (Definition 2.15). Observe that by Thm. 3.19 below, the existence of these structures
is equivalent to the manifold X being string.

DEFINITION 2.22 (STRINGOR BUNDLE). The stringor bundle § corresponding to
the data (S,7) is the super 2-vector bundle over X x X given in terms of the cover
PX, with algebra bundle the von Neumann algebra bundle A described in §2.1, super
Ay-A;-bundle over PXZ the pullback of & along the cup map (2.1) and 2-vector bundle
product over PX [ given by the fusion product Y.

% (

fusion associativity of
A S product Y fusion product

s=8 5 5 5
PX £—— Px¥ &= px®¥ g pxll

X x X

For any point # € X, pullback along the inclusion X = {z} x X — X x X gives a
stringor bundle over X.
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3 The Lagrangian 2-gerbe

In this section, we discuss the existence of fusion products for loop space spinor bundles.
Our main player here is the Lagrangian 2-gerbe Lagy, a super bundle 2-gerbe obtained by
degression of the Lagrangian gerbe on the loop space. We show that Lag is ungraded if
and only if the manifold is spin. In this case, we construct a further canonical isomorphism
from the Lagrangian 2-gerbe to a certain lifting 2-gerbe, whose (non-)triviality is well
known to be equivalent to the string condition.

On the other hand, we show show that the existence of a fusion product on a spinor
bundle & is obstructed by a certain other super bundle 2-gerbe Fus(&) which we call the
fusion 2-gerbe of &. We then show that Fus(&) is isomorphic to Lagy.

Throughout this section, we freely use the material of §C.3, §C.4 & §C.5.

3.1 The Lagrangian 2-gerbe

Let X be an oriented Riemannian manifold and let JLag;x be the Lagrangian gerbe over
LX introduced in §1.4. In this section, we construct a super bundle 2-gerbe whose defining
super bundle gerbe is JLag; x. We call this super bundle gerbe the Lagrangian 2-gerbe and
denote it by Lagy.

Lagy is most naturally constructed as a bundle gerbe over X x X, defined in terms
of the cover Y = PX, mapping to X x X via the end point evaluations; a super bundle
2-gerbe on X can be obtained by pullback along the second factor inclusion X — X x X,
given the choice of a basepoint. As all these embeddings are homotopic, the super bundle
2-gerbes obtained this way for two different choices of basepoints are isomorphic.

We will start by describing the partial semi-bisimplicial diagram for Lagy, as in (C.11),
which consists of various pullbacks and fiber products taken of the restriction (or rather
pullback along the cup map (2.1)) of the Lagrangian fibration Lag over LX to PX[,
Abusing notation, we will denote this restriction also by Lag throughout.

Let n > 2. In view of Notation C.1, the pullback of Lag along the various projections
PXIM — PXP provides covers Lag,; of PX [ Similarly, we can pull back the m-fold

fiber products Lag™ of Lag with itself over PX?!, to obtain covers Lagg-n]. We denote
the fiber product of all these covers by

Laglm & (3.1)

s

[m] [m]
/Lagm Xpxin] * - XPXBLI Lag;;" X pxmn - -

bber product over PXIn!

of all Lagl™, where 1<i<j<n

1)

In particular, Lag™? = Lag™ the m-fold fiber product of Lag over PX 2. These spaces
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fit into the following partial semi-bisimplicial diagram.

WU
Lagl?? E Lagl®? g Lag!4 %
I I I
Lag!"? E Lag!!! g Lag*4 % (3.2)
| | |
Pf( +— pPX E PXB E pXxl g

XxX
Explicitly, elements of Lag™™ over an element (Y1, - .., 7m) of PX" consists of collections
(L%)E;’ff;n such that Lf; € Lag, = We can identify Lagl™m = (Lag[l’”])[m], the exterior
fiber product taken over PX™ which gives maps
7 : Lagl™™ — Laglm=1tm, 1=1,...,m.

These are the vertical maps in (3.2). The horizontal maps in (3.2) are

. : Lagl™™ — Laglmn—1, k=1,....n
covering the k-th projection PX[ — PX =1 Explicitly,
5
3 4 6 L i<j<k
me (Lihsisien = (Lihiszey,  where LY = g L 1<k=)

In relation to (3.2), the data defining Lagy can be arranged as follows.
% (

A

Lagx - ................... gus .................. a (33)

PX £ PX® £ pxW E px

|

X xX
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Explicitly, the objects over Lag[i’j] are the following.

2, 2]
3, 2]
2, 3]
3, 3]

[1, 4]

Pf is the Pfaffian line bundle, introduced in §1.4.
A is the corresponding composition map (1.1).
Fus is the Fusion line bundle from Definition 2.18.

Denoting horizontal pullbacks by lower indices and vertical pullbacks by upper in-
dices (following Notation C.7), p is the canonical isomorphism of super line bundles

j: Fus® @ Py @ P, — Pz @ Jus'. (3.4)

over Lag®¥ which at two triples (Lis, Las, L1s) and (L}, L, L'3), both lying over
(71,72,73), is defined as the cospan

o Sus(ng, ng, L/13)

PBF(Lis, L'5) @ Fus(Los, Lia, L13) /

The diagonal maps are the evident isomorphisms given by composition; here we
observe that a bounded linear map ® : §z, — § r. intertwines the left C,, mpactions
if and only if it intertwines the A, - A -bimodule actions. Hence the elements of
the Pfaffian line can be viewed as bimodule homomorphisms.

Sus(Liys, Lo, L) @ PBf(Las, Lys) @ Bf(Liz, L) \

To define the isomorphism o, we define the triple fusion line bundle over Lag¥ by

3’45(3) = HO_TD(S:M L1523 @312,314),

where, generalizing Notation C.1 in an obvious way, §;; and A; denote the pullbacks

to Lagl™¥ of the Fock space bundle § and the von Neumann algebra bundle A along
the appropriate maps in the diagram (3.2). We then have canonical isomorphisms
Fusios ® Fusgzy, — Fus®, @V r— o (ids, [U) (3.5)
Fusizs © Fusioy — Fus®, PRV r— ®o (¥ Lidk,), '
over Lag[l’4] which enable defining o as the cospan
/”’//— X \‘\\\\‘ﬁ
Susioq @ Susozy ——— Fus® = Susizy @ Fusaz. (3.6)

Here we implicitly use the associativity isomorphism of the Connes fusion prod-

uct to identify (Fss CalS2s) Caoldiz = 31 Lal(Foz [plS12). There is a unique

smooth structure on Fus® turning the isomorphisms (3.5) into smooth bundle iso-
morphisms.
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THEOREM 3.1. The data specified above constitute the structure of a super bundle 2-
gerbe.

Proof. We have to verify four coherence and compatibility conditions. The first coherence
condition is just the statement that JLag;x is a super bundle gerbe and follows from
associativity of composition. The compatibility condition (C.14) for A and u over Lag!??
is straight forward to check.

To see the compatibility condition (C.15) for o and p, we observe that there is a
canonical isomorphism

p® Jus®? @ PBfss @ Pfoz @ Pfro — Pfa © Fus®)1 (3.7)

defined in a similar fashion as u. Using the identity (A.10) for the Connes fusion product,
it is then straightforward to check that the two diagrams

Fust,, @ Fusysyy © Py © Pag @ Py —— Fus®? @ Pfss @ Pfaz @ Py
id®pu234 ®idl

Su5%24 @ Pfgy @ Su5é34 @ P12

H
FusTy, @ Py @ Py @ Fusyy,
id®/ﬁ124l
mflll & %u5i24 ® Suﬁé34 \ (Bf14 ® §u5(3)71

and

Fus®? @ Pfay @ Pag @ Phyp —— Fusy, @ Fusey @ Py @ Paz @ Py

Fusty, @ Pfay @ FusTys @ Pfag © By

u® lid®id®#123

3115%34 ® Pfzy @ Pz @ 3'”5123

lﬂ134 ®id

P4 @ Fus®! P4 © Fusiy, @ Fusiy

over Lagl®¥ commute, where each of the horizontal arrows is one of the canonical iso-
morphisms (3.5). Joining the first with the second along the common morphism u®), we
obtain (C.15), where the vertical maps give the defining cospan (3.6) for a.

To verify commutativity of the diagram (C.16) over Lag!"®!, we introduce the quadruple
fusion line bundle

Fus™® = Hom (Fus Taldas Taaldos [ulii2, §1s),
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a super line bundle over Lag[l’S}. There is a unique smooth structure on Fus™® such that

each of the canonical isomorphisms

FusiD.. @ Fusgus — Fus®, Q@Y — Qo (T Cdky, rs,)

Fusios © Fuson, — Fus®, T®Q+— To(Q [1d},)

Fus'd. @ Fusa — Fus®, Q@Y r— Qo (idg,, CTICAdE,) (3.8)
Fusius © Jus's,, — Fus®, T®Q+— To(idg,, [

Fusty. @ Fusioy — Fus®, Q& T — Qo (ids, s, 0

is smooth. We now fill the diagram (C.16) as follows.

Fusi25 ® Fusszs @ Fussas

N

3 3
Susis @ Suspas @ Fuszzqa — Fusio5 @ 3115(23?45 3115(12)35 ® Suszgs < Susizs @ Susizz @ Susass

T~ NS

3“5(132)45 ® Suspzy — Sus(“)

_ N

3 3
Sus1as @ Fus124 @ Fuspza —> Fusias @ Su5(12)34 SU5(13)45 ® Fus1oz < FUS135 @ Fusaas @ Sus1o3

A S

Susigs @ Susizs @ Susing

Here the arrows going inward from the outer nodes are (pullbacks of) the canonical iso-
morphisms (3.5), while the arrows arriving at the middle node are the five canonical
isomorphisms (3.8). The outer triangles of this hexagonal diagram are the defining tri-
angles for «, and commutativity of the tetragons and of the pentagon having one vertex
Fus™ is straighforward to check case by case. This shows commutativity of (C.16) and
finishes the construction of the Lagrangian 2-gerbe Lagy. !

3.2 The fusion 2-gerbe

Let X be an oriented Riemannian manifold. Assume that the Lagrangian gerbe JLagrx
over LX is trival, so that we may construct a loop space spinor bundle; see Thm. 1.9.
Suppose we are given such a choice of loop space spinor bundle &, together with the
choice of a smoothing structure in the sense of Definition 1.11, in other words, a smooth
structure on the line bundle 91 = Hom(§, 7*S) over Lag.

In this situation the pullback of & to PX™ along the cup map (2.1) is an Ao-A;-
bimodule bundle, where A; denotes the pullback of the Clifford von Neumann algebra
bundle A — PX along the i-th projection PX? — PX (recall Notation C.1). Over
PXBl we may therefore define the super line bundle

M L Hom(Gy C5lG10, ). (3.9)
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As pointwise, G is isomorphic to a Fock space, Thm. 2.14 implies that 91 is indeed a
complex line; as usual, it is graded according to whether its elements are parity-preserving
or -reversing. As & is a continuous bundle of Hilbert spaces, 91 is a continuous line bundle
over PXPl. However, a smooth structure is specified by requiring that the canonical
isomorphism 3 over Lag!"?l, given as the cospan

- -
TN @ Nag @ N Hom(F2s Cl812, 7156) m Mz @ Sus,

(3.10)
is smooth. We assume from now on that such a smoothing structure is given, in order to
stay in the setting of smooth bundle gerbes.

The line bundle M determines a super bundle 2-gerbe Fus(&) over X x X, which
we call the fusion 2-gerbe. Just as Lagy, it is given in terms of the cover PX. Its cover
diagram (C.11) is trivial, in the sense that V™" = PX[" for each m and n. In particular,
its super bundle gerbe over PX [ is trivial. Using the notation of Definition C.6, the other
data are the following.

composition

[1, 3] Its super line bundle over PX! is 9, defined in (3.9).
[2, 4] Its morphism p is the identity on 9.

[1, 4] The isomorphism
a: Mgy @ Mozg — Myzg ® Mz, (3.11)

over PX™ is defined as the cospan

- 4
Ming @ Moz —— MO —— M3y @ M3,

involving the line bundle

me = Hom (B34 L1893 L1612, G14)

over PXM and the canonical isomorphisms

Moy ® 937234 — Sm(g), Tios ® T234 — Ti94 0 (idelz m34)
Mgy @ Mygg — 937(3), T34 ® Tio3 —> Y134 0 (T3 Cidk,, ).

THEOREM 3.2. The above data constitute the structure of a super bundle 2-gerbe.

Proof. Tt is only necessary to verify the cocycle condition (C.16). This is checked entirely
analogously to the case of the cocycle condition for the isomorphism of « of the Lagrangian
2-gerbe Lagy; see the proof of Thm. 3.1. !
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The fusion 2-gerbe Fus(&) relevant to answer the question whether a given loop space
spinor bundle admits a (smooth) fusion product according to Definitions 2.15 and 2.19.

THEOREM 3.3. If the spinor bundle & admits a fusion product, then the fusion 2-gerbe
Fus(&) s trivializable. Conversely, if Fus(&) admits a trivialization, then there exists

a line bundle T over LX together with a smooth fusion product for the modified spinor
bundle ' =6 ® ¥.

Proof. By definition, a fusion product for & is an even section T of 90 such that
Ti340 (1 ®Tio3) = Ting0 (Toz ®1).

This identity means precisely that 1134 ® 1193 is sent to T194 ® Y934 under the associator
(3.11), hence T determines a trivialization of Fus(&). If T is not smooth, this is only a
continuous trivialization, but any bundle 2-gerbe is continuously trivial if and only if it is
smoothly trivial.

Conversely, suppose we are given a trivialization t = (7 ,t,¢) of Fus(&), given by a
bundle gerbe 7 over PX, a morphism of bundle gerbes t: 9, — J; and a 2-morphism

%L%

to3 ®1l
t
7, / "

%:3‘1’

where the super line bundle 91 is viewed as an automorphism of the super bundle gerbe
T3 over PXBl. (This uses the fact that for super bundle gerbes Q~ , G over a manifold M,
the groupoid of isomorphisms Iso (Q~, () is a torsor for the groupoid sLine (M) of super
line bundles over M ; moreover if Q = (¢, then the identity isomorphism of ¢ provides a
base point, and hence an equivalence Iso (¢, ¢) = sLine (M).)

Since the evaluation-at-zero map evg : PX — X is a homotopy equivalence, there
is a super bundle gerbe 7' over X such that 7 = evJ’. Upon possibly modifying the
isomorphism t and the 2-isomorphism ¢ from the definition of the trivialization ¢ (thus
obtaining a new trivialization of Fus(&)), we may assume that 7 is of this form. Under
this assumption, the pullbacks 7; and % of 7 to PX[ are actually equal, hence t is
an automorphism of super bundle gerbes over PX? and hence may be identified with a
line bundle T over PX?. Under this identification, the 2-morphism ¢ is just a grading-
preserving isomorphism of super line bundles

T: MR T3 — Toz @ T1o.

Since PX™ is smoothly homotopy equivalent to LX, ¥ is the restriction of a line bundle
over LX, which we also denote by ¥. Inserting the definition (3.9) of the line bundle 91,
7 corresponds to an even element T of

Hom (Ga3 ® Ta3) Ll(G12 @ T12), G153 ® 513. ;
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see Example A.5. But this is precisely a fusion product for & ® T, where the coherence
of 7 provides associativity of T over PX. !

THEOREM 3.4. For any loop space spinor bundle & with smoothing structure, there is
a canonical isomorphism of super bundle 2-gerbes

hg : Lagy — Fus(6).

Proof. Both bundle gerbes are presented in terms of the cover PX of X x X, so that we
can take Z = PX as the common cover for fig. Moreover, as the cover diagram of Fus(S)
is trivial, we may take the cover diagram (C.18) of /i to coincide with the cover diagram
(3.2). The bundle gerbe # over Z = PX is then trivial trivial; in other words, both £
and 7 in (C.19) are trivial.

All remaining data of fig have been already considered above; they are the following.

1, 2] The line bundle 91 over Lag!'? = Lag is just the line bundle (1.5), which acquires
its smooth structure from the smoothing structure of &.

2, 2] The bundle isomorphism v over Lag®®? is the bundle homomorphism (1.6). Its

smoothness is part of the assumption of the smoothing structure of &.
2, 3] The bundle isomorphism £ over Lag®¥ is given by (3.10).
We have to check three conditions. The diagram (C.20) becomes

N3 ® ;szs Q ;Bfu 1A e ‘Bflg

23 ® 1\L

N* @ Pf =
nt nt,

which is obviously commutative, as fiberwise, v is just the composition homomorphism
Hom(Jr, 6,) ® Hom(§ 1, §11) — Hom(Fy, &,).
The diagram (C.21) collapses to

APe1xl
N2y @ Fus® @ Pfyg @ Py —— M2 @ N33 © Ny © Bog © Py

] |

Ny ® P ® Fus' M> @ N3y @ Pys @ Ny @ P

V13 ®1l ll@uzs Rv12

1
N, ® Fus' Lees y ML @ N, @ N,

Its commutativity is straight forward to check. Finally, the commutativity of (C.22) is
easy to check as well. !

45



3.3 The Lagrangian gerbe and the spin condition

Let X be an oriented Riemannian manifold and let Lagy be the corresponding Lagrangian
2-gerbe, as introduced in §3.1. As to any super bundle 2-gerbe, one may form a corre-
sponding Zs-bundle gerbe or(ILagy ), called the orientation gerbe, see Definition C.12. The
purpose of this section is to prove the following theorem.

THEOREM 3.5. The orientation gerbe or(LLagy) admits a trivialization if and only if X
admits a spin structure.

We start with the following definition, see [55, §2|.

DEFINITION 3.6 (LOOP SPACE ORIENTATION BUNDLE). The orientation bundle of
the loop space LX of a Riemannian manifold X is

Lx & LSO(X) X 1so() Zs2,

a principal Zy-bundle over LX. Here the homomorphism LSO(d) — Z, is the one labeling
the connected components.

The orientation bundle LX comes with a fusion product map

T LXs Rz, LX19 — ﬁX13

(3.12)
(92 Cgal €23] ® [g1 Cgal €12] — [g1 gl €23 + €19]

over PXBl coming from the fusion of loops (here, as usual, we use Notation C.1). The
existence of the fusion product T allows to degress LX to a Zy-bundle gerbe Ox on X x X,
which we call the loop space orientation gerbe. Explicitly, this gerbe is given in terms of
the cover PX (with the endpoint projections), its principal Zy-bundle over PX 2 is the

pullback of LX along (2.1) and its bundle gerbe product is Y.
% (

A A

[CLIX T

L

PX £—— PxP I px¥

|

X

Ox =

Let Liftgox) be the spin lifting gerbe over X, i.e., the obstruction gerbe to lifting the
structure group SO(d) of the frame bundle SO(X) to the spin group Spin(d), which can
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be depicted as follows, see §C.1.

% (
Spin(d)
F\ ~
J« I associativity
O rou f
SO (d) ) Spln(d) mult%licaaion mu(liipglli::%l:i%n

=i N o
5 | : :
- :

SO(X) &= so(x)™ E SO(X)8! g SO(X)W

|

X
We then have the following result.

LEMMA 3.7. There is a canonical isomorphism
b Ox — prayLiflsox) @ Pfiﬂftgé(xy

of Zy-bundle gerbes over X x X. In particular, the loop space orientation gerbe is trivial
if and only if X is spin.

A section s of LX is called fusion preserving if the identity T (s93®s12) = s13 holds over
PXBl. Tt was shown by Stolz and Teichner [45, Thm. 9] that fusion-preserving sections
of LX are in 1-1 correspondence with spin structures on X; see also |55, Thm. 2.5]. As
isomorphism classes of trivializations of Liftgo(x) are in 1-1 correspondence with spin
structures on X (Thm. C.2), this follows directly from the above proposition, as a fusion
preserving sections is essentially the same as trivializations of Ox. As in [45] a different
description of the orientation bundle LX is used, we give a proof of Lemma. 3.7 in the
current setting.

Proof (of Lemma 3.7). The isomorphism h will be a span of refinements, along the two
legs of the common cover

foqtpc;int endpoint
PX projection PSO(X) evaluation SO(X) % SO(X)- (3.13)

To begin with, we have to construct an isomorphism
n: LX —s pri6*Spin(d) @ prté*Spin(d) (3.14)

of principal Zy-bundles over PSO(X) X xxx PSO(X) (where we suppress in notation the
pullback along the legs of (3.13)).

Let (hy,hy) € PSO(X) X xxx PSO(X), with footpoint curves (71,7,) € PXZ (we
emphasize that hy, he do not necessarily have the same end points in PSO(X), but the
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end points of their footpoint curves coincide in X). Let moreoever (g, g,) € PSO(X)!,
where the fiber product is taken over X x X, so that g; and g, have the same end points.

Then
q; déf g'_lhia 1= 1a27

7

are two elements of PSO(d). Let ¢; € PSpin(d), i = 1,2, be lifts of ¢; and ¢». As g; and
g2 have matching end points, we have for ¢t € {0, 7} that

0 (1) (t) = ha(t) " ga(D)gr (1) ha(t) = o) ha(t) = 8 (1), (1)

where 4 is the difference map (C.5). Hence Go(¢) ' (¢) defines an element of §*Spin(d) at
(71(t),72(t)). For each i = 1,2, there are precisely two choices of lift ¢; of ¢;, which differ
by a sign. Hence

. def - , 1~ R
(g1, 92, he) = Ga(m) G (m) @z, G2(0) G (0)

is a well-defined element of pridé*Spin(d) ®z, prié*Spin(d) at (h1(0), he(0); he(m), hao()).

The map (3.14) at a point (hq, hy) is now given by

def -
77([91 @ E]) = (_1) 7](917927 hl? hQ)

As the fibers of the covering Spin(d) — SO(d) are discrete, 7 only depends on the path

component of (hy, hy) in the fibers of PSO(X) — SO(X)xSO(X) and the path component

of g1 Cgalin the fibers of PSO(X)? — PXZ. Therefore 1 is well defined. It is moreover

straight forward to verify that n intertwines the bundle gerbe products. !

In view of Lemma 3.7, Thm. 3.5 now follows directly from the following result.

LEMMA 3.8. The orientation gerbe or(Lagy) of the Lagrangian 2-gerbe is canonically
1somorphic to the loop space orientation gerbe Ox.

Proof. Observe first that after fixing a given Lagrangian L € Lag, there is a canonical
isomorphism )
¢ : LX — or(Lagrx), lg,€] — [gL, e+ |L|] (3.15)

of principal Zy-bundles over LX, where or(Lagyy) is the orientation bundle of JLagrx),
see Definition C.3. Here |L| = 0 if L € Lag and |L| = 1 otherwise (see Remark 2.13).
This additional sign ensures that ¢ does not depend on the choice of L.

We just need to verify that this isomorphism intertwines the fusion product maps over
PXPBl. For or(Lagyx), this is the map

OI'(@C(IQQQ,) & OI'(I(ZgH) = OI'(@C(Ig23 & Iaglg) & or(o[’aglg).

Given a lift (g1, g2, 93) € PSO(X)P of (71,72,73) € PXP any element of the left hand
side can be taken to be of the form [go3 L, €23] ® [g12L, €12], while any element of the right
hand side can be taken to have the form [g15L, €13] (here g;; = g; [g). Suppose that

or(m) [gosL, €23] @ [g12L, €12] = [g13L, €13].

48



By definition of or(m), this implies that the parity of the fusion line Fus(go3 L, g12L, g13L)
equals €3 + €12 + €13 (here, as usual, g;; = g; Cg). As

gus(L, L7 L) — Sus(g%[/a 912L7 913L>7 T r— Agls oTo (Agzs mlz)*

is a grading preserving isomorphism, both fusion lines have the same parity. As the parity
of us(L,L, L) is even if L € Lagj and odd otherwise, we get the relation

€23 + €12 + €13 = | L. (3.16)

A simple calculation shows now that the map ¢ given in (3.15) intertwines the fusion
products. I

REMARK 3.9. Any loop space spinor bundle & gives a section of or(-Lagrx) given by
s(y) = [L,0], where L € Lag, is is such that the isomorphism §; = &, is even. This
section is fusion-preserving if and only if the line bundle 9t over PX ! defined in (3.9) is
even. We therefore see that if a spinor bundle on loop space exists, then X is spin if and
only if a grading preserving fusion product exists projectively.

3.4 Lifting 2-gerbes

Let G be a Lie group. Recall that a multiplicative bundle gerbe over GG is consists of a
bundle gerbe ¢ over GG together with an isomorphism

m: priG ® pryG — m*Q (3.17)

of bundle gerbes over G x G (called the multiplicative structure) and an associator 2-
morphism over G x G x (G satisfying certain higher cocycle conditions over G X G x G X G}
see [11, §5] or [51]. Here m : G x G — G is the group multiplication map of G.

CONSTRUCTION 3.10. One way multiplicative bundle gerbes over G arise is from cen-
tral extensions of the loop group LG. Let

U(1) — BG — LG

be a central extension by U(1), meaning that BG is a central extension of Fréchet Lie
groups which is locally trivial principal as U(1)-bundle. Recall [55, Def. 3.4] that a
(multiplicative) fusion product on BG is a group homomorphism

J §G23 ®U(1) §G12 — §G13 (318)

of Lie groups over PGPl that is the identity on the copy of U(1) canonically contained
on both sides and that is associative over PG, Here @Gij denotes the pullback of the
central extension along the map PGP — PGP — LG, where the second arrow is the cup
map (2.1) and the first map is the projection onto the i-th and j-th factor.
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Any central extension with a fusion product yields a multiplicative bundle gerbe ¢
over (G, given in terms of the cover P.G — G, where P.G is the group of paths in G
starting at the identity element e € G, together with the endpoint projection to G. Its
line bundle over P.G® is the pullback of the line bundle B xu) C over LG associated
to the central extension along the cup map P,G® — LG, and its bundle gerbe product
is given by the fusion product (3.18). The multiplicative structure m of ¢ is the image
under (C.3) of the refinement of bundle gerbes along the map

priPG Xgxe prsP.G — m* PG,  (q1,42) — Q142 (3.19)

whose line bundle isomorphism is given by pointwise group multiplication in Ba. By
associativity of the group multiplication, the pullbacks of this refinement assemble to
a commutative diagram in the category Gerb .¢(G x G x G) of bundle gerbes of G x
G x G with refinements, hence the associator is provided by the functor (C.3) and the
corresponding cocycle condition is automatic.

REMARK 3.11. Restricting a fusion product to the diagonal {(¢,q,q) | ¢ € PX} C
PXEB we obtain a trivialization LG,z U(1) and hence a smooth group homomorphism

i:PG—>§G,

called fusion factorization. Conversely, given any smooth group homomorphism PG —
BG with the property that i(q) lies over ¢ g, ;we obtain a fusion product by the formula

w(U, V) =Ui(¢d)'V, (3.20)

whenever U,V € BG lie over ¢ 1 respectively ¢ g/l If GG is simply connected and
semisimple, there exists a unique fusion factorization [30, Thm. 3.3.5], and hence a unique
fusion product.

CONSTRUCTION 3.12. As our investigations are centered around the free loop space
instead of the based loop space, it will be relevant below that a central extension Ba
also defines a multiplicative bundle gerbe G over G x G with cover PG — G x G,
defined in a completely analogous fashion to Construction 3.10. We call ¢! the doubled
multiplicative bundle gerbe determined by BG. 1t G is semisimple and simply connected,
there exists a canonical isomorphism

G = pr;G @ pri¢! (3.21)
of multiplicative bundle gerbes over G x G} see |21, §5.2 and §5.3|.

ExAMPLE 3.13. Consider G = Spin(d), where d > 5. As this is a simply connected
and simple Lie group, any central extension of LSpin(d) admits a unique (multiplicative)
fusion product [30, Thm. 3.3.5]. A particular example of such a central extension is the
implementer extension (1.13). Applying Construction 3.10 to this central extension yields
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a multiplicative bundle gerbe Gy, over Spin(d). Construction 3.12 yields multiplicative

bundle gerbe Gfit! over Spin(d) x Spin(d).
We now describe the fusion factorization and the fusion product explicitly for this ex-
ample. By the characterization (0.20) of the extension Imp; of Oe(Hp), the implementer

extension of LSpin(d) can be written as the double pullback

We choose a Lagrangian L € Lagj and fix an even isomorphism §; = L*(A,) (see
Remark 2.13 and Corollary 2.12). Then under this isomorphism, the fusion factorization
i is given by Haagerups canonical implementation (see Remark A.2); explicitly

Z((j) = L2(Clq)a

where ¢ € PSO(d) is the image of § € PSpin(d). Indeed, i is characterized as the map

PSpin(d) —— Aut(Ay) imp?g%%wg%ilon
diagonall \\\‘E\ \
\A —_
PSpin(d LSpln — U(L*(Ay))

x\ LSpin(d) —— Aut(Cy),

provided by the universal property of the pullback, hence is continuous. It then fol-
lows that, as a homomorphism between locally exponential Lie groups, ¢ is automatically
smooth. It must therefore be the unique fusion factorization (see [30, Thm. 3.3.5]). In
view of (3.20), the fusion product (3.20) becomes

w(U, V) = UL*(Cl,)*V, (3.22)

where U,V € Imp; implement ¢’ [¢"l, respectively ¢ [C¢l Here and throughout, we
use that the image of the map PSpin(d)? — PSO(d)Z — LSO(d) is contained in the
identity component of LSO(d). Hence implementers for ¢; [gohre always even if (¢1, go) €
PSO(d)? lifts to (G1,q2) € PSpin(d)?.

The underlying U(1)-bundle gerbe of a multiplicative bundle gerbes ¢ over a Lie group
G can be viewed as a 2-group extension of G by BU(1). The obstruction for lifting the
structure group of a principal G-bundle P over a manifold to this 2-group is then a bundle
2-gerbe, defined as follows [35, 53].
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DEFINITION 3.14 (LIFTING 2-GERBE). Let ¢ be a multiplicative bundle gerbe over
G and let P be a principal G-bundle over a manifold X. The corresponding lifting 2-gerbe
Liftp is the bundle 2-gerbe over X whose bundle over over P? is the pullback of ¢ along
the difference map

§: PP — @G, (p1,p2) — Py ',

and the bundle 2-gerbe product is given by the multiplicative structure of G.

REMARK 3.15. The lifting 2-gerbe Liftp is also often called Chern-Simons 2-gerbe (see
[11, 53], because its holonomy is related to the Chern-Simons action. However, in this
context, it seems conceptually more clear to call it lifting 2-gerbe.

REMARK 3.16. It follows from the results of [31] together with Thm. 1.16 that the
2-group corresponding by the multiplicative bundle gerbe Gr.,, is precisely the string
2-group String(d), which is the central extension

BU(1) —— String(d) —— Spin(d).

Hence if P is a principal Spin(d)-bundle, the corresponding lifting gerbe Liftp represents
the geometric obstruction to lifting the structure group of P to String(d). The same
is true when the central extension Imp is replaced by the dual extension Imp*. The
corresponding 2-groups are isomorphic via an isomorphism that is inversion on the center

BU(1).

Let BG be a central extension with a fusion product of the loop group LG for a Lie
group G. Given a principal G-bundle P over X, we can then consider its doubled lifting
2-gerbe Lift> defined as the lifting 2-gerbe corresponding to P x P, for the doubled mul-

tiplicative bundle gerbe G determined by BG according to Construction 3.12. It follows
from (3.21) that if G is simply connected and semisimple, then we have an isomorphism

LiftS! = priLiftp @ priLift,!, (3.23)
in particular Lift3 is trivial if and only if Liftp is trivial.

For later use, we note that cover diagram of Lift% is

1 1 1
R g (24 g
W%z] — W%z} g W%A] g (3.24)
| | |
Px P (Px P £ (Px PP E= (P ) g
|

X xX
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where 5 : = = A

[mm,n] __ ; pr - Pn .]> ?j(ﬁ> = 5(}%»?3)
w =_< ° R S A4 p L
8 P10 DPn q.m 5(0) = 0(pi, ps) 6
ij

1<J
with  (B1,...,Bn), (P1,--..P) € (P x P)M, gt € PG.

The line bundle over W22 s essentially, the line bundle associated to central extension
LSpin(d), the corresponding bundle gerbe product over W2 is the fusion product, and
the third column is filled with the multiplicative structure m.

3.5 Comparison of the Lagrangian gerbe and the lifting 2-gerbe

Let X be a spin manifold and let Lagy the corresponding Lagrangian 2-gerbe over X x X,
as discussed in §3.1. By Thm. 3.5, that X is spin implies that Lagy has trivial orientation
gerbe hence is isomorphic to an ordinary, ungraded bundle 2-gerbe.

On the other hand, consider the following lifting 2-gerbe: Let Gy be the multi-
plicative U(1)-bundle gerbe over Spin(d) associated to the dual Imp* of the implementer
extension Imp of LSpin(d) through Construction 3.10; see also Example 3.13. According
to Construction 3.12, this multiplicative bundle gerbe together with the principal Spin(d)-
bundle Spin(X) provided by the spin structure determines a bundle 2-gerbe Liftgg}n( X)
over X x X. In view of Remark 3.16, this bundle 2-gerbe geometrically represents the
obstruction to lift the structure group of X to the string 2-group.

THEOREM 3.17. There exists a canonical isomorphism of bundle 2-gerbes

A« Liftg)y, ) — Lagy. (3.25)

The proof of this theorem will be given at the end of this section. We first employ this
theorem to prove the main result of this article. To this end, we use the following notion
of a string structure; see [53, Definition 1.1.5].

DEFINITION 3.18. A string structure on a spin manifold X of dimension d > 5 is a
trivialization of the lifting 2-gerbe Liftgpiyx) over X for Gryps.

Recall from Example 3.13 that the Dixmier-Douady class of G, (and hence also of
its dual) is a generator for H*(Spin(d),Z) = Z. By Thm. 1.1.3 in[53], admits a string
structure in the above sense if and only if the characteristic class $p;(X) vanishes. The
following theorem repeats Thm. B from the introduction.

THEOREM 3.19. Let X be an oriented Riemannian manifold of dimension d > 5. Then
there exists a spinor bundle & with fusion product over X if and only if X admits a string
structure.
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Proof. By (3.23), triviality of Liftgyin(x) is equivalent to triviality of the doubled lifting 2-
gerbe ]Lift‘sign( y- This implies that X admits a string structure if and only if the doubled
lifting 2-gerbe Liftgg}n( x) for the dual implementer extension, given in (3.28), admits a
trivialization.

Now, first suppose that there exists a spinor bundle & with fusion product over LX.
Then, by Lemma 1.13, there exists a smoothing structure for & and a corresponding fusion
2-gerbe Fus(&) (see §3.2). By Thm. 3.3, the existence of a fusion product implies that
Fus(S) admits a trivialization. But by Thm. 3.4, Fus(&) is isomorphic to Lag,. Hence
the existence of a spinor bundle with fusion product implies triviality of Lagy, which in
view of the isomorphism (3.25) and the previous discussion implies that X admits a string
structure.

Conversely, suppose that X admits a string structure. In particular, X is spin, and
the string condition implies that the structure group LSpin(d) of the LX can be lifted to
its basic central extension [19, 55|. By Thm. 1.20, this implies that the Lagrangian gerbe
Lagrx of the loop space admits a trivialization, hence there exists a spinor bundle &’
with a smoothing structure over LX (Thm. 1.7). But since X admits a string structure,
the doubled lifting 2-gerbe Liftgg%n( x) for the dual implementer extension and hence (by
Theorems 3.17 & 3.4) also the fusion 2-gerbe Fus(&') are trivializable. Therefore, by
Thm. 3.3, there exists a line bundle ¥ over LX such that & = & ® ¥ admits a smooth
fusion product. !

We finish by proving Thm. 3.17. Before we start the proof, we describe the lifting
2-gerbe Lift% in more detail in the case that G = Spin(d) and the multiplicative bun-
dle gerbe ¢ is the bundle gerbe obtained by applying Construction 3.10 to the central
extension of LSpin(d) dual to the implementer extension, see Example 3.13.

We will make the following modification: By definition, every loop group central ex-
tension with fusion product has two products: The group multiplication and the (partially
defined) fusion product. In relation to the cover diagram (3.24), the fusion product lives
over W while group multiplication lives over W23, Below, we will replace the line
bundle defining the central extension LSpin(d) by an isomorphic one, which roughly has
the effect that fusion product and group multiplication swap places. As in the case of the
Lagrangian 2-gerbe, multiplication of implementers lives over Lag!®? while their fusion
product lives over Lag?®, this will facilitate the construction of the isomorphism in §3.5.

Throughout, we fix a Lagrangian L € Lag], together with a cyclic and separating
vector in §r, which allows to identify §; = L*(A,) (see Remark 2.13). For (¢,¢) €
PSO(d)®, we then set

~ def - -
Jmp(q,¢') = Hom L*(Ao)g, L*(Ao)g
where the subscript ¢ denotes a modification of the right action by the automorphism Cl,
of Ay. The adjoint operation is a U(1)-anti-equivariant map identifying Imp(g Cg ¥ with
Imp(q~! C{gl)™'), which implies that the U(1)-equivariant map
Imp, (¢ O = Tmp(q~" Clgl) ™) — Jmp(q.q'), U L*(Cl)U,  (3.26)
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identifies Jmp(q,¢') with the complex line associated to the U(1)-torsor dual to Imp; (¢ [
q'). Replacing LSpin(d) xy(1y C by Jmp in Example 3.13, we obtain a multiplicative line
bundle gerbes Gmps and Gfins over Spin(d), respectively Spin(d) x Spin(d). We now
describe the data of the corresponding lifting 2-gerbe Lift‘};bl explicitly. Its cover diagram

is given by (3.24). All data depend on WI™" only through the elements qs;-

2, 2] The line bundle over W22 is the implementer bundle Jmp.

[3, 2] It turns out that the isomorphism (3.26) intertwines the fusion product of Impj
with composition of operators. The bundle gerbe product over W2 is therefore
given by

A Jmp(d,q") @ Imp(q, ¢') — TJmp(q,q"), QD DD,

The bundle isomorphism of the refinement along (3.19), given by group multiplication in
Imp*, translates, via the isomorphism (3.26), to

Jmp(gos, Gas) @ Imp(qiz, ¢ra) — TIMP(gasqi2, G34)2),

3.27
Doz @ Py — L2(Clq!23)@12L2(Clq!23)*<1)23. ( )

To describe the data in the third column of the cover diagram (3.24), one has to calculate
the image m of this refinement under the functor (C.3) explicitly. The result is the
following.

[1, 3] The line bundle over W3l is the multiplication line 9Mul, defined as the pullback

of Jmp along the map W3 — W2 given by
++ ++

b1 P2 P3’ p1 D3
~ ~ = ) ) ) — ~ ~ ) )
B P P 423,912, 413 P s 423412, 413

Explicitly, the fibers of 9ul are

def ~
Mul(gas, ¢12, ¢13) = Jmp(gasqi2, 13)-

[2, 3] Over W3l we have an isomorphism
i Mul’ @ Tmpy, @ Jmpy, — Tmp,; @ Mul’,

fiberwise given as the cospan

Mul(ga3, G125 ¢13) @ IMP(gas, go3) © Imp(qi2, ¢12) \

i Mul(qes, qr2, 413)

\|/
Imp(gis, q13) ® Mul(gas, g1z, @13), mtm

where the bottom right map is composition and the top right map, using formula
(3.27), is
(13123 ® (1323 ® (Dlg — @123L2(Clq!23)(I)12L2(Clq!23)*q)23-
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[1, 4] Over W the associator 2-morphism
Q: 9ﬁu[124 ® mu[234 — muh&l & mldlgg

is canonically provided by the functor (C.3). Explicitly, it is fiberwise given by the
cospan

composition

Mul(gaa, q12, q14) @ Mul(gsa, go3, g24) \
z

def ~
ML) (g3, o3, 12, q14) = IMP(gaadastiz, ua)

mu[(Q347 q13, Q14) & Wtu[(cp?,a q12, Q13); /

where the top right map is composition of operators and the bottom right map is
given by
(13134 & (13123 — @134L2(C1q34)@123[/2((31(134)*.

The data described above can be arranged with respect to the cover diagram (3.24)

as follows.
% (

Liftd = ________________________ gﬁu[ _______________________ & (3.28)

X x X

Proof (of Thm. 3.17). The isomorphism £ will be given in terms of the common cover

endpoint footpoint

Spin(X) x Spin(X) Svaluation PSpin(X) projection PY.

[ts bundle gerbe over PSpin(X) is trivial, hence the first row of its cover diagram is trivial.
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The rest of its cover diagram is

V3.2

&  —
V(2.2 V(23]
Il Il

V2l E VL3l g VL4l (3.29)
| | |

PSpin(X) $&—— PSpin(X)? E PSpin(X)P! g PSpin(X)H

|

X x X

with

5: . -

6_ 4 ) Lij

[m,n}_ 1 e > ) >
V _§<gla"'agn7< f) < 1 ?

)
m
q; J

a

A
o () = g;(m)1gu(m) B
Lf e lag, oy B

IV

Lm
i<j Uiy

Here g; € PSpin(X) lifts the path v; and ¢f; € PSpin(d), L{; € Lag. The diagram (3.29)

maps to the cover diagrams (3.24) and (3.2) in the obvious way.
The data of /i can be arranged with respect to the cover (3.29) as follows.

coherence
condition
for v
: coherence
Do condition
. for g
: ‘ coherence (3'30)
S)’t ................................. ﬁ ............................ condition

for b

PSpin(X) £ PSpin(X)2 = PSpin(x)¥ g PSpin(X)H

|

X x X

Explicitly, these data are the following.
[1, 2] The line bundle 9 over V12 has fibers

m(gh 92,4, L) = I—IO—mQZ,gl(L2<ﬂ0)qa SL))
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where the right hand side denotes the space of unitary intertwiners L?(Ay), — §1
along Cl,, and Cl,, (recall that L*(Aj), denotes the Ay-Ay-bimodule obtained from
L*(Ay) by modifying the right action via the Boguliubov automorphism Cl,).

2, 2] Over V122 we have a canonical isomorphism
v M@ Jmp — PFo N,

fiberwise given by the cospan

1 N(g1 ,%q’ L) 0 1 Jmﬁgqu!) 0
2 > > composition
Hom,, . (L*(Ao)q,Fr) @ Hom(L*(Ag)g, L (Ap)q) \
\if’/ mgz g1 (L2(ﬂ0)Q7'SL)'
2
}‘M(§+, SL%® 1’107_11192 ,g1 %1 ‘ZO Q’ SL; %n
PF(L,L') N(g1,92,q,L)

[1, 3] The isomorphism
B Mz @ Mul — Fus @ Naz ® Mo,

over V13 is fiberwise given by the cospan

1 ‘ﬂ(gl,93)713 ,L13) 0 1 fmu[(qzaylz ,q13) O
H0m93 g1 (L2 (ﬂO)ms ; ngs ) ® Ho_m L2 (ﬂO)QZSQlZ ) LQ( )q13
i composition
E/B Ho—mgg,gl (LQ(ﬂO)!&wlmngs)

e

1
HOHl SLzs IT)T’I_I 8’L12 ) SL13; ® Homg3 92 L 6%0 q23> SL23; ® Homgz ,91 (L26‘1%0)q12 ) 3L12g

Fus(Les,L12,L13) N(92,93,923,L23) N(g1,92,912,L12)

where the top right arrow is composition, while the bottom right arrow is the iso-
morphism
T® \1’23 QX Wig —> T(qjgg mz)x;z?,,lﬂz'

Here Xoy5.000 © L*(A0)gns LadL?(A0)gr, — L*(Ap)gpsqr, 18 the unitary isomorphism
from Example A.6.

We have to check three coherences. As the bundle gerbe #€ of fi is trivial, the coherence
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diagram (C.20) over V2 collapses in our case to

N @ Jmp? @ Jmp'? —2 L N3 ® Jmp®®
1/23®1®1l
P @ N @ Tmp'? v

1®V12l

PP @ P2 o N —22 s BB o N,

which is clearly commutative.
The coherence diagram (C.21) for over V23 is

2
M2, @ Mul® @ Tmpyy © Tmpy, — oty Fus? @ N2, © N2y ® Tmpyy @ Tmpy,

14 Fus”® @ N33 @ Tmpyy @ NG, @ Tmp,,
l1®1/23®1®1

NT; ® Jmp;; @ Mul’ Fus® @ Py © Ny @ N2, @ Tmpy,
l1®1®1®z/1z

Jus® ® Paz © N3 @ Pfro @ Ny

r13®1 H
Fus® @ Pag @ Pfro @ Ny @ N,y

Lu@l@l

1
Pfiz ® m%zz ® Mul’ erer > Pfiz ® Jus' ® ‘ﬁ%?, ® 9’&2

We consider this diagram over a point
+ + +

423 q12 CI13’ Lys Lz Lis" 2,3]
925 93; ; € Viaa
91> 92,93 Gy o Qi3 Lyy Ly, Lig
Here, the bottom left line is, via composition, isomorphic to
sn(gla 93, 423412 L,13) = Ho—mgg,gl (L2 (ﬂo)thsihz ) SLlS ) (331)

A diagram chase starting with an element T ® Wo3 @ Wiy ® $Po3 @ P15 of the top right line
reveals that proving commutativity of the diagram boils down to showing the equality

T(\1’23 EHQ)XZ!ZS,q!lzLQ(Cl ! )®12L2(C1q!23)*‘1)23 = T(\I/23Q)23 |:\[12@12)X223

423
inside (3.31); the left hand side corresponds to the north-west composition, while the

right hand side corresponds to the east-south composition. But this identity follows from
(A.10) and (A.8).
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Finally, it is convenient to split the diagram (C.22) into two halves,

Mg @ Muling @ Mulysy > My @ Mul®
B124 ®Il composition
Sus124 @ Moy @ Mo @ Mulyzy MOMul®)
Sus124 @ Mg @ Mulyzy @ My Fusn®
l1®6234 ®1 \composition

Susioq @ Fusozy @ Nzg @ Moz @ Nyg ———— 3”5(3) @ N3q @ Naz @ Ny

and
Ny @ Mul® ¢ My @ Mulyzy @ Mulyos
composition lﬁlu ®1
Nl Susizs @ Mg @ Mz @ Mulioz
l1®1®,3123
Suﬁ‘ﬁ(?’) Sus134 @ Mgy @ Fusiaz @ MNag @ Nyo
composition I H

Fus® @ May @ Nyg @ Myg +———— Fusizy © Fusios @ Nag @ Moz @ Nyo,

where the horizontal arrows are the ones from the defining cospan of «, respectively a.
Joining those two diagrams at the common side gives (C.22), hence commutativity of the
latter follows from commutativity of those individual diagrams. Here

mmu[(?)) (917 94, L14a 434, 423, Q12) = I—IO—m!M,gl_ LQ(ﬁO)qg4q23qlz ) 3L14 -
3'115‘51(3) (91, 94, L4 34, G23, 12) = HO_mg4,ﬂ L2<ﬂ0)q34 I@L%ﬂo)ng, IZQ—ILQ(‘ZO)CMZ s L

and the map MMuI® — FusN® is fiberwise given by

Ui— \I]X¢134¢J23,q12 (X%A,qzs Dalz(ﬂo)) = \I]XII347Q23q12 (isz(ﬂo) qulzsmz)?

where the equality on the right hand side follows from (A.9). Commutativity of both
diagrams is easily checked using (A.10) and (A.8) again. !

A Super von Neumann algebras and Connes fusion

In this appendix, we give some background to super von Neumann algebras and the
Connes fusion product of super bimodules between them. Standard references for the
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Connes fusion product in the ungraded case are [48, 10|, but here we present its adaptation
to the ungraded case, which we were unable to find in the literature.

Throughout, all Hilbert spaces are separable and all C*-algebras are assumed to have
a faithful representation on a separable Hilbert space. Recall that a von Neumann algebra
is a unital *-algebra A that is isomorphic to a subalgebra of B(H), H a Hilbert space,
which is closed with respect to the ultraweak operator topology (or, equivalently, the weak
or strong topology). Equivalently (by the theorem of Sakai), a von Neumann algebra is
a (*-algebra A that admits a predual, i.e., a Banach space A, such that A, as a Banach
space, is the dual of A, (the predual is unique up to unique isomorphism). The ultraweak
topology on a von Neumann algebra A is the weak-*-topology induced by its predual; it
coincides with the ultraweak topology induced by any faithful %-representation.

For von Neumann algebras A, B, a normal *-homomorphism ¢ : A — B is a *-
homomorphism that is continuous with respect to the ultraweak topologies. This is
equivalent to ¢ being the dual of a bounded linear operator ¢, : B, — A, between
the preduals. It is a fact that every *-isomorphism between von Neumann operators is
automatically normal.

A.1 Super von Neumann algebras

A super Hilbert space is a Hilbert space H with a direct sum decomposition H = H°@® H*,
where the summands are called the “even” and “odd” parts of H. The grading operator
of a super Hilbert space H is the operator that acts as multiplication with (—1)! on H*.

A super von Neumann algebra is a von Neumann algebra together with an involutive
x-automorphism 7. The eigendecomposition A = A° @ A! of 7 gives a decomposition into
“even” and “odd” parts of A, which satisfy A% A7 C A", Equivalently, A is isomorphic to
an ultraweakly closed, graded subalgebra of B(H) for some super Hilbert space H, where
we say that a subalgebra is graded if it is preserved by conjugation with the grading
operator of H; the grading operator of A is then given by conjugation with that of H. -
homomorphisms between super von Neumann algebras will always be required to preserve
the grading.

Let A be a super von Neumann algebra. The (super) opposite of A is the super von
Neumann algebra A°" consisting of elements a°? for a € A. It is equipped with the super
vector space structure such that a + a°® is an isomorphism, but carries the opposite
multiplication and *-operation,

b = ()M, (@) = (1)) (A1)
A (super) anti-x-homomorphism ¢ : A — B is a linear map satisfying
p(ab) = (=1)""lp(b)¢(a).

An anti-*-homomorphism ¢ : A — B is the same thing as a x-homomorphism A% —
B or A — B°°. If A and B are super x-algebras, then the x-operation is an anti-x-
homomorphism A — A, but not a super anti-x-homomorphism unless A is purely even.
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However, the map f given by $

*

def @ a even

*

a*  a odd.

is a super anti-*-homomorphism A — A, for any super x-algebra A.

A.2  Super bimodules

Let A and B be super von Neumann algebras. Recall that a super A-B-bimodule is a
super Hilbert space M together with grading preserving unital normal *-representations
w4 of A and g of B°? on M, whose images super commute. Here B°? denotes the super
opposite algebra; see (A.1). In terms of these representations, the bimodule action is
defined by

av&ab B (—1)EMr, (a)rp(b)e, €€ M, a€ A, be B. (A.2)

We remark that it is crucial that 7g is a representation of the super opposite algebra, and
that 74 and mp super commute in order for formula (A.2) to indeed define a bimodule
structure (where, of course, the left and right action are required to commute, not super
commute).

Every super von Neumann algebra A has a canonically associated super A-A-bimodule
L*(A), called the standard bimodule of A |16, 20], [47, IX]. It is characterized (unique up
to isomorphism) by the existence of an even, anti-linear, isometric involution J : L?(A) —
L?*(A) and a self-dual cone P C L*(A) with the following properties:

(1) The right action is given by £ <a = Jm,(a*)JE, a € A, £ € L*(A), where 7, denotes
the representation of A on L?(A) that induces the left action. Equivalently, the right
representation is given by 7,(a) = (—1)l4llEl Jm,(a*)JE.

(2) Jme(A)J = m(A), the (ungraded) commutant in B(L?(A)).
(3
(
(

)
) JE=¢forall € € P.
4) Pis self-dual, meaning that P = {n € H | (v¢ € P: &, n) > 0}.
)
)

5) aré<a* e Pforallae A, £ € P.

(6) Jm(c)J = me(c)* for each ¢ in the (ungraded) center of A.

REMARK A.1. If H is a super Hilbert space with a faithful x-representation 7 of A and
) € H is an even cyclic and separating vector for 7, then there exists a unique grading
preserving unitary isomorphism L?*(A) = H that intertwines the conjugation J of L?(A)
with the modular conjugation Jq for €2, obtained via Tomita-Takesaki theory, and that
sends the cone P to the self-dual cone given by

Po ={m(a)Jm(a)JQ | a € A}. (A.3)
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The point here is that if 2 € H and ' € H’ are two cyclic and separating vectors for
x-representations 7 and 7/, we get a canonical unitary isomorphism H = L%*(A) = H';
however, this isomorphism does in general not send Q to €', but only Py to Pq.

REMARK A.2. By uniqueness of the standard bimodule, an isomorphism ¢ : A — B of
super von Neumann algebras induces a grading preserving unitary isomorphism L?(¢) :
L?*(A) — L?*(B). In particular, if B = A so that ¢ is an automorphism, then L?*(A) is a
unitary automorphism of L?*(A) that intertwines both module actions along ¢, i.e.,

L*(¢)(av & ab) = ¢p(a) > L*(¢)6 1 d(b),  a,be A, &€ L*(A).

This is Haagerup’s canonical implementation. The map ¢ — L?(¢) is continuous for the
u-topology on Aut(A) (see §B below) and the strong topology on U(L?(A)) [16, Prop. 3.5],
47, IX.1.15&1.16].

We will use the following generalized notion of bimodule homomorphisms. Let M
be a super A-B-bimodule, let M’ be a super A’-B’-bimodule and let ¢4 : A — A’ and
¢p : B — B’ be (grading preserving) x-isomorphisms. Then a unitary isomorphism
U: M — M, which we assume to be either grading preserving or grading reversing, is
an intertwiner along ¢4 and ¢p if

Ulas€ab) = (=D)Ug,(a) > U(€) < pp(b), acA beB, € M. (A.4)
Intertwiners U along ¢4 and ¢p can be depicted as 2-cells,

A—HY B

A/ <T B/.

REMARK A.3. The additional sign in (A.4) involving the parity of U is according to
the Koszul sign rule. It is necessary for the following to be true: If M is a super left
A-module, then M is also a super right A°°-module, where

£aa® & (—1)lldgre e M, ac A

Now, an even or odd unitary U : M — M’ intertwines the left A-actions if and only if it
intertwines the corresponding right A°P-actions.

In the main body of the paper, we will often deal with bimodule isomorphisms that

are, more generally, a scalar multiple of a unitary; this generalization causes no further
complications and will be ignored in this appendix.
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A.3 Connes Fusion of super bimodules

Let B be a super von Neumann algebra. If M is a right super B-module and N is a left
super B-module, there is a notion of a relative tensor product over B, the Connes fusion
product [56, Chapter V|[; for details, see, e.g, [48]. To review its definition, fix a standard
bimodule L?(B) for B and denote by D (M) = Bg(L*(B), M) the space of bounded linear
maps that intertwine the right B-actions. D (M) is graded by parity and has a graded
right B-action, given by (x <b)(§) = x(b>&). The Connes fusion product M [z N of M
with IV is then defined as the completion

M IGN=DM)®N

of the algebraic tensor product with respect to the (degenerate) sesquilinear form

@&y Mum = (€ (@) > n)w, (A.5)

where we use that z*y € Bg(L?*(B), L*(B)) = B (identifying b € B with its left multipli-
cation operator on L?(B)). Observe that since N is Zs-graded and the left B-action is
compatible with this grading, elements of different grading in the algebraic tensor product
D (M) ® N are orthogonal with respect to the inner product (A.5), so M [N is a super
Hilbert space. Abusing notation, we use the same notation for elements of M L[5 N as
for their preimages in D (M) ® N.

REMARK A.4. Elements of the form (z<b) ® { — 2 ® (b> &) are in the kernel of the
inner product (A.5), hence vanish in the completion. Therefore, M [z N can indeed be
viewed as a tensor product over B.

EXAMPLE A.5. Let M be a super right B-module and let N be a super left B-module,
for a super von Neumann algebra B. Let V and W be finite-dimensional super Hilbert
spaces. Then M®V and N®W are again B-modules and we have a canonical isomorphism

(MEN)(VeW)— (MeV) EIN®E),

given by
(zen) @ @vew) — ()@ ev) e (new),

where for x € D(M) and v € V, 2 ® v denotes the element of D (M ® V') given by
(z®v)¢ = (-1)lMzg @ 0.

If M is a super A-B-bimodule and N is a super B-C-bimodule, then M [V naturally
has the structure of a super A-C-bimodule, with the actions given by

ab(r®&)<dc=(arx)® (£<c), acA ceC,zeD(M), e N.

Here the left A-action on D (M) is defined pointwise, (a>x)(§) = a> x(§).
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Connes fusion is associative, in the sense that there are isomorphisms

M CEN [cP) = (M [5N) [P, (A.6)

called associators, which are functorial in M, N and P and satisfy the pentagon axiom
for any quadruple of bicategories [10, Prop. 3.5.3]. We will therefore drop the brackets
and just write M [ N [P for the tensor product of three super bimodules.

We now discuss Connes fusion of intertwiners and its functoriality. It will be important
to define Connes fusion not only for ordinary unitary intertwiners but, more generally, for
intertwiners along *-isomorphisms. Explicitly, let U : M — M’ be a unitary intertwiner
along ¢4 and ¢p, and let V : N — N’ be a unitary intertwiner along ¢p and ¢¢ (here
it is necessary that U and V intertwine along the same middle isomorphisms). Connes
fusion then provides a composition 2-cell

A—M p XY ¢

Al < = B < = O/, A Ve C/,

in other words, a unitary intertwiner U [11: M [N — M’ [pN’, along 04 and 6,
compare |25, Prop. A.2.3|, [5, Thm. 6.23]. This intertwiner is defined on D (M) ® N by

(U Dz &) = (-)VIFIgzL?(¢p)* @ VE,  xeD(M), &€ N, (A7)

and extends by continuity. Here L?(¢p) : L*(B) — L*(B’) is the unitary isomorphism of
standard bimodules induced by the isomorphism ¢p : B — B’ (see Remark A.2). The
parity of U [Vlis the sum of the parities of U and V.

EXAMPLE A.6. For an automorphism 6 € Aut(A), denote by L?*(A)y the A-A-bimodule
where the right A-action is twisted by 6. Then given 6;, 60y € Aut(A), there are canonical
even unitary isomorphisms

Xor.0, © L*(A)g, Til?(A)g, — L*(A)gye,
given on elements of D (L?(A)y,) @ L*(A)g, by the formula
r®E— xk.
It is straightforward to check that these isomorphisms enjoy the following relation with

respect to intertwiners: If U; : L*(A)g, — L*(A)g, i = 1,2, are such that U is right
intertwining along ¢ and U, is left intertwining along ¢, then

Xo0, © (Uy TLA) = U L*(61) L* () Us L2 (6:)".
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If U; and U, are intertwiners along the identity on both sides (in particular, ¢ = id), then
this can be rewritten as

Xoy0,(Ur L) = L*(07)UsL2(6,)" Ui X6, (A.8)
Moreover, these isomorphisms are associative, in the sense that we have the identity

X6102,05 (X616, Tidb2(a)) = Xo1.6,0, (1d 124y [ 65), (A.9)

of isomorphisms L?(A)g, Ty L?(A)g, TiL?*(A)g, — L*(A)gy0,0,, for any triple 0y, 0,,05 €
Aut(A). Here the associator (A.6) is implicit.

Connes fusion is functorial in the sense that if U : M — M’, V : N — N’ intertwine
along ¢p and U': M" — M", V' : N’ — N” intertwine along ¢, then

U U ) = (-)V Vg . (A.10)

B Bundles of von Neumann algebras and bimodules

In this section, we explain the notion of (continuous, locally trivial) bundles of super von
Neumann algebras and bimodules between them.

B.1 Bundles of super von Neumann algebras

The automorphism group of a super von Neumann algebra A is the group Aut(A) of
grading preserving, (normal) s-automorphisms of A. The u-topology on the automorphism
group is the topology on Aut(A) C B(A) generated by the seminorms

0 sup |0(6(a))] = llo o 0]s, (B.1)

ac
llal=1

where p ranges over all elements of the predual of A (viewed as a linear functional on A).
The u-topology turns Aut(A) into a completely metrizable topological group.

LEMMA B.1. Let X be a topological space, let A be a super von Neumann algebra and
let 0 : X — Aut(A) be a map. Then 6 is continuous if and only if the corresponding map
0:X x A— A is continuous on bounded sets, when A carries its ultraweak topology and
Aut(A) carries the u-topology.

Here we say that a map X x A — A is continuous on bounded if for one (hence for
all) » > 0, its restriction X x A, — A, are continuous, where A, = {a € A | ||a|| < r}
denotes the r-ball of A. Recall here that by the uniform boundedness principle, the norm
bounded sets of A coincide with the ultraweakly bounded ones.
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REMARK B.2. Similarly to Lemma B.1, it was shown in [13, Lemma 4.3] that if A is
a factor of type II;, then a map 6 : X — Aut(A) is continuous if and only if the corre-
sponding map 6 : X x A — A is continuous for the pointwise 2-topology [13, Lemma 4.3].

Proof (of Lemma B.1). Suppose that § is continuous and let (;, a;)icr be a net in X x A
converging to (z,a). We have to show that for each ¢ € A, we have o(0(v;,a;)) —
0(6(z,a)). To this end, we calculate

|0(0(:, a5)) = 0(0(x,a))| = |0(6x, (a:)) = 0(0:(a)]
< |Q((0z| - Qx)(az - a))l + |Q((9m| - 0:0)(a))| + |Q(‘9x(az - a’))|
< ([lai — all + llal)lle © (62 — 02)l| as + |00z (ai — a))].

The second term converges to zero by weak convergence of the net (a;);es to a. If the net
(a;);er is norm-bouned, the first term converges to zero by continuity of the 6 (see (B.1)).
The second term converges to zero by weak convergence of the net (a;);cs to a.
Conversely, suppose that f is continuous and let (x;)icr be a net in X, convergent to x.
We have to show that 6,, — 0, in Aut(A), meaning that

o0 (00 — 0a)as = sup |o((0e — 02)(a))] — O
a€Aq
for each p € A,. Since the unit ball A; of A is weakly compact and the functional
oo (0, —0,) is weakly continuous, the supremum is attained. Hence for each i € I, there
exists a; € Ay such that ||[oo (0, — 0.)]|as = |0((6r — 02)(a;))|. This gives a net (a;)ies.
Let (a;)ier, I’ C I be any subnet. Since A; is ultraweakly compact, there exists a further
subnet (a;);err, I” C I' that converges ultraweakly to some element a € A;. Then

lo© (Ba — 02)llas = [0((6r — 6z)(as)]

~ ~

= lo(0(zs,a;) — 0(x, a;))|

~ ~

= |o(0(zi, @) — O(z, )| + |o(B(z, a) — Bz, a;)]

As net indexed by I”, both terms converge to zero, by continuity of 6 on X x A;. We
showed that any subnet of the net (||o o (0, — 0:)||4s)icsr in R has a further subnet
converging to zero. But this implies that the net itself converges to zero. !

We now explain the notion of von Neumann algebra bundle we use in this paper. Let
X be a topological space together with a collection A = (A, ).ex of super von Neumann
algebras. We will also write A for the disjoint union

D
A = Ay

zeX

and call this the total space of A. It comes with a canonical footpoint projection 7 :
A — X and, as usual, for O C X, we write A|p = 7~ 1(0). By a trivialization of A over
an open set O C X, we mean a map

b Alo — O x A,
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where A is some super von Neumann algebra, such that the fibers ¢, : A, — A are grading
preserving *-isomorphisms. A bundle structure on A consists of a suitable collection of
local trivializations (¢;);e; whose transition functions

qﬁjogbi—ll(OiﬂOj)XA—>(OiﬂOj)><A

are continous on bounded sets when A carries its ultraweak topology, in the sense that
they are continuous when restricted to the sets (O; N O;) x A,, where A,, r > 0, denotes
the r-ball of A. By Lemma B.1, this is equivalent to requiring that the corresponding
maps O; N O; — Aut(A) are continuous with respect to the u-topology. Compatible
collections of local trivializations are ordered by inclusion.

DEFINITION B.3 (VON NEUMANN ALGEBRA BUNDLE). A super von Neumann al-
gebra bundle over a space X is a collection = (A, )zex of super von Neumann algebras,
together with a maximal compatible collection of local trivializations.

Note that the total space A does not canonically possess the structure of a topological
space as the transition functions need not be continuous. However, a compatible collection
of local trivializations on A induces, for each fixed r > 0, a continuous fiber bundle
structure on the set D

A, = (ﬂaz)ra
reX
of fiberwise r-balls, each fiber carrying the ultraweak topology. Note that since each A,
as a super von Neumann algebra, admits a predual, the Banach-Alaoglu theorem implies
that the fibres of A, are compact.

DEFINITION B.4 (BUNDLE HOMOMORPHISM). A homomorphism between super von
Neumann algebra bundles A and B is a fibre-preserving map o : A — B whose fibers
0z @ Ay — B, are grading preserving normal x-homomorphisms and which is continuous
on bounded sets with respect to the ultraweak topologies.

Explicitly, the continuity requirement on p means that for some (hence for all) r > 0,
the map o, : A, — B,, given over x € X by the restriction of g, to the r-ball in A,, is a
continuous when A, and B, carry the topology explained above.

ExXAMPLE B.5 (TRIVIAL BUNDLES). If Ais a super von Neumann algebra, the trivial
super von Neumann algebra bundle over X with typical fibre A is A = X x A, whose
collection of local trivializations is given by restrictions of the identity map A — X x A
to open subsets of X.

EXAMPLE B.6 (ASSOCIATED BUNDLES). Let A be a super von Neumann algebra
and let G be a topological group with a continuous group homomorphism ¢ : G — Aut(A)
(with respect to the u-topology). Then any principal G-bundle P over X gives rise to
a von Neumann algebra bundle over X with typical fiber A by forming the associated
bundle

A d:ef P Xa A.
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Since G acts via grading preserving kx-automorphisms, the fibers A, = P, xg A carry
induced structures of super von Neumann algebras. To obtain local trivializations, let
{O;}icr be an open cover of X such that P admits local sections p; : O; — P, then
defining

¢ Alo, = O; X A, [pi(z),a] = (x,a)

defines a set of local trivializations. Given 4,j € I, there are continuous functions g;; :
0; N O; — Aut(A) such that

pi(r) - gi5(x) = p; (), r € 0;NO0;.

The transition functions for the collection of local trivializations are then

(¢z o ij'_l)(x?a) = Q(gij(x))(a)’

As the maps g;; and p are continuous, it follows from Lemma B.1 that these transition
functions are continuous on bounded sets.

B.2 Super bimodule bundles

(Super) Hilbert space bundles over a topological space X are unproblematic to define:
they are fiber bundles with typical fiber a super Hilbert space H (with its norm topology),
equipped with fibrewise Hilbert space structures, such that the local trivializations are
fiberwise grading preserving linear isometries. It is a standard fact that the continuity of
a transition function ONO’ x H — H is equivalent to the continuity of the corresponding
map ONO" — U(H). In the ungraded case, since U(H) is contractible (provided that H
is infinite-dimensional), all such bundles are trivializable. In the graded case, if we allow
both even and odd unitary transformation as transition functions, the unitary group U(H)
has two connected components, each of which is contractible (assuming that both the even
and odd part of H are infinite-dimensional). Hence such bundles $) of super Hilbert spaces
over a space X are classified by a single characteristic class or()) € H'(X,Z,), for which
the terminology orientation class seems sensible.

DEFINITION B.7 (BIMODULE BUNDLE). Let A, B be super von Neumann algebra
bundles over a space X. Let 9t be a super Hilbert space bundle over X such that each fiber
M, carries the structure of a super A,-B,-bimodule. A local bimodule trivialization of 90
over an open set O C X consists of local trivializations ¢ : A|o — Ox A, ¢ : Blo - Ox B
and U : M|o — O x M (the latter as a super Hilbert space bundle) such that for each
x € O, U, is an intertwiner along ¢, and v,. 2N is a super A -B-bimodule bundle if there
exists a local bimodule trivialization in a neighborhood of each point of X.

DEFINITION B.8 (BIMODULE BUNDLE ISOMORPHISM). An isomorphism between
super A-B-bimodule bundles 9 and O is a unitary isomorphism w : 9T — N of super
Hilbert space bundles that fiberwise intertwines the bimodule actions.
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REMARK B.9. The typical fiber for super A-B-bimodule bundles 91 is a somewhat
tricky notion. Naively, one might think that if if (¢, U, v) is a triple of local trivializations
as in Definition B.7, then the typical fiber of 91 would be the A-B-bimodule bundle M.
However, in this situation, we can form a new trivialization ¢’ = =% o ¢ of B for any
choice of automorphism 6 € Aut(B); then U is intertwining when the target is taken to be
the A-B-bimodule My, obtained from M by modifying the B-action by #. Similarly, we
can modify ¢ by an automorphism of A to modify the left action of M. We conclude that
the typical fiber M, as an A-B-bimodule, is only well defined up to replacing it with a
module of the form ¢ My, where the left and right action are modified by automorphisms.

B.3 Connes Fusion of bimodule bundles

Let A, B, C be super von Neumann algebra bundles over a topological space X, let 9t
be a super A-B-bimodule bundle and let 91 be a super B-C-bimodule bundle. In this
situation, we can form the fiberwise Connes fusion products 9, L[5 BD1,. The challenge
is to endow the “total space”
D
MbLM= M, LD,

zeX
with the structure of a continuous Hilbert space bundle. We observe:

(%) If (¢,U,v) and (¢, V, k) are local bimodule trivializations of 90, respectively I,
both defined over some open set O C X, then (¢, U [IZ]k) is a candidate for a local
bimodule trivialization of 91 L[5 *N over O, where

U VM [N — O x (M [5N)
denotes the pointwise fusion product along ).

However, for this fusion product to exist, it is crucial that U and V intertwine along the
same trivialization ¥ of B, and in general, 2 and 91 might not admit local bimodule
trivializations with this property.

For finite-dimensional algebras and bimodules, the conditions for such a pair of trivial-
izations to exist near every point of X were investigated in [24]; to formulate this condition
in the von Neumann algebra setting, we define, for a super A-B-bimodule M, the group
of implementers on M as the subgroup

[(M) C Aut(A) x U(M) x Aut(B)

consisting of those triples (y, U, 1) such that U is an even intertwiner along ¢ and .
Endowed with the subspace topology, I(M) is a topological group. Projection onto the
first, respectively third factor yields continuous group homomorphisms

pe: I(M) — Aut(A),

pr: I(M) — Aut(B).
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REMARK B.10. If the actions of A and B on M are faithful, then the projection map
I(M) — U(M)

is injective. In fact, it is a homeomorphism onto its image, so that I(M) can be identified
with a subgroup of U(M).

To see latter claim, we have to show that whenever (p,,U,, ¥, )aen 1S & sequence in
I(M) and (v, U, ) € I(M) is such that U,, converges against U in the topology of U(M),
then ¢, — ¢ and v,, — ¥ with respect to the u-topology.

To this end, let ¢ be an element of the predual of A. It suffices to consider the case
that o is positive. As A acts faithfully, such an element can be written as

B
ola) = (&, a> &),

k=1

with (& )ken a square-summable sequence in M. Then given a € A with ||a|| < 1, we have

Ee
@(son(a)) - Q(%(a))@ @k Un(a®> Uzér)) — (&, Ular U*ék»g

k=1
Ee
= & ve w0 vre) - (- e as 1)) B
k=1
Ee
=2 &l — U) &l
k=1

Since U,, — U in the topology of U(H), the differences U,, — U and (U, — U)* converge
strongly to zero (see [12]). Therefore the right hand side above converges to zero by the
dominated convergence theorem. As it is independent from a, this convergence is uniform
in a, and we see that ||oo @, —pop||as. Varying o, we get that ¢, — ¢ in the u-topology
of Aut(A). Similarly, one shows that ¢, — v in the u-topology of Aut(B).

We first check that the trivializations of the form (x), if they exist, are indeed com-
patible. We need the following lemma.

LEMMA B.11. The fusion map
I(M) xAut(B)[(N)—>I(M [z N), (U,V)— U 4
18 continuous.

Proof. 1(M) and I(N) are closed subgroups of polish groups, hence polish; in particular,
we just need to check sequential continuity. Let (¢, Un, Yn)nen, (Vn, Vi, Kn)nen, be se-
quences converging against (¢, U, 1), respectively (¢, V, k). Then for any z LE& M ®p N,
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we have

Fw, oy — vty s cehi= (0,0 Coe - v |
< (U - U)x CXE| + U CIH, — V)]
— (VE, (2 (U = U)* (U = U)a) > VE2 + (Vi = VIE, (Un) Unt) b (Vi — V)€ /2
< €122 (U = U) (U = D)) o VEI + [[(@*2) |2 (Vi = V)]

The second term converges to zero as V,, — V strongly. To get a clean argument
that the first term converges to zero as well, let ¢ : B — B(N) be the normal uni-
tary #-homomorphism inducing the action. By the classification of normal unital x-
homomorphisms (see e.g., [46, §IV, Thm. 5.5]), there exists a Hilbert space H with
B C B(H) and a (necessarily surjective) partial isometry w : H — N with w*w € B’ such
that ¢(b) = wbw*. Then

(& (U — U (U, — U)a) 5 VE = ¢ a*(Uy — U)*(Up — U)z V€
= wz* (U, — U)*(U,, — U)xw*V¢.

Since U,, — U strongly, this converges to zero. By linearity, this shows that
(U, )X — (U OAX. (B.2)

whenever X is in the image of D (M) ® N — M L[5 N. This set is by definition dense
and the sequence (U, [17]),en is uniformly bounded in the operator norm, hence an
elementary argument shows that (B.2) holds for all X € M [z N. !

COROLLARY B.12. The local trivializations of the form (x) are all compatible.

Proof. 1t (¢;, Ui, ), (4, Vi, ki), i = 1,2, are two pairs of trivializations as in (%), defined
over an open set O, we can form the transition functions

(p,U,)) : O — I(M), (¥, V,k): O — I(N),

where ¢ = ¢, 0 ¢5 ', U = U,Uj, etc. By functoriality of Connes fusion, the transition
function between the “fused” trivializations (¢;, U; [V k;), i = 1,2, is then the pointwise
fusion product (¢, U [ k). Therefore, continuity of the transition functions follows from
Lemma B.11. !

We now turn to the existence question of the trivializations of the form (x). To this
end, we introduce the following notion.

DEFINITION B.13 (IMPLEMENTING BIMODULE). We say that a super A-B-bimodule
M is right implementing (left implementing) if the projection map p, : I(M) — Aut(B)

(respectively p, : I(M) — Aut(A)) admits a unit-preserving, continuous section in a

neighborhood of the identity. We say that M is implementing if it is both left and right

implementing.
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REMARK B.14. That M is right implementing means, equivalently, that whenever X
is a topological space and ¢ : X — Aut(B) is a continuous map such that ¢, = idp, there
exists an open neighborhood O C X of z and a continuous map (¢, U, ¢) : O — I(M)
such that ¢, = id4 and U, = idy,. This is the case, in particular, if p, : I(M) — Aut(B)
is a fiber bundle.

We now give several examples of implementing and non-implementing bimodules. In
the context of finite-dimensional algebras, examples of non-implementing bimodules can
be found in |24, Example 3.1.5]).

ExXAMPLE B.15. Let A = B(H), H a super Hilbert space. Then H is implementing
as a super A-C-bimodule. That H is right implementing is obvious, as Aut(C) is trivial
and p, : I(H) — Aut(C) is the trivial map. To see that H is left implementing, we note
that I(H) = Ut(H) (in view of Remark B.10), which is a principal U(1)-bundle over
Aut(A) = PU(H)y, the identity component of PU(H), and py is the bundle projection.

EXAMPLE B.16. The standard bimodule L?*(A) of a super von Neumann algebra A
is always implementing. In fact, both maps p, and and p, admit global sections by a
group homomorphism, namely the canonical implementation, respectively the canonical
implementation followed by conjugation by J; see Remark A.2.

ExAMPLE B.17. If both M and N are right (left) implementing, then M [z ¥V is again
right (left) implementing. Indeed, if N is right implementing, then for any space X and
any continuous map £ : X — Aut(C) with k, = idg, there exists a continuous map
(¢,V,k) : O — I(N) on some open neighborhood O C X of z such that ¢, = idg;
see Remark B.14. Then if additionally M is right implementing, after possibly passing
to a smaller open neighborhood O C O of z, the map ¢ : O — Aut(B) can be lifted
to a map (¢, U, 1) : O — I(M). Now, by Lemma B.11, the fiberwise fusion product
U [A: O — U(M) along 1 is continuous, hence (¢, U [Vk) : O — I(M [zN) is a
continuous lift of k. Since k was arbitrary, this implies that M [g /¥ is right implementing.
The case that M and N are left implementing is similar.

EXAMPLE B.18. We give an example of a bimodule that is neither right nor left imple-
menting. Let A = L>°([0,1]) and I C X be a proper subinterval. Then the Hilbert space
M = L*(I) is an A-A-bimodule with the bimodule structure given by restriction,

avpEab=al;- &by, a,be A, &€ M.

Any measure space automorphism f of [0, 1] induces an automorphism ¢ of A by pull-
back. If both f and f~! preserve I (up to possibly a set of measure zero), then the
operator Uy : L*(I) — L*(I) given by

G____
(U (#) =&(F@) - f'(1), (B.3)

is well-defined, unitary and implements ¢¢. (Here f’ denotes the Radon-Nikodym deriva-
tive of f*dt with respect to the Lebesgue measure dt on I.) Otherwise, it is easy to check
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that ¢ is not implemented by any unitary. Since automorphisms f that do not essentially
preserve I can be found in any neighborhood of the identity in Aut(A), this shows that
M is not right (nor left) implementing,.

We have the following result (compare Prop. 4.2.3 of [24]).

LEMMA B.19. Let M be a super A-B-bimodule bundle and let N be a super B-C-
bimodule bundle. If M is right implementing or N is left implementing (in the sense that
each fiber has this property), then a pair of local bimodule trivializations as in (x) ezists
near each point of X.

Proof. We consider the case that 91 is right implementing, the other case is similar. Let
x € X and let (¢, U’,4') and (¢, V, k) be local bimodule trivializations of 9, respectively
M, both defined over some open neighborhood O C X of z. Explicitly, we have local
trivializations

¢ Alo — O x A, v, Blo — O x B, k:Clo — 0 xC
of von Neumann algebra bundles, as well as trivializations
U Mlo— O x M, VMo — O x N,

of Hilbert space bundles, which are intertwining along ¢’ and ', respectively v and
k. Set ¥y = 1, o (¢.)™t € Aut(B), which we identify with the corresponding constant
Aut(B)-valued function on O.

That 91 is right implementing implies that its typical fiber M’ is right implementing.
Hence, after possibly passing to a small open neighborhood O C O of z, the map )y o
Yo () : O — Aut(B) can be lifted to a map (o, W, thg 0 ¥ o (¢¥/)71) : O — I(M"); see
Remark B.14. For 2 € O, we view W, as an intertwiner M’ — M = M, along o and
Yo (¢)7L, so that

UL wu ms— O0xM

is intertwining along ¢ " ao ¢'. Then (¢, U, 1) is a new local bimodule trivialization of
2, on a neighborhood of z, which together with (¢, V, k) forms a pair of local bimodule
trivializations as in (%). !

Combining Lemma B.19 and Corollary B.12, we obtain the following result.

PROPOSITION B.20. Let 9N be a super A-B-bimodule bundle and let N be a super B-C-
bimodule bundle. If 9N is right implementing or N is left implementing, then there exists
a unique structure of a super A-C-bimodule on the fiberwise fusion product M Lz N with
local trivializations given by (x).

We finish this section with an example where the fiberwise Connes fusion product does
not admit the structure of a Hilbert space bundle (where, of course, the typical fibers do
not satisfy the condition of Prop. B.20).
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ExAMPLE B.21. Consider the algebra A = L*°([0, 1]) and let 9t and 91 be the following
bimodule bundles over X = [0, 3] (for the trivial von Neumann algebra bundle A): 9
is the trivial bimodule bundle with 9, = L*([0,3]) for every z € X, while 9 is the
bimodule bundle with fibers M, = L?([z, z + %]) The fibers carry the bimodule structure
by restriction, discussed in Example B.18. The bundle structure on 91 is the following:
Let (f:)zex be given by
$
t—ux if z—t>0

2(t) = , tel0,1], x € X.
fa(0) t—x+1 if t—2<0. 0. 1]

Then f, sends [z, + %] to [0, %] and (¢y, )zex is a continuous family of automorphisms
of A, which we view as a local trivialization of the trivial bundle A. The corresponding
unitary Uy, given by (B.3) is both left and right intertwining along ¢y, and sends 91, to
L2([0, 3]). Hence the corresponding family (Up, ),ex is a global bimodule trivialization of
M and hence provides the structure of an A-A-bimodule bundle. Now, it is not hard to

see that we have canonical isomorphisms

M, M, = L2z, L)), z€X,

of A-A-bimodules. The right hand side is infinite-dimensional if z € [0, 2

,5) and zero if
%, so the fiberwise Connes fusion products cannot assemble to a continuous bundle

of Hilbert spaces.

xr =

C Super bundle gerbes and super bundle 2-gerbes

In this section, we present some basic definitions and classification results regarding super
bundle gerbes and 2-gerbes. The material in this section is certainly well known in the
ungraded case, but seems not to exist in the literature in quite the form needed.

Throughout, it is important that we work with super line bundles instead of ungraded
line bundles, by which we mean a line bundle together with a Z,-grading; explicitly, such
a grading just determines, for each connected component of Y, whether £ is even or odd
on this component.

C.1 Super bundle gerbes

Let X be a (possibly infinite-dimensional) manifold. Traditionally, a (super) bundle gerbe
is presented in terms of an open cover U = {U, };c; and consists of (super) line bundles £;;
over the two-fold intersections U; N Uj, together with (grading preserving) isomorphisms
Lir ® £ij = Lig over U; N U; N Uy, required to satisfy a cocycle condition over four-fold
intersections. This categorifies the notion of a (super) line bundle, which can be given by
C*-valued functions g¢;; over U; N U; satistying the obvious cocycle condition over triple
intersections. As a default in this paper, we take “bundle gerbe” to mean “line bundle
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gerbe”, which we take as a default in this paper; for an A-bundle gerbe (where A is an
abelian Lie group), one replaces the line bundles £;; by principal A-bundles.

While any bundle gerbe can be represented in this fashion, such a representation is
often not canonical, but depends on the (usually rather unnatural) choice of the open cover
U. Tt is therefore useful@ replace the open cover U be a general surjective submersion
Y. Observe that if Y = ,_; U; for a countable open cover U = {U;}ier, then the k-fold
fiber product Y!¥ can be identified with the disjoint union of all k-fold intersections of
elements of U. Throughout the paper, we will use the following notation.

NoTATION C.1. Let Y — X be a surjective submersion and let

def
VIS Y g

k times

be its k-fold iterated fiber product. Given some geometric object & over the k-fold fiber
product ¥ which can be pulled back along smooth maps (for example, a vector bundle,
a bundle gerbe, or a map), we denote by

def *
Qﬁil---ik = ﬂ-il...’ik

8, 1<y, ..., <n
the object on Y[ obtained by pullback along the projection map
Ty - Y — YT
given by projection on the indicated factors. This is a slight abuse of notation as the

number n is implicit, but it is usually clear from the context.

Using Notation C.1, a super bundle gerbe over X is given in terms of a surjective
submersion Y — X and consists of a super line bundle £ over Y together with a
bundle gerbe product

A Lo ® Lig — L3

over YB! a grading preserving isomorphism of super line bundles, which over Y ig
required to satisfy the coherence condition

3]

L34 ® Loz @ L1 l®—>\123> L34 ® L3y

A234 ®1l l)\134 (C 1)

A
Log @ L1o = > L4
It is convenient to org/anize these data into a diagram as follows.
0
bundle gerb iativi
Y lpj)?od% Cgter)\e assog;a/{wlty

lﬁ
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An morphism of bundle gerbes b : é — (@ is given in terms of a common refinement of
covers Y < Z — Y, and consists of a super vector bundle $ over Z, together with a
grading preserving isomorphism of super vector bundles

N:H0L— LaH (C.2)

over Z2 (where we denote the pullbacks of £ and £ to Z? with the same letters again),
which is compatible with the bundle gerbe products of Q and G over ZBl. B is an
isomorphism if § is a line bundle. In particular, a trivialization of a bundle gerbe ¢ is an
isomorphism ¢ — J, where ¢ denotes the trivial super gerbe.

Super bundle gerbes over X form a bicategory sGerb (X), as first observed in [44].
A detailed description of the 1- and 2-morphisms is given in [49, 50|, which is adapted to
the case of super bundle gerbes in a straightforward fashion (see also §2.3 of [23]). The
bicategory sGerb (X) is symmetric monoidal, where, if ¥ and Y are the covers for G,
respectively ¢, then the tensor product gerbe Q ® @ is given in terms of the fiber product
cover Y x xY.

There is another notion of morphism between bundle gerbes, that of a refinement.
A refinement Q — @ between super bundle gerbes consists of a map of covers Y 5 Y
and a super line bundle isomorphism £ — £ covering the induced map Y2 — Y[
that intertwines the bundle gerbe products. Super bundle gerbes over X together with
refinements form a symmetric monoidal (1-)category sGerb ,.¢(X). There is a canonical
symmetric monoidal functor

L : sGerb ,(X) — sGerb (X) (C.3)

that sends refinements to isomorphisms. This functor (respectively its generalization to
2-vector bundles) is explicitly described, e.g., in [23, §3.5]. It is essentially surjective
on objects and any isomorphism in sGerb (X) is isomorphic to a span of images of
refinements.

Bundle gerbes often appear in the context of geometric lifting problems. Let G be a
(possibly infinite-dimensional) Lie group and let

A s & e (C.4)

be a central extension of G by an abelian Lie group A (in this paper, we will always
have A = Z, or U(1)). Given a principal G-bundle P over X, one can ask whether it
is possible to lift the structure group of P from G to d?; in other words, whether there
exists a principal &-bundle P together with a map P — P that is equivariant along the
right map in (C.4). The geometric obstruction to the existence of P is the corresponding
lifting gerbe JLiftp. This is a principal A-bundle gerbe, described in terms of the cover P.
Its principal A-bundle over P? is the pullback of the principal A-bundle & over G along
the difference map

§: P @, (p1, p2) — D5 'p1 (C.5)
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of the principal bundle; here p;'p; denotes the unique element g € G with py - g = py.
Finally, the bundle gerbe product of Liftp is just group multiplication in &. The whole
structure can be visualized as follows.

% (

IS
N
N
N
N
N
N
group

associativi
G o* (f]‘ multiplication of groupty

of & multiplication

Pl RO m—)
D E— D E—

THEOREM C.2. [33] The principal G-bundle P admits a lift of the structure group
from G to & if and only if the lifting gerbe JLiftp admits a trivialization.

This statement can be refined to saying that there exists an equivalence of categories
between the category Triv (JLiftp) of trivializations of Gp and the category of structure
group extensions P, defined in the obvious way [52, Thm. 2.1].

C.2 Classibcation of super bundle gerbes
Let X be a manifold.

DEFINITION C.3 (ORIENTATION BUNDLE). Given a super bundle gerbe ¢ over X
with cover Y, its orientation bundle or(Q) is the principal Zs-bundle over X with total

space
def

or(¢) = (Y xZs)/ ~,
where (y1, €1) ~ (ya2, €2) if and only if y; and y, lie in the same fiber of Y over X and the
parity of the super line £y, ,,,) equals the parity of €; +€5. The total space of or(¢) carries
the unique smooth structure that turns the projection map into a local diffeomorphism,
and it carries the Zs-action given by [y, €| <€’ = [y, e + €].

Observe that the defining relation of the orientation bundle is an equivalence relation
due to the existence of the (grading preserving) bundle gerbe product of .

Let b : Q — @ be an isomorphism of super bundle gerbes over X, given in given
in terms of a line bundle § over a common refinement Y < Z — Y. Then there is an
isomorphism or(h) : or(¢) — or(¢), given by sending an element [7,¢] of or(G) to the
element [y, €] of or(@) if y and ¢ have a common lift z € Z and the parity of §, equals

€ + ¢ mod 2. This gives a symmetric monoidal functor

or: sGerb *(X) — Z,-Bdl (X) (C.7)
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from the bigroupoid of super bundle gerbes and isomorphisms to the category of principal
Zo-bundles over X.

LEMMA C.4. If the orientation bundle or(G) of a super bundle gerbe G admits a trivi-
alization, then G can be refined to a purely even bundle gerbe.

Here by a purely even bundle gerbe ¢, we mean one whose defining line bundle £ is
purely even. Equivalently, ¢ lies in the image of the inclusion functor

Gerb (X) — sGerb (X)), (C.8)

mapping to the subcategory where all bundles are purely even. Observe that bundle
gerbes in the image of the functor (C.8) have canonically trivial orientation bundle (with
the canonical section given by o(z) = [y,0] for any y € Y over z), while the lemma
says that super bundle gerbes in the essential image of (C.8) are those with trivializable
orientation bundle.

Proof. Let G be a super bundle gerbe over X with cover Y and let 7 : or(G¢) — Z; be a
trivialization. We define Y to be the pre-image of the canonical section of Z, under the
map

Y —— or(Q) —— Zs,

where the first map sends y ~ [y,0]. Then Y is a subcover of Y and the refinement ¢
of ¢ along the inclusion Y — Y is a bundle gerbe isomorphic to ¢ whose line bundle is
purely even. Hence @ is in the essential image of the functor (C.8). !

REMARK C.5. In fact, the lemma shows that every trivialialization of or(§) induces
a refinement r : ¢ — ¢ in a canonical way, where § is a purely even bundle gerbe.
It is characterized by the property that the composition of the canonical trivialization

Zs — or(Q) with the induced map or(r) : or(¢) — or(Q) is the inverse of 7.

Zso-principal bundles P are classified by a single characteristic class wy(P) € H' (X, Z,),
the first Stieffel-Whitney class, hence any super bundle gerbe has an associated Zs-valued
cohomology class w; (or((§)), which by Lemma C.4 vanishes if and only if ¢ is isomorphic
in sGerb (X) to a purely even bundle gerbe.

Any ordinary bundle gerbe ¢ has an associated Dixmier-Douady class dd (¢) €
H3(X,Z). As there exists a (non-monoidal) functor

sGerb (X) — Gerb (X) (C.9)
which forgets the grading, the same is true for super bundle gerbes. It turns out that the

two characteristic classes wy(or(§)) and dd (¢) characterize a super bundle gerbe ¢ up
to isomorphism (see [23, §4]).
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C.3 Super bundle 2-gerbes

The following definition is the straightforward generalization of [54, Def. 5.1.1] to the
Zo-graded case; see also [43, Def. 5.3]. Throughout, we use Notation C.1.

DEFINITION C.6 (SUPER BUNDLE 2-GERBE). A super bundle 2-gerbe G on a man-
ifold X consists of a surjective submersion Y — X, a super bundle gerbe ¢ on the 2-fold
fiber product Y an isomorphism of super bundle gerbes

m: Gz @ G2 — Gi3
over Y B and an invertible 2-morphism

1®@mi23

G310 @Gz @ Gro —— G @ Gz

m234 ®1l / lmm (C.10)

G21 ® G2 e > Ga

over YW satisfying a cocycle condition over Y'! (see [43, Figure 1]).

Bundle 2-gerbes contain quite a large amount of data, which can be best visualized in
relation to their cover diagram, the relevant part of which is

W2l

il -
W32l W33l
u i
W22l w23l W24
1l E 1l 1l (C.11)
wha == wha g Al sl
| | |
Y & v E=—vW v % vl

X

Here WL W3 and W4 are the covers of the bundle gerbe ¢, the morphism m
and the 2-morphism a, respectively, and W™ is the m-fold fiber product of W™ over
Y. The vertical arrows are the usual projection maps for the iterated fiber product.

Moreover, for m € N and 3 < n > 5, there is a surjective submersion
whmnl s WY C.12
/ yIn] “0'1”"1 yln] 5 ) ( )

Pber product over all tuples 1<i1<--<ip» 1<n
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where W/i[ffg:ll] denotes the pullback of W™~ along the projection Y — Y[=1 onto
the indicated factors (see Notation C.1). This provides the horizontal arrows. However,
the diagram is only partially bisimplicial as the first two columns are missing (and we only
need the depicted part), and its rows are only semi-simplicial, as there are no degeneracy
maps in general.

The data and conditions of a bundle 2-gerbe G can now be organized with respect to

this diagram as follows.

% (
coherence
condition
for A\
}\ ............. compatibility
of A and p
SO o compatibility
2 H of u and «
~ ~ ~ (C.13)
: : coherence
@ e ML QU e condition

for o

= =y =y ="

In other words, the data consist of two super line bundles, £ and 91, and three grading
preserving line bundle isomorphisms, A, u and «, subject to four coherence conditions.

NoTATION C.7. Refining Notation C.1, we denote pullbacks along the vertical maps as
upper indices and pullbacks along the horizontal maps by lower indices.

Using this notation, the mapping properties of the line bundle isomorphisms from
(C.13) are
A . £23 ® 212 N £13
M m2®223®212—>213®9ﬁ1
o Myzq @ Mazg — NMyzq @ Myos.

The coherence condition for A over W2 is the usual condition (C.1) for a bundle gerbe
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product. The compatibility condition for A and u over W3 is

M3 ® £33 @ £253 @ £12 @ £12 ® LB @ L2 L8 @ L2

“23®1®1l ll@)xza ®M12
LB M @ L2 © Li2 M3 @ &3 @ L1 (C.14)
1®u12l ll@u”
L8 @ e2 g mt Aus y 218 @ omt,

The compatibility condition for o and p over W4 is

M2yy @ Mgy @ L34 @ Loz ® L12 M) M, @ Mgy @ L34 @ Loz @ L9
1@234@% H
M2yy @ Loy @ My @ L9 My @ L34 @ My @ L3 @ L9
H t@l@“m (C.15)
M2y, @ Loy @ L19 @ My M2y @ La @ L13 @ My

1®u124l lu134 ®1

ol
£14 & SInl24 ® fD’t234 2 ’ 214 ® s:):)?134 ® S):n123

Finally, the cocycle condition for o over W% is the commutativity of

Mi25 @ Mazs @ Msas

e T T

M5 @ Mass @ Masy M35 @ Mo @ Mays
1245 ®1l H (016)
Mig5 @ Mg @ Magy Mys5 @ Mza5 @ M3
1®m A ®1
Mgz @ NMyzs @ NMyos.

Throughout, morphisms labeled as equality are the braiding isomorphism in the category
of super line bundles.

REMARK C.8. Just as (super) bundle gerbes over a manifold X are the objects of a
bicategory, (super) bundle 2-gerbes over X ought to be the objects of a tricategory (in fact,
varying X, one should obtain a stack of tricategories on the site of manifolds). However,
no description of this tricategory exists in the literature. This lack of theory exists for
a good reason: While working with bicategories is unproblematic (although sometimes
slightly cumbersome), the complexity increases immensely when passing to tricategories
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(see, e.g., |14, §2.2| [15, §3.1]). Therefore, it may be more sensible to use the language
of oo-categories from the outset when working with (higher) bundle gerbes; however, in
practice, it is often convenient to work with the explicit bicategorical description of bundle
gerbes and the transition from this to an co-categorical setup has not been worked out in
the literature. In this paper, we will not need any tricategory of (super) bundle 2-gerbes,
and will just give ad hoc definitions whenever necessary.

REMARK C.9. This way of representing bundle gerbes is similar to the definition of a
bigerbe, as introduced in [21]; see also [41]. The key difference is that for bigerbes, the
Wlmnl are required to be fiber products also in the m index while the maps (C.12) need
not be surjective submersions. On the other hand, for bigerbes, the authors require the
line bundle 9t to be trivial.

C.4 Isomorphisms of super bundle 2-gerbes

We now discuss isomorphisms of super bundle gerbes. While it is possible to extract
from the literature when two bundle 2-gerbes are isomorphic |11, Def. 4.6, the definition
of isomorphisms of bundle 2-gerbes does not exist in the literature (to our knowledge).
However, one can find the definition of a trivialization of a bundle 2-gerbe, which is an
isomorphism G — I, where I is the trivial bundle 2-gerbe; this is [43, Definition 11.1], see
also [53, Definition 2.2.1|. This definition generalizes to the case of general 2-morphisms
(and lifts to the setting of super bundle 2-gerbes) in a straightforward fashion, with the
following result.

DEFINITION C.10 (ISOMORPHISM OF SUPER BUNDLE 2-GERBES). Let G and G
be super bundle 2-gerbes, described in terms of open covers ¥ and Y of X. An isomor-
phism of super bundle 2-gerbes h : G — G consists of an common refinement

Y < A > Y
of covers of X, a super bundle gerbe # over Z, an isomorphism
nH, G — G H,

of super bundle gerbes over ZP and a 2-morphism

#s ®Q~23®Q~12 _lem <7€3®9513

n23® 1l

g23 & %2 & ng % ni3 (C.l?)

1®n12l

Ga3 ® G2 ® Ity L NN Gz ®

over ZB) satisfying a cocycle condition over Z 4], Here and throughout, we denote the
pullbacks of ¢, ¢, m, m, a and a to fiber products of Z with the same letters again. Two
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super bundle 2-gerbes are said to be (stably) isomorphic if and only if there exists an
isomorphism between them.

REMARK C.11. To obtain morphisms of super bundle 2-gerbes that are not isomor-
phisms, one can use the language of 2-vector bundles introduced in |23]. Then the bundle
gerbe # in Definition C.10 is replaced by a general super 2-vector bundle, and n is an
isomorphism of such. This is a natural categorification of the corresponding concept of
non-invertible morphisms of bundle gerbes introduced in [50].

As super bundle 2-gerbes themselves, the data corresponding to morphisms between
them can be organized with respect to a partial semi-bisimplicial diagram, which in this
case takes the form

L UEN e

Here VI, V2l and VI3 are the covers for the super bundle gerbe #, the isomorphism
n and the 2-morphism b, respectively. As before, for m € N and 1 < n < 4, these come
with surjective submersions

m,n [m,n—l]
V[ ] — / . Xz[n] ‘/“0711, 1 Xz[n] ° 7

Pber product over all tuples 1<i;<---<in» 1<n

as well as )
yimnl o yyrbmnd sy wtmnl

where we assume that G is given in terms of the cover diagram (C.11) and in the corre-
sponding diagram of @, all covers are decorated with a tilde. Hence the whole diagram
(C.18), past the first column, maps to the fiber product of the cover diagrams of G and
G over X. We use the same letters again for the pullbacks of the defining data for G and
G along these maps. For example, £ (respectively )3) denotes the pullback to V> of the
line bundle of G over W22 (respectively of the line bundle of G over W22)).
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The data and conditions for the isomorphism A : G — G can now be arranged into a
diagram corresponding to (C.18) as follows.

% (
coherence
o condition
for n
: compatibility
7)o of n and v
. with A and A
: : compatibility
fj ....................... U o of v and 8
; . with g and p (C.lg)
: : : compatibility
@ e YT B ................. of B with

a and «o

Hence there are again two super line bundles $ and 91, three isomorphisms of super
line bundles 7, v and (5, and four coherence conditions. As before, denoting horizontal
pullbacks with lower indices and vertical pullbacks with upper indices, the line bundle
isomorphisms are

n: 57)23 ®~612 —>~613
v: MRMIL—L0H N
ﬁ: m13®fﬁt—>fm®‘ﬁ23®m12.

Here we denoted the pullback of £ and £ to S/ by the same letters again. The coherence
condition for n is just the usual associativity condition for a bundle gerbe product. The
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compatibility condition of  and v with A and X over VB2 ig

N @ HB @ H2 823 o Q12 1@ @A » M@ HB @ 13
N @ HY © L2 Hi2e L2
u23®1®1l
82 6% @ N2 @ HI2 @ 812 2 (C.20)
1®1®u12l
PP et?enlPenN
£% ® £12 @ 5P @ Hi2 @ N O e85l @
The compatibility condition for 3, v, ji and p over V%3 is
~ ~ ~ 2 ~ ~
‘.th3®9ﬁ2®57)3®223®£12 M} Dﬁ2®m%3®m%2 ®5§3 ®£23®212
m%3®~‘7)3®91~732®é23®g12 Mm? @ N2, ®f_)3®é23®m%2®é12
l1®1123®1®1
M? ® Loz @ Hy @ Ny @ N, ® Lo
1018 H
M2 @ Lo @ Ny @ N, @ Hy @ L1
l1®1®1®l/12 (0'21)
N, ® H3 @ L3 @ M M2 @ Loz @ Ny @ L1 @ H; @ N,

M? ® Lo3 @ Lo ® ‘ﬁ%3 ®H X mb
v13®1 l’@l@l@l
£13 ® ml &® m%g ®~61 X mb

v ‘ ‘

~ 1
S50 MmN oM —2P gL w6 oM @M, ®N,
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and, finally, the compatibility condition for 8, & and a over VI is

1®a

My ® 951124 X 951234 My ® E)51134 & 95?123
B124 ®1l lﬁ134 ®1
M2 @ Nog ® N2 ® 957234 Mizs @ N3y @ Nz ® 95?123
H J{l®1®5123 (C.22)
Migs @ Moy @ Mazs @ Mo Mizs @ NMag @ Moz @ Mag @ Nio
l1®5234 ®1 H

a®1®1x1

My24 @ Moz @ MNag @ Moz @ Mo Mizs @ M2z @ Nag @ Mag @ Mo

C.5 Classibcation of super bundle 2-gerbes

Just as super bundle gerbes have an associated orientation bundle, bundle 2-gerbes over
a manifold X have an associated orientation gerbe.

DEFINITION C.12 (ORIENTATION GERBE). The orientation gerbe of a super bundle

2-gerbe G over X is the Zy-bundle gerbe or(G) over X obtained by applying the functor
(C.7) to all data of G.

Explicitly if we use the same notation as in Definition C.6 for the defining data of
G, or(G) has cover Y and its principal Zy-bundle over Y2 is or(¢). Using that the
orientation bundle functor is monoidal, we obtain a bundle gerbe product

or(Gaz) @ or(Giz) = or(Gaz ® Gi2) o, or(G13),

which is associative over Y by the existence of the associator 2-morphism a. An iso-
morphism of bundle 2-gerbes £ : G — G as in Definition C.10 induces an isomorphism
or(h) : or(G) — or(G) of Zy-bundle gerbes in a straight forward way, again by apply-
ing the functor (C.7) to all data. In particular, isomorphic super bundle 2-gerbes have
isomorphic orientation gerbes.

A principal Zs-bundle gerbe & over a manifold X is classified by a single characteristic
class

wy(P) € H* (X, Zy),

which one could call the second Stiefel-Whitney class. Hence any super bundle 2-gerbe G
has an associated characteristic class wq(or(G)), which depends only on its isomorphism
class, by taking w, of its orientation gerbe.

LEMMA C.13. If G is a super bundle 2-gerbe such that its orientation gerbe or(G) is
trivializable, then it is isomorphic to a purely even super bundle 2-gerbe.
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Proof. Let us denote the defining data for G as in Definition C.6. Let t be a trivialization
of or(G), consisting of a principal Zy-bundle P over Y and an isomorphism

T P2 X or(g) — Pl (C23)

over Y2, We define a bundle 2-gerbe isomorphic to G given in terms of the larger
cover P — Y — X. Denote by p the projection P — Y and use the same notation
for the map induced map P* — Y on fiber products over X. As the pullback o*P
is canonically trivial (and so are the pullbacks o*P; to P*), we obtain from (C.23) a
trivialization o*7 : or(0*G) — Zy of 0*G over PP As in the proof of Lemma C.4 (see
also Remark C.5), this provides a purely even bundle gerbe Q~ over P together with a
refinement r : G — ¢*G.

Now, there is a unique morphism m of purely even super bundle gerbes over PP such
that the diagram

0"Ga3 ® 0"G1a < e Ga3 ® Gra
H | (C.24)
Q$m 713 :l,

0"(Ga3 ® G12) —— 0" Gz +—— Gus.

strictly commutes after turning all refinements into morphisms of super bundle gerbes
using (C.3). This gives the bundle 2-gerbe multiplication of G. The associator & of G is
just the pullback p*«ar composed with various pullbacks of the 2-cell (C.24). The cocycle
condition for & then follows directly from that of a. Hence we constructed a super bundle
2-gerbe G. An isomorphism G = G is easily constructed using the refinement 7.

We claim that G is purely even. By construction, its defining bundle gerbe ¢ is purely
even. Observe that it follows from the coherence condition (C.2) for morphisms of super
bundle gerbes that a morphism between purely even bundle gerbes is either purely even
or purely odd. To see that m is purely even, it suffices to show that the induced map
or(m) on orientation bundles is the identity (using the fact that the orientation bundle of
a purely even bundle gerbe is canonically trivial). To this end, we use that the morphism
7 satisfies the compatibility condition

Pg X Or(ggg X Or(glg) —) P® Or(glg) —) P

P3 & OI‘(QQ:; &® gu) m} Pg X OI‘(ng) i) Pl.

Pulling back this diagram to PP along o, we get the commutative diagram

$ s @08 T
or(0*Gas) ® or(p*Gi2) eme e > Lo

or(0*Gas ® 0*°G12) o O or(0*Gis) ﬂ) Ly
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using the canonical trivializations of o* P;. Now, by Remark C.5, the refinement r has the
property that the induced map or(r) : Z, = or(G) — or(0*¢) equals the inverse of o*7
under the canonical trivializations of o*P, and o*P;. Hence the last diagram equals the
diagram obtained from applying the orientation bundle functor to the diagram (C.24),
except that the latter has or(m) as rightmost vertical arrow. Comparing the diagrams,

this shows that or(m) is the identity, as desired. !

REMARK C.14. It is well known that ungraded bundle 2-gerbes G over a manifold X
have a characteristic class

cc (G) € HY(X,7Z).

Any cohomology class in H*(X,Z) is represented by a bundle 2-gerbe and two isomorphic
bundle 2-gerbes share the same characteristic class; see, e.g., [43, §7]. Such a class is not
defined for super bundle 2-gerbes, as it is not true that any super bundle 2-gerbe gives
an ungraded bundle 2-gerbe by forgetting the grading — in contrast to the case of super
bundle (1-)gerbes. This is due to the fact that the braiding isomorphism of the category
of super bundle gerbes is used at various places in the definition of super bundle 2-gerbes.
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Abstract

We construct a representation of the string 2-group on a 2-vector space, to establish it
as the stringor representation, i.e., the categoribcation of the spinor representation. Our
model for 2-vector spaces is based on the Morita bicategory of von Neumann algebras,
and we specibcally represent the string 2-group on the hyperpbnite type Ikl factor.
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1 Introduction

The string group String(d), d! 5, is debPned, up to homotopy equivalence, as the stage in the
Whitehead tower of the orthogonal group following Spin(d),

444"Sring(d) " Spin(d) " SO(d) " O(d).

While String(d) can be given the structure of a topological group, it cannot be equipped with
the structure of a Pnite-dimensional Lie group and in recent years, the insight emerged that
it is geometrically most fruitful to realize String( d) as a categoribed group, o2-group [BLO4],
a point of view that will be further advocated in this paper.

Several models of the string 2-group in dilerent contexts have been constructed, e.g., as a
strict Frechet Lie 2-group [BCSS07, as a bnite-dimensional smooth OstackyO 2-groupip11],
or as a strict dileological 2-group [Wall12]. In this paper, using a combination of the models
of [BCSS07 and [Wall12], we model the string 2-group as a strict Frechet Lie 2-group, which,
owing to its strictness, is very convenient to work with.

From the beginning, it was a major question if any model of the string 2-group would
support a representation, meant to be a categoribcation of the spinor representation of the



spin groups. This question is embedded in the challenge to develop a good representation
theory for general 2-groups, starting with a sensitive choice for a categoribcation of a vec-
tor space, a2-vector space Indeed, many proposals for 2-vector spaces have been studied
from a representation-theoretic perspective: Kapranov-Voevodsky 2-vector spaceKV94],
see e.g., BM06, Elg07, GK08, Ganl§, Baez-Crans 2-vector spacesBCO04, HE], or Crane-
YetterOs measurable categorie€¥05, BBFW12]. Unfortunately, none of these frameworks
for representations of 2-groups turned out to be Rexible enough to contain a representa-
tion of the string 2-group, though various speculative attempts have been reported, e.g. in
[BBFW12, NSW13, MRW17].

Following ideas of Schreiber $ch06§ Sch07 Sch09 SW13], the work of Stolz and Teichner
[STO4, ST], and our previous work in the Pnite-dimensional context KLWa], in this article,
we propose to use the bicategory of von Neumann algebras, bimodules, and intertwiners as a
model for 2-Hilbert spaces. In a sense, our setting can be regarded as a Onon-abelianO gen-
eralization of Crane-YetterOs 2-group representations on measurable categories, as the latter
ones can be seen as representation categoriesaifelian von Neumann algebras BBFW12].

A particular feature of our model for 2-Hilbert spaces is that the automorphism 2-group
of a von Neumann algebraA can be realized as a strict topological 2-grougJ(A), the unitary
automorphism 2-group of A, see Debnition2.7. A unitary representation of a Lie 2-group G
on a von Neumann algebraA is then simply a continuous 2-group homomorphism

R:G" U(A),
see Debnitions2.5 and 2.8.

We remark that the unitary automorphism 2-group U(A) of a von Neumann algebraA
seemsnot to have the structure of a Lie 2-group, and correspondingly we do not expect
unitary representations to be smooth. This should not be a surprise, as even representations
of ordinary Pnite-dimensional Lie groups on Hilbert spaces are typically not smooth but only
strongly continuous. That U(A) does not have a smooth structure but only the structure of
a topological (in fact, polish) strict 2-group can therefore be seen as the higher-categorical
analog of the fact that the unitary group U( H) of a Hilbert space H in its strong topology is
not a Lie group, but only a topological (in fact, polish) group.

In this paper we solve the long-standing open problem to construct a unitary represen-
tation
R: String(d) " U(A) (1.2)

of the string 2-group, where A is a particular von Neumann algebra, namely the hyperpbnite
factor of type Il ;. To our best knowledge, this is the brst time that a representation for any
model of the string group has been established.

Our construction is based on many original ideas of Stolz and Teichner§T04, ST]. It
became possible since we found suitable explicit models for both the string 2-grougtring( d)
and the Ill ;-factor A, on the common basis of the theory of inbnite-dimensional Clilord alge-
bras and Fock spaces, developed by ArakiAra87], Pressley-Segal PS84, Plymen-Robinson
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[PR94], and many others. This connection between higher dilerential geometry and von Neu-
mann algebras was put together by the brst-named author in his thesisKri20], which has
been foundational to our ongoing research on string geometry.

We call our representationR in (1.1) the stringor representation. This name is motivated
by the idea that R is the higher analog of the spinor representation of the spin group. In the
following we describe a result that supports this idea.

In spin geometry, the spinor bundle on ad-dimensional Riemannian manifoldM is a vec-
tor bundle obtained by applying the associated vector bundle construction to a spin structure
on M (a lift of the structure group of M to Spin(d)) and the spinor representation of Spin(d).
When seeking for analogous structures meeting the demands of string theory, most successful
has been the principle established by Killingback and Witten to look at spin structures on
the conbguration space of strings inVl , the free loop spacdlM = C' (S*,M) [Kil87, Wit86].
Such spin structures are dilerent from the ones mentioned above, because now all groups
are inbnite-dimensional. Nonetheless, McLaughlin has outlined a construction of an inbnite-
dimensional spinor bundle onLM [McL92]. Moreover, Stolz and Teichner established the
principle of fusion in loop space, expressing the idea that the relevant geometric structures
on loop space correspond to geometric structures oM itself [ST]. In obvious analogy, they
coined the terminology stringor bundle for the corresponding B at that time, unknown b
structure on M.

A rigorous construction of the spinor bundle on LM and its fusion product has been
given by the brst- and third-named authors in a dileological setting of rigged von Neumann
algebra bundlegKri20, KW22, KW20b, KW20a], under the assumption that M is equipped
with a string structure P, i.e., a principal String( d)-2-bundle P lifting the structure group
of M to String(d). These constructions have recently been simpliped by the second-named
author to a topological setting with locally trivial von Neumann algebra bundles [Lud23]. In
our common article [KLW22] we described how the fusion products allow taegressthe spinor
bundle on loop space to a 2-Hilbert bundleSs on M, thus realizing the anticipated stringor
bundle Sc of Stolz and Teichner as a well-debPned object in that setting.

In [KLW22], we describe a categoribcation of the associated vector bundle construction: it
associates to a principalG-2-bundle P over a smooth manifoldM and a unitary representation
R:G" U(A) on a von Neumann algebraA, a 2-Hilbert bundle P # g A over M. There, we
prove the following result:

Theorem 1.1 ([ KLW22 ]). Let M be a string manifold with string structure P. Then,
the stringor bundle S is the associated 2-Hilbert bundle for the string structureP and the
stringor representation R : String(d) " U(A), i.e., there is a canonical isomorphism of 2-
Hilbert bundles

SI P # sting( d) A

The above theorem is our current justiPcation for the terminology Ostringor representa-
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tionO: it exhibits the stringor bundle as a higher-geometric analogy of the spinor bundle. In
ongoing research we will further investigate and try to advance this analogy.

The present paper is an excerpt and improvement of our paperLW22], in which our
construction of the stringor representation was carried out brst in a dileological setting,
together with other constructions and results partially explained above.

Acknowledgements. We would like to thank Severin Bunk, Andre Henriques, and Peter
Teichner for helpful discussions. PK gratefully acknowledges support from the Pacibc Insti-
tute for the Mathematical Sciences in the form of a postdoctoral fellowship. ML gratefully

acknowledges support from SFB 1085 OHigher invariantsO.

2 Crossed modules and their representations

In the present paper, we only considerstrict 2-groups, and treat those via their crossed
modules. In Section6 we describe the corresponding treatment as groupoids internal to the
category of groups.

Debnition 2.1. A crossed moduleis a quadrupleG=( G, H,t,! ) consisting of groupsG and
H, a group homomorphismt : H " G, and amap! :G# H " H, such that! is an action
of G on H by group homomorphisms, and

t(! (g,h) = gt(h)g ! and ! (t(h),k)= hkh"? (2.1)

hold for all g %G and h,k %H. A strict intertwiner R : G" G between crossed modules
G=(G,H,t,! )and G'= (G* H#t* 1 % is a pair R = (Rg, R1) consisting of group homomor-
phismsRg:G" GfandRi:H " H¥such that

Ro(t(h)) = t{R1(h)) and  Ri(! (g,h)) = ! {Ro(g), R1(h)) (2.2)
hold for all h %H and g %G.

Example 2.2. Given any abelian groupA we consider the crossed modul& " { €}, with the
(necessarily trivial) action, which we denote by BA. Observe that A must be abelian because
of the second equality in 2.1).

Example 2.3. Any group G can be viewed as a crossed modulfgs} " G, which we denote by
Guis -

Example 2.4. Let A be an algebra (which we take to be overR or C, and require it to be
unital and associative). Its automorphism 2-group Aut( A) is the crossed module

t

A% " Aut( A),
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wheret assigns to a unita %A® the corresponding inner automorphism ofA, while the group
Aut( A) of unital algebra automorphisms of A acts on A% by evaluation.

Foundational to this article is the following terminology, based on our choice to consider
algebras as 2-vector spaces.

Debnition 2.5. A representation of a crossed modulé& on an algebraA is a strict intertwiner
R:G" Aut(A).

Remark 2.6. We proved in [KLWb , Prop. 2.3.1] that Aut(A) is the automorphism 2-group
of the object A in the Morita bicategory of algebras, if A is Picard-surjective. In [KLWb,
Prop. A.2] we proved that every algebra is isomorphic (in the Morita bicategory) to a Picard-
surjective one. Thus, Debnition 2.5 is the natural debnition of a representation on an object
of a bicategory.

Most of the time we consider crossed modules in the context of topological groups (Otopo-
logical crossed modulesO) or (possibly Frechet) Lie groups (OLie crossed modulesO). In both
cases it is straightforward to adapt Debnition 2.1 to that setting: one requires the groups
G and H to be topological groups (respectively Lie groups) and all structure maps to be
continuous (respectively smooth). Every Lie crossed module has an underlying topological
crossed module, obtained by forgetting the smooth structure.

For instance, the crossed module8A and Gyis are topological crossed modules iA and
G are topological groups, and ifA is a Pnite-dimensional algebra, thenA® and Aut(A) have
natural Lie group structures, which turn Aut(A) into a Lie crossed module. Our Debnition2.5
thus generalizes immediately to continuous/smooth representations of topological /Lie crossed
modules.

Another extension of Debnition 2.5 is to &algebras. If A is a &algebra, its unitary
automorphism 2-group U(A) is described by the crossed module

UA) " Aut%A),

where U(A) is the group of unitary elements in A (i.e., those u %A with uu®= u”u = 1) and
Aut {A) denotes the group of&automorphisms. The structure maps are just the restrictions
of those in Example 2.4. A unitary representation is then a strict intertwiner R:G" U(A).

If A is Pnite-dimensional, thenU(A) is again a Lie crossed module, and we can look at smooth
or continuous unitary representations.

Just in the way that algebras are considered to be 2-vector spaces, it makes sense to
consider von Neumann algebras as O2-Hilbert spacesO. We will be interested in unitary repre-
sentations on von Neumann algebras. In the following, we will adapt the above debnition of
the unitary automorphism 2-group U(A) to von Neumann algebras, in particular taking care
for the topological aspects.
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We suppose thatA is a von Neumann algebra, which we assume to be representable on a
separable Hilbert space. We denote by UR) its unitary group and, as before, by Aut¥{A) the
group of &automorphisms of A. In particular, inner automorphisms obtained by conjugation
with a unitary u % U(A) lie in Aut {A). The groups Aut’{A) and U(A) have canonical
topologies turning them into topological groups. The group Aut’{A) carries HaagerupOs-
topology [Haa75 3], which is the restriction of the topology on the set B(A) of bounded
operators onA that is induced by the collection of seminorms

= HE( A S sup [#("(@)],  # %Ay (2.3)

on A where Ag, denotes the predual ofA. The group U(A) carries the ultraweak topology.
The map U(A) " Aut*{A) assigning tou %U(A) the inner automorphism a )" uau® as well
as the evaluation action of Aut’{A) on U(A) are continuous with respect to this topology.
Now we are in position to introduce the following depnitions.

Debnition 2.7. The unitary automorphism 2-group U(A) of a von Neumann algebraA is
the topological crossed module
UA) " Aut%A),

wheret assigns tou %U(A) the inner automorphism given by conjugation with u and Aut{A)
acts on U(A) by evaluation.

DePbnition 2.8. A unitary representation of a Lie or topological crossed modulez on a von
Neumann algebraA is a continuous strict intertwiner

R:G" U(A).

Remark 2.9. Analogously to Remark 2.6, a von Neumann algebraA is an object in the
bicategory VNAIg of von Neumann algebras, bimodules, and intertwiners, with the Connes
fusion product as the composition of 1-morphisms, seeBro03]. Hence, as an object in a
bicategory, A has an automorphism 2-groupAut,na 1g(A), here viewed as a monoidal category,
whose objects are allA-A-bimodules M that are invertible with respect to the Connes fusion
product. When also U(A) is viewed as a monoidal category, there is a canonical monoidal
functor U(A) " Autynaig(A) sending an automorphism” %AUt{A) to L?(A)-, the " -twisted
standard form of A. For a general von Neumann algebra, this functor is fully faithful.

If A is a factor of type Ill (as later in Section 4), the functor U(A) " Autynaig(A) is
moreover essentially surjective, and hence an equivalence of monoidal categories. Indeed, let
M be an invertible A-A-bimodule. By the Murray-von Neumann classibcation of type Il
factors, there is, up to isomorphism, a unique non-zero countably generated lefA-module,
hence as a left-module M must be isomorphic to the underlying left module of a standard
form L2(A) for A. That M is invertible implies that the homomorphism A° " A¥*provided by
the right action of A on M must by an isomorphism. Comparing the right action induced by
the modular conjugation of L2(A) with the right action therefore provides an automorphism
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" %Aut{A) such that M $ L2(A)-. Summarizing, for a type Il factor A, the automorphism
2-group U(A) is a strict and topological version of the automorphism 2-group of A as an
object in the bicategory vNAIg.

If Gis a topological crossed module, we debne the topological groufs G = ker(t),
equipped with the subspace topology, andsyG:= G/t (H), equipped with the quotient topol-
ogy. Every continuous strict intertwiner R : G" G induces continuous group homomor-
phisms $oR : $oG" $oG and $:R : $:G" $:G" In particular, any unitary representation
R:G" U(A) induces continuous group homomorphisms$;R : $:G" Z(U(A)) = U( Z(A))
(in particular, a unitary representation of $;Gon Z(A)) and $oR : $oG" Out*{A) (an Oouter
representationO of$gGon A).

We may consider the topological crossed moduleB$;G and ($00)g4is , and the sequence
B$:G" G" ($0GQdis (2.4)

of strict intertwiners given by inclusion and projections, respectively. The action ! induces
an action of $pGon $:G and following [SP11] we call Gand the corresponding extension 2.4)
central if that action vanishes. In case of the unitary automorphism group of a von Neu-
mann algebra A (Debnition 2.7), we have $1U(A) = Z(U(A)) = U( Z(A)), the group of
central unitaries, and $oU(A) = Out X{A) := Aut {A)/ U(A). Moreover, if A is a factor, then
$1U(A) =U(1) and U(A) is central.

Remark 2.10. Baez-Lauda have classibPed non-continuous, i.e., purely set-theoretic, extensions
of the form (2.4) by the group cohomology I-grp($oG, $:G of $oG with values in the module
$1G [BLO4]. The classkg corresponding to a crossed modulés is called the k-invariant of
G. For a continuous central crossed moduleG such that $9G is Hausdor!, paracompact and
locally compact, extensions of the form @.4) are classibed by continuous Segal-Mitchison
cohomology I-EM($0G; $:G) [BUW]. Depending onA, the topology of $5U(A) = Out {A) can
be very bad, for instance, non-Hausdor!. This happens, in particular, for the hyperbnite type

Il factor we use later in Section 4, where the quotient topology on Out’{A) is indiscrete.
Hence, we cannot to use the k-invariant of the unitary automorphism group U(A).

3 The string 2-group

We model the string 2-group String( d) as a crossed module of nuclear Frechet Lie groups. It
is a variation of (and equivalent to) a crossed module that appeared brst in BCSS07; see
[LW] for a detailed discussion.

To start with, for a Lie group G with identity element e, we denote byLG = C' (S%, G)
the smooth loop group of G, and for subsetsl * S, we write L; G for subgroup of %%LG
such that %t) = e for t #6l1, respectivelyt %[0, $]. Moreover, we denote byP.G the group of
smooth paths%: [0,$] " G that are [at at the end points, i.e., all derivatives of %att =0,$
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vanish. We note that the elements ofL 4G are always Rat att = 0,$; hence, restriction
gives an injective group homomorphism

iLp#G" PG, %) Upos- (3.1)

All groups discussed above are inbnite-dimensional Lie groups modeled on nuclear Frechet
spaces.

Let G be a compact, simple and simply connected Lie group and let
1" U@ " Le et 1 (3.2)

be a central extension of the loop groupLG. By this we mean a sequence of Lie groups that
is exact as a sequence of groups, and whefeis a principal U(1)-bundle over LG. By our
assumptions onG, such central extensions are classibed up tanique isomorphism by their
Chern class [W, 02.2 & Lemma 2.3.1]. A central extension is calledbasic if its Chern class
is a generator ofH?2(LG, Z) $ 7. Inthe following we consider the groupG = Spin(d) and a
basic central extension

1" U@)" L 5pind) " L Spin(d)" 1.

For the next debnition, but also to be used later, we introduce for paths%, % % P, Spin(d)
with a common end point, i.e., %($) = %($), the notation % + % %L Spin(d), debPned by
concatenation of % with the reverse of %:

n

v _ %) t %[0, $]
(%+ %)V %2$, t) t%[$,25]. (3:3)

Moreover, we will use the notation " %:= %+ %
Depnition 3.1. The string 2-group String( d) is the crossed module
t: L4 Spin(d) " PeSpin(d), (3.4)

where L[O,#{] Spin(d) is the restriction of the basic central extension to L4 Spin(d) and
t .= r ( $ is the composition of the projection with the restriction map (3.1). The crossed
module action! is given by

| (%#) = o Ho% T, %%P.Spin(d), # %Lk Spin(d), (3.5)
where "#%is any lift of the loop " %%L Spin(d).

The action ! is well-debPned as any two lifts of "%diler by a central element z %U(1), and
smooth because the central extension has smooth local sections. Veribcation of the second
identity of (2.1) for this action (the OPeiler identity®) uses LW, Lemma 3.2.2] that any
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central extension ofL Spin(d) has the property of being disjoint commutative [LW, Corollary
2.4.4], which means that elements #$ %L Spin(d) commute if $(#) and $($) have disjoint
supports.

The groups $oString( d) and $;String( d) are actually Pnite-dimensional Lie groups:
$oString(d) = Spin(d) and  $;String(d) = U(1).
Thus, the string 2-group is an extension
BU(1) * String(d) " Spin(d)gis -

The fact that the universal central extension is central implies that this extension is central,
too. The condition that it is basic ensures that b after taking geometric realizations £8tring( d)
is the 3-connected cover of Spird) [LW, Theorem 3.4.2], and hence, by debnition, a valid string

group.

Remark 3.2. Our model for the string 2-group, DePnition 3.1, depends on the choice of a basic
central extension of L Spin(d), i.e., on the choice of a generator forH ?(L Spin(d), Z) $ 7z
Replacing a generator by its negative, we obtain another crossed modulestring( d)# which
is canonically isomorphic to String( d) via a strict intertwiner that preserves the projection
to Spin(d)gis, but acts as inversion onBU(1). Hence, the two crossed modulesString( d)
and String( d)” are isomorphic as crossed modules over Spid)gis, but not as BU(1)-central
extensions of Spinfl)qis. One way to resolve this sign issue is to insist that the generator of
H2(L Spin(d), 2) $H 3(Spin(d), Z) debning the basic central extension is represented by the
left-invariant 2-form & corresponding to the Lie algebra cocycle& %H 3(spin(d), Z) given by

&(X! Y, Z) = _[X’ y]! Z.

for a positive debnite left-invariant inner product on spin(d). By [PS86 Prop. 4.4.4], this
corresponds to the requirement that this Chern class is the left-invariant 2-form onL Spin(d)

determined by the Lie algebra cocycle
$

(X, Y)= Zi Sl-x (1), Y(t).dt (3.6)

$i
on Lspin(d).

4 The implementer model
In this section, we describe a specibc model for the basic central extension bfSpin(d) that

we will use in the construction of String( d) in Debnition 3.1, as well as a closely related model
for the hyperpnite type Il 1 factor on which String( d) will be represented. We write

H = L%(S%, RY) (4.1)

bob



for the space ofR%-valued square-integrable functions onS! and we let H € be its complexib-
cation. Along the projection L Spin(d) " L SO(d), elements %of L Spin(d) act orthogonally
on H by pointwise multiplication. We denote by ' (% the corresponding element of OH).

We recall that a complex subspacel * H € is called Lagrangian if L = L', equivalently,
if L/ L=HC. A specibc example for such a Lagrangian is the space

L := L2closure of{e("*/2t | n=0,1,2,...}.

The restricted orthogonal group O,es(H ) (with respect to this choice of L) is the subgroup con-
sisting of thoseg %O(H ) whose commutator [g, P_ ] with the orthogonal projection P_ onto L
is a Hilbert-Schmidt operator. It turns out that the elements ' (%9 %O(H ), %%L Spin(d), are
actually contained in Oes(H) [KW22, Lemma 3.22]; hence we obtain a group homomorphism

" 1L Spin(d) " Ores(H).
The group Ores(H) has the structure of a Banach Lie group for which this homomorphism is

smooth, see KW22, ©3.4, Prop. 3.23].

We will construct a central extension of L Spin(d) by pulling back a certain central ex-
tension of Os(H). This central extension of O,es(H) is debned in terms of the Fock repre-
sentation associated toL for the Clilord algebra of H. To describe this, let CI(H) be the
algebraic Clilord algebra of H, which is the universal complex unital algebra generated by
HC and subject to the relation

VAW + Wav =, 2-V,w., v, W %HC.
The Clilord algebra CI( H) carries a unique &operation such that v¥* = |, v for v % HC,
turning it into a &algebra. We debne theFock spaceof L by

%
F := Hilbert space closure of %L.
k=0

The Fock space carries a canonicakrepresentation
$:CI(H)"B (F) (4.2)
of the Cli'ord algebra CI( H), fully determined by the property
S(V)#=vO0#, Vv%L, # %F.

The Fock spaceF has aZ,-grading given by its decomposition in even and odd degree forms,
and the &representation $ is grading-preserving. For details, see, e.g.,HAR94, a2], [KW22,
o3] or [Lud, a3].

By the universal property of the Clilord algebra, any g %O(H ) induces an automorphism
Clg of CI(H), called the Bogoliubov automorphismassociated tog. An elementg %O(H) is
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implementable on F if Cl4 extends along the representation$ to an automorphism of B(F).
Since that automorphism is necessarily inner,g is implementable if and only if there exists
U %U(F) (an implementer for g) such that

$(Clg(a)) = US(@U”  1a%CI(H). (4.3)

It is a classical result, see PR94, Theorem 3.3.5] or Ara87, Theorem 6.3], that g is im-
plementable if and only if g lies in Opes(H); moreover, any two implementers for g diler
by an element of U(1). In particular, the extension of Cly to an automorphism of B(F) is
unique, if it exists. We denote that unique extension of C};, for g % Ores(H ), by ag. The
set of implementers, i.e., unitaries satisfying @.3) for some g % Oes(H ), form a subgroup
Imp(H) * U(F). One can show that there exists a Banach Lie group structure on ImpH),
in such a way that it forms a central extension

1" U@)" Imp(H)" Ors(H)" 1 (4.4)
of Banach Lie groups KW22, =3.5].
The groups just discussed bt into a commutative diagram
Imp(H)"——!U(F)

" | 45
Ores(H) ——'PU(F)

of groups, where the bottom horizontal map assigns to an orthogonal transformationg the
class of an implementerU satisfying (4.3). It follows from [ KW22, Prop. 3.18] that the Lie
group topology on Imp(H) is strictly bPner than the strong topology induced from U(F); in
other words, we obtain that the top horizontal map in (4.5), i.e., the inclusion, is continuous
(for the strong topology on U(F)). As the left vertical map admits smooth local sections and
the right vertical map is continuous, this implies that also the bottom horizontal map of ( 4.5
is continuous. It follows that (4.5) is in fact a pullback diagram in the category of topological
groups.

Lemma 4.1. Letd! 5. The central extension ofL Spin(d),

L Bpin(d) ! "Mimp(H) ——'U(F)
. (4.6)

L Spin(d) ——'Ores(H) ——'PU(F),

debned as the pullback of the central extensiof#t.4) along' is basic.

Proof. By the assumptiond! 5, the homomorphism' induces an isomorphism onH ? (this
follows, e.g., from [PS86 Prop. 12.5.2]) and the Chern class of ImpH ) is classically known to
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be a generator ofH 2(Oes(H), Z) $z [SWO7, Prop. 1.2 (iv)]. This implies the statement. In
fact, one can show (seefW22, Thm. 3.26]) that the Lie algebra cocycle debning the extension
is precisely the cocycle 8.6). O

We call the central extension of Lemma4.1 the implementer model for the basic central
extension ofL Spin(d). It will be essential for our construction of the stringor representation in
Section 5 that we use the implementer model in the debnition of the string 2-groupString( d)
(see DePnition3.1).

Next we debne the von Neumann algebra on which we representString( d). We write
Ho := {f %H |supp(f)* [0,$]}* H

for the Hilbert space of functions with support in [0, $]. Its algebraic Clilord algebra CI( Hy)
is a subalgebra of the algebraic Clilord algebra CIH). Restricting the representation (4.2)
to this subalgebra, we debPne the von Neumann algebra

A = $(CI(Ho))"™ B (F), (4.7)
i.e., the bicommutant in B(F). Equivalently, by von NeumannOs bicommutant theoremA is
the closure of $(CI(Hy)) in either the weak or strong operator topology.

We also consider the orthogonal complement, = {f %H | supp(f) * [$,2$]} of Ho,
and the corresponding von Neumann algebra

A. = $(CI(Hq )™ B (F).

Since the subalgebras Cld, ) and CI(Ho) of CI(H) super commute, it follows that also the
von Neumann subalgebrasA and A: of B(F) super commute. However, we have the following,
more precise result, called thetwisted duality property of the Cli'ord von Neumann algebra.

Theorem 4.2 ([ BJLO2 ]). A andA. are each otherOs super commutant. In other words, we
have 2 .
A = a%BF)|1b%A :ab=(, 1)@Mpa

and the same equation with the roles oA and A exchanged.

Remark 4.3. It is well known that the von Neumann algebra A is a hyperbnite type Il 1-factor,
see, e.g. \Was98 ©l6].

Summarizing, we obtain the following diagram of subalgebras oB(F):

$(CI(H0% 'A %&@

$(CI(H —  IB(F 4.8
9%{%%&?&:( )) &ﬁ( ) ( )
O(f

$(Cl(Hy)) A
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5 The stringor representation

In this section we construct the stringor representation of the string 2-group String( d), for
d! 5. Accordant with Debnition 2.8, it will be a continuous strict intertwiner

R: Sring(d) " U(A), (5.1)

where String( d) is the string 2-group of Debnition 3.1, A is the von Neumann algebra debned
in (4.7), and U(A) is its unitary automorphism 2-group of A as in DePnition 2.7.

We recall that the implementer model for the basic central extensionL Spin(d), set up in
Section 4, comes with a continuous group homomorphism

&: L Bpin(d) " U(F) (5.2)

with the property thatif # %L Spin(d) projects to a loop %%L Spin(d), then &(#) implements
" (% % Ores(H), i.e., the extended Bogoliubov automorphism ﬁ$(% of B(F) is conjugation
with &(#).

Lemma 5.1. The group homomorphismé& from (5.2) takes values in the subgroup
& . '
N(A)= U %U(F) | 1a %A : UaU”%A .

Proof. For any %% L Spin(d), the orthogonal transformation ' (% of H preserves the sub-
spaceH,. Correspondingly, the Bogoliubov automorphism Clo preserves the subalgebra
Cl(Hg) * CI(H). Since any unitary U % U(F) in the image of & implements some' (%
via conjugation, conjugation with U preserves$(Cl(Hg)) and consequently its weak closure
A. O

Remark 5.2. We remark that
( ( 5
N (A) = {U %U(F) | UaU%, bUaU”=0},
a( Ab( A"

which shows that N (A) is a closed subgroup of UF).

By Lemma 5.1 the group homomorphism & restricts to a continuous group homomor-
phism

&*: L Bpin(d) " N (A). (5.3)

By dePnition of N (A), its elements U %N (A) act by conjugation on A, thus debning a group

homomorphism
ta :N(A)" Aut{A). (5.4)

The map tp is continuous by BDH15, Lemma A.18]; this uses that the canonical vacuum
vector & %F is cyclic and separating for the action ofA on F, thus turning F into a standard
form for A.
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Lemma 5.3. For any %%L Spin(d), the extended Bogoliuboxautomorphism ﬁ$(% of B(F)
preserves the subalgebra * B (F) and hence restricts to anautomorphism CI$(% %AUt( A).
The correspondingmap CI% : L Spin(d) " Aut( A) is a continuous group homomorphism, and
the following diagram is commutative:

L Bpin(d) ——'N (A)

ta

'Aut( A).

L Spin(d)

o

Moreover, the automorphism ag(% only depends on the restriction of%to its brst half, i.e.,
if %, %% P Spin(d) have a common initial point and a common end point,then

~1# — 1 #
Cls (o9 o) = Cls(0 96)-

Proof. If # %L Spin(d) is any lift of % then U := &#) %N (A) implements ' (%. Thus,
ta(U) is the claimed restriction CT#(%, and the diagram is commutative. Continuity of CI%
follows from the fact that the basic central extension admits local sections, and that & and
ta are continuous. In the situation of the three paths %, %%" the orthogonal transforma-
tions ' (%+ %) and ' (%+ %% restrict to the same transformation on Hy and hence induce
the same Bogoliubov automorphisms on ClHg). But then, the restrictions ag(% %) and
Clg(% %) of the extended Bogoliubovautomorphisms Clg (o4 o5y and Clgoq o4y, respectively, to
the weak closureA of CI(Hg) also coincide, as&automorphisms of von Neumann algebras are
automatically weakly continuous. O

Next we note that N (A) contains the subgroup U(A) * U(F) of unitary elements in A.
We have the following lemma.

Lemma 5.4. The restriction of the group homomorphism &” to the subgroupL[ov#';] Spin(d)
factors through the subgroupU(A):

L o4] S%gn(d)! ' u(A)

! Spin(d) ——'N(A)

Proof. Let U be an implementer for' (%9, where %%L o 4 Spin(d). We Prst note that U is a
grading preserving unitary transformation of F. Indeed, sinceL Spin(d) is connected,' (% is
contained in the identity component of O,es(H) and elements in the identity component are
implemented by grading preserving unitaries PR94, 3.5 & p. 134]. Now, as%is supported
on [0,$], ' (% acts trivially on the subspace H, * H, so Cls 9y acts trivially on CI( Ho )
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Hence,U is contained in the commutant of CI(H, ). BecauseU is even and the even parts of
the commutant and of the super commutant coincide, this implies that U is also contained in
the super commutant of CI(H, ). But this is the same as the super commutant of its weak
closure A: , which is A by Theorem 4.2 O

We obtain from Lemma 5.4 a continuous group homomorphism
R1: Lp4Spin(d) " U(A),

ptting into the following commutative diagram of topological groups:

L 0,41 SRIn(d) R u(a)
L Bpin(d) —~—'N(A) (5.5)
ta
L Spin(d) ———'Aut( A).

cly
Finally, we debne the continuous group homomorphism
Ro:=CI% (": PeSpin(d) " Aut(A) (5.6)

using the path doubling map (3.3). Now we have set up the required structure for a strict
intertwiner R := (Ro,R1) : String(d) " U(A), and we are in position to prove the main result
of this article.

Theorem 5.5. The pair R = (Rg, R1) is a unitary representation R : String(d) " U(A).

Proof. First we have to check compatibility with the maps t of the two crossed modules,
which we will denote for the moment by tgying 4y and tycay, respectively. We notice that
tuca) = talucay. Thus, we have to show that

Ro(tswing( ay#) = ta(R1(#)) (5.7)

holds for all # %L[O,é] Spin(d). Let %:= tgyinga)(#) %Pe Spin(d), i.e., # projects to the loop
%+ Ce. By commutativity of the diagram ( 5.5), we haveta (R1(#)) = ﬁg(% ¢,): On the other
hand, we have
Ro(tsing(a)#)) = Ro(% = Cl %9 op-
By Lemma 5.3 we hawe €$(% ) = ﬁg(% % this shows (5.7).
Second, we have to check thaR intertwines the crossed module actions, which we denote
for the moment by ! gying( gy @nd! y(a), respectively. Let %%Pe Spin(d) and # %L[Oyé] Spin(d);
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moreover, let "#%9%L Bpin(d) be a lift of the loop " % Then, we compute

R1(! sring( a)(%#) = Ry(Hoo# #0 ") DePnition of ! gying( o). Se€ 6.5)
=& "H R1(#) & (#W' 1 Debnition of Ry, see Lemmab.4
= ta (& (W) (R1(®)) Debnition of ta, see Debnition2.7
= Cl§( o(R1(#)) Debnition of CI, see Lemma5.3
= Ro(A(R1(#)) DePnition of Ry, see 6.6)
= 1 yn)(Ro(9, R1(#)) Depnition of ! y(a), See Depnition2.7.
This completes the proof. O]

We conclude our construction of the stringor representationR by several remarks.

Remark 5.6. The operator &#) %U(F) * B(F) associated to #%L(d,#) Spin(d) is generally

not contained in $(Cl(Hg)) * B (F) or its norm completion. Therefore, String(d) is not

represented on the algebraic Clilord algebra CI(H) or its C*completion, and the passage to
von Neumann algebras is inevitable.

Remark 5.7. SinceA is a factor, we have$;Aut(A) = ker( tyay) = U(A) 2 A#=U(1). On $,,
the stringor representation induces the identity, $1R =id y(1y. On $o, it induces a continuous
map $oR : Spin(d) " $oAut(A) = Out 4{A).

Remark 5.8. It is no surprise that the stringor representation can be realized as astrict
intertwiner, as opposed to a weak morphism of topological crossed modules, also known as
butterBy [AN09]. Indeed, any butterRy between String( d) and a topological crossed module
G

L 0.4 Spin(d) M
(
" (((((
)
+ )))) ‘ [
e )) $||
P. Spii(d) G

has a section against its NE-SW-sequence, since that sequence is a short exact sequence of
topological groups, and Pe Spin(d) is contractible as a topological group. Hence, the given
butterBy is isomorphic to a strict morphism [ANO09, Prop. 4.5.3], corresponding to acrossed
intertwiner [NW20], or b in terms of monoidal groupoids B a continuous monoidal functor
with continuous associator.

Remark 5.9. By construction, the stringor representation is continuous. We recall that the
Frechet Lie groups appearing in the crossed modul&tring( d) have been equipped with their
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underlying (Frechet) topology. The forgetful functor Frech" Top factors through the cat-
egory Di! of dileological spaces via the Omanifold dileologyO functor M : Frech " Di!

and the OD-topologyO functorD : Dil " Top. The latter has a right adjoint, the functor

C :Top" Dil that equips a topological space with the Ocontinuous dileologyO. As a right
adjoint, C preserves limits and hence sends topological crossed modules to di'eological crossed
modules. In particular, there is a dileological version

U(A)piz = C(U(A))

of the unitary automorphism 2-group of a von Neumann algebra. By adjunction, our stringor
representation induces asmooth strict intertwiner

R' M (String(d)) " U(A)pix,

and hence a smooth, dileological version of the stringor representation. The unitary auto-
morphism 2-group U(A) of a von Neumann algebra is in fact delta-generated, meaning that
the topologies of both U(A) and Aut {A) are delta-generated (i.e., determined by the contin-
uous curves). This means thatD (U(A)piz) = U(A), see Kih19, Prop. 2.10]. Thus, we have
D(R' )= R, i.e., our stringor representation is obtained by applying the D-topology functor

to its smooth version R' .

6 The 2-group perspective

In this section, we describe another perspective to our stringor representation, namely from the
point of view that strict 2-groups are groupoids internal to the category of groups. Therefore,

in this section, we distinguish intentionally between crossed modules (used before as a model
for strict 2-groups) and the actual 2-groups. Just like crossed modules, 2-groups exist, in
particular, in a continuous setting (Otopological 2-groupO) and in a smooth setting (OLie
2-groupO).

Strict 2-groups versus crossed modules

If ' is a topological 2-group, we denote by ' 1 and ' g its topological groups of morphisms
and objects, respectively. We further denote bys,t : ' 1 " ' o the source and target map,
respectively, and byi : ' o " ' 1 the identity-assigning map. When constructing topological
2-groups it is worthwhile to notice that composition and inversion of the underlying groupoid
are already determined by the remaining structure. Indeed, it is straightforward to see that

x (y=xi(s(x) ty = xi(t(y)" 'y, (6.1)

for composable morphismsx,y %" 1, i.e., morphisms such thats(x) = t(y). It follows from
this that the inverse of a morphism x %' ; with respect to composition satisbes

inv(x) = i(s(x))x" i (t(x)). (6.2)
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Moreover, the subgroups ker6) and ker(t) of ' ; commute: let x %ker(s), y %ker(t), and let
e %' o be the unit element. Then

yx = (e(y)(x (& =(edx)((yae)= x(y=xi(s(x)) 'y =xy. (6.3)
We have the following simple converse of these three observations.

1 " [

Lemma 6.1. Suppose' o and ' ; are topological groups ands,t:' 1" 'gandi:’g 1
are continuous group homomorphisms such that:

(@ s(i=idg, =t(i.
(b) ker(s) and ker(t) are commuting subgroups.

Then, together with the composition debPned by6.1) and the inversion debned in(6.2), this
structure constitutes a topological 2-group.

Remark 6.2. Lemma 6.1 holds verbatim in the smooth case, with the only modibcation that
the subgroups in (b) have to belLie subgroups, seelW, Lemma 3.3.1] for a discussion of the
smooth case.

Let us recall the usual equivalence between the category of topological crossed modules
and continuous strict intertwiners on one side, and topological 2-groups and 2-group homo-
morphisms (functors whose component maps are continuous group homomorphisms) on the
other side: ) o ) *

Topological 1 Topological ' 6.4)
2-groups ~ crossed modules
If ' is a topological 2-group, then we put G :=" o, H :=ker(s) * "1, t:=(t:" 1" " 0)lker(s):
and ! ¢(h) := i(g)hi(g)' ! to obtain a topological crossed moduleX(). Conversely, if
G = (G,H,t,! ) is a topological crossed module, then putting 'o := G, '1 = H " g G,
sg(h,g) = g, tg(h,g) := t(h)g, and i(g) := (1, g) provides the input data for Lemma 6.1 and
hence a topological 2-groupG(G).

Moreover, to a strict intertwiner R = ( Rg, R;) between topological crossed modules, the
functor G associates the 2-group homomorphisn(R) that is G(R)g := Rg on the level of
objects and G(R)1 := R1# Rg on the level of morphisms.

For instance, our stringor representation R becomes a 2-group homomorphism
G(R) : G(String(d)) "G (U(A)).

The point of this section is that the 2-groups G(String( d)) and G(U(A)), as well as the 2-group
homomorphism G(R), have OnicerO descriptions than the ones produced from applying the
functor G to their crossed module description. More precisely, the groups of morphisms,

G(String( )1 = Lo 4 Spin(d) " Pe Spin(d)
G(U(A)1 = U(A)" Aut(A),

have descriptions that use no semi-direct products, see Remark8.4 and 6.7.
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The string group as a strict 2-group

The case of the string 2-group is treated in [W, ©3.3], and we recall this brie8y. The basis is
the unique existence of &usion factorization for the basic central extension of the loop group
L Spin(d): a Lie group homomorphism

i : PeSpin(d) " L Spin(d) (6.5)
such that i(% projects to the loop " %= %+ % An explicit construction of this fusion
factorization in terms of the implementer model was given before in KW22, ©5].

We denote by Pe épin(d)[zl the pullback of the basic central extension along the map
+: PeSpin(d)@ " L Spin(d). Then, we set up a 2-group with source and target maps

S

r2
!

//'*"—‘_“"\pr-i_
Pe Spin(d)!2! 'P Spin(d)@ ——!Pe Spin(d),
\M/’

r

t

and identity map i. Via Lemma 6.1 (using and the disjoint-commutativity of L Spin(d), see
Section 3) this debPnes a Lie 2-groupString (d).

Proposition 6.3. The Lie 2-group String (d) and the Lie crossed modulestring( d) correspond
to each other under the equivalencé6.4); precisely, we haveX(String (d)) = String(d).

Proof. This is clear from the given constructions, and the fact that i(%) can serve as the lift
"#%used in (3.5). O

Remark 6.4. Corresponding to the equality X(String (d)) = String(d) we have a canonical
Frechet Lie 2-group isomorphism

String (d) € G(String( d))

coming from the canonical natural isomorphismG (X $id belonging to the equivalence 6.4).
Explicitly, on the level of morphisms, the map

PeSpin(d)@ " Loy Spin(d) " PeSpin(d); U )" (U &i(s(U)" * s(U))

is an isomorphism of Frechet Lie groups.

The automorphism group of a von Neumann algebra as a strict 2-group

Next we describe the crossed modulé&J(A) for the unitary automorphism 2-group of a von
Neumann algebraA as a strict topological 2-group. For this purpose, we choose a standard
form F of A (e.g., F could be debned using a cyclic and separating vector & F). In this
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context, we also make use of the modular conjugation operatod : F" F provided by the
structure of the standard form.

We debne topological 2-groupU(A) in the following way. Its group of objects is the
group Aut’{A), equipped with the u-topology. Its group of morphisms is the closed subgroup

N(A) * U(F) debned in Lemma5.1. The group homomorphismta : N(A) " Aut(A)
from (5.4) is the target map. We debne the source map by

sa:N(A)" Aut(A), sa(U) := ta(JUJ). (6.6)
Clearly, sa is also a group homomorphism and continuous. The group homomorphism
i tAut(A)" N(A) (6.7)

assigning the identity morphism is provided by the following classical theorem, seeHaa75
Thm. 3.2, Prop. 3.5].

Theorem 6.5. For every " %Aut( A), there exists a unique element(") %N (A) such that
i(Mai(")”="(a), i(")d = Ji("), i(")P = P. (6.8)

Moreover, the corresponding mapi : Aut(A) " N (A) is a continuous group homomorphism.

The group homomorphismi is also called thecanonical implementation. One can see
directly from the brst equation in (6.8) that ta (i is the identity on Aut( A), and the second
equation implies that also sp ( i is the identity. We further note that ker( ta) * A* and
ker(sa) * A#= A, so that by now all conditions of Lemma 6.1 are satisPed, and we obtain
the topological 2-group U(A).

Proposition 6.6. The topological 2-groupU(A) and the crossed moduldJ(A) correspond to
each other under the equivalencg6.4); precisely, we haveX(U(A)) = U(A).

Proof. The topological crossed moduleX(U(A)) is given by
tA|ker(sA) :N(A) 3 ker(sa) " Aut(A),

and " % Aut( A) acts on ker(sa) by conjugation with i("). We observe that ker(sa) con-
sists of thoseU % N (A) such that conjugation by JUJ acts trivially on A; in other words,
JUJ %A*and U %A. This shows that ker(sa) = U( A). Here, by construction of Aut(A),
U(A) * N(A) * U(F) inherits the strong operator topology on U(F). This topology co-
incides with the ultraweak topology of U(A) * A. By the brst property of i in (6.8), the
induced action of Aut(A) on ker(sa) = U( A) is precisely the evaluation action. Thus, we
have X(U(A)) = U(A). O

Remark 6.7. Using again the natural isomorphismG ( X $ id, we obtain a canonical 2-group
isomorphism
U(A) 2 GU(A)).
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In particular, on the level of morphisms, the map
N(A)" U(A)" Aut(A); U)" (Ui(sa(V)) % sa(U))

is an isomorphism of topological groups.

The stringor representation in the 2-group setting

The following lemma about implementers and the modular conjugation operator will be im-
portant, see [KW22, a4.1]. We let( : H " H be induced by the mapt )" 2$, t on S!, and
inturnlet &: O(H) " O(H) be debPned by&(g) := ( ( &( (. The map & restricts to a smooth
automorphism of the Banach Lie group Qes(H). Note that &(' (% + %)) = ' (% + %) for
any pair (%, %) %Pe Spin(d)!2.

Lemma 6.8 ([ KW22 , Prop. 4.9 & 4.11)). If U %U(F) implements g % Oyes(H), then
JUJ implements &(g). The corresponding map& : Imp(H) " Imp(H) is a Banach Lie group
homomorphism, thus making the diagram

Imp(H) ——'Imp(H)

Ores(H) ——'Ores(H)

commutative.

Now we are in position to set up the stringor representation as a 2-group homomorphism
R : String (d) "U (A).
It is dePned on the level of objects and morphisms by the continuous group homomorphisms

Ro : String (d)o " Aut{A) : %)" Ro(%
R :String (d)1 " N(A):# )" &#)

where Rg was debned in §.6) and &*was debned in 6.3).

Theorem 6.9. The group homomorphismsR = (R, R1) form a continuous 2-group homo-
morphism
R : String (d) "U (A).

Moreover, we haveX(R) = R, i.e., R is the 2-group analog of the stringor representationR.

Proof. If # %Pe Spin(d)[2 projects to % + %, Lemma 5.3 and (5.6) imply
—# —
tua)(R1(#) = ta(@"#) =Clgo)u) = Clgw)u) = Ro(%) = Ro(t®#) .  (6.9)
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Moreover, Lemma6.8 shows that
suay(R1#) = ta(J&7#) J) = CTif(%) %) = Ro(%) = Ro(s(#)) . (6.10)
This shows that Ry and R respect sources and targets.
Next we show that Ry and R respect the identity morphisms, i.e., that
ican(Ro(%) = & s (%) (6.11)

holds for all %% P Spin(d), where i¢an is the canonical implementation (6.7) and i is the
fusion factorization (6.5). Since by Theorem®6.5, elements in the image ofican, commute with
J, we have

su(a)(ican(Ro(%)) = ta(Jican(Ro(%9)J) = tya)(ican(Ro(%)) = Ro(%.
Moreover, sinceis (% projects to %+ % by (6.9) and (6.10) we get
suca) (& itr (D) = tua) &Tisr (%) = Ro(%.
We let f : PeSpin(d) " N (A) be the di'erence between the two expressions in§.11), i.e.,
f (% = ican(Ro(%) a&"(irr (%) .

The above calculations shows thatf (% % ker(sya)) 2 ker(tyca)) = U( A% 2 U(A) = UQ1),
sinceA is a factor. We observe that we constructed a continuous map

f 1 PeSpin(d) ;' U(1),
which, in fact, is a group homomorphism, as
f (%4%) = ican(Ro(%) éj_}pan(RO(o/é)) é_‘&#(iff ()" ta&Mis (W) = f (% af (9.

= (%)( U(D)

Here we used that the middle term is contained in the center ofN (A) and hence can be
pulled out. Since Pe Spin(d) is a regular Lie group, every continuous group homomorphism is
smooth. However, by [W, Thm. 2.1.2], any smooth group homomorphism fromP Spin(d)
to U(1) is trivial, f =1. Hence (6.11) holds. It follows now from Lemma 6.1 that R respects
composition and inversion, and hence is a 2-group homomorphism.

The strict intertwiner X(R) consists of the group homomorphisms<(R)o = Rg = Rg and
X(R)1 = Rulker(s) =&1 |, = R3. This shows the claimed equality X(R) = R. O
! 0.1 Spln(d)

Remark 6.10. The equality X(R) = R is equivalent to the statement that the diagram of
2-group homomorphisms

String (d) —2——'U(A)

G(String( d)) ﬁ!G(U(A))

whose vertical arrows are the 2-group isomorphisms of Remark6.4 and 6.7, is strictly com-
mutative.
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The stringor bundle

Peter Kristel, Matthias Ludewig and Konrad Waldorf

Abstract

We set up a framework of 2-Hilbert bundles, which allows to ri gorously debne the Ostringor
bundleO, a higher dilerential geometric object anticipate d by Stolz and Teichner in an unpublished
preprint about 20 years ago. Our framework includes an assodated bundle construction, allowing
us to associate a 2-Hilbert bundle with a principal 2-bundle and a unitary representation of its
structure 2-group. We prove that the Stolz-Teichner string or bundle is canonically isomorphic
to the 2-Hilbert bundle obtained from applying our associat ed bundle construction to a string
structure on a manifold and the stringor representation of t he string 2-group that we discovered
in earlier work. This establishes a perfect analogy to spin manifolds, representations of the spin
groups, and spinor bundles.
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Introduction

The spin group Spin(d) is the simply-connected cover of the special orthogonal group &(d) (when
d! 3). The frame bundle SOM ) of an oriented Riemannian manifold M of dimensiond! 3 b a
principal SO(d)-bundle B may admit a lift to Spin(d). Given such a lift B called aspin structure B one
can form the associated vector bundle using thespinor representation of Spin(d). The construction of
this spinor bundle is the starting point of spin geometry.



Motivated by the success of spin geometry in geometry and particl@hysics, string geometry seeks
for analogous structures meeting the demands of string theoryMost successful has been the principle
established by Killingback and Witten to look at spin structures on the conbguration space of strings
in M, the free loop spaceLM = C' (S!,M) [Kil87, Wit86]. Such spin structures onLM N also
called loop-spin structures on M and denoted below byl Spin(M) N are dilerent from the spin
structures mentioned above, because the structure group ofM has dilerent properties compared
to the Pnite-dimensional situation. Nonetheless, Stolz and Teichneoutlined a construction of an
inPnite-dimensional spinor bundle onLM [ST]. Moreover, they established the principle offusion in
loop space expressing the idea that the relevant geometric structures on lop space correspond to (yet
unknown) geometric structures onM itself. In obvious analogy, they coined the terminologystringor
bundle for this unknown structure on M. Work of Brylinski [ Bry93] and Murray [Mur96] on gerbes
suggested that the stringor bundle is not an ordinary vector bunde, but must be of a higher-categorical
nature.

Another line of attack in string geometry is to search for an analoge of the spin group. Adding
further connectedness to the orthogonal group, thestring group String (d) is debned to be the 3-
connected cover of Spind) [ST04]. The string group cannot be realized as a Pnite-dimensional Lie
group, and in recent years, the insight emerged that it is geometrially most fruitful to realize String (d)
as a categoribed group, o2-group [BLO4], a point of view that will be further advocated in this paper.
Several models of the string 2-group in dilerent contexts have ben constructed, e.g., as a strict
Frechet Lie 2-group BCSSO017, as a Pnite-dimensional smooth OstackyO 2-groupH11], or as a strict
di'eological 2-group [Wal12]. A major success of these models is to allow a neat debnition ofsdring
structure on a manifold, as a reduction of the frame bundle to &String (d)-bundle gerbe, denoted below
by String (M ). String structures in this sense are related to loop-spin structues onM ; in fact, they
are equivalent to an enhanced version calletusive loop-spin structures[Wal16, NW13b]. This relation
connects the two approaches to string geometry on the level oftieir basic underlying structures. In
the present paper, we provide a yet deeper connection betweehése two approaches.

We invoke two recent developments that advanced each approachlhe brst concerns the stringor
bundle of Stolz and Teichner, and its higher-categorical nature. h a sequence of papers[i20, KW22,
KW20b, KW20a] we obtained rigorous constructions of its main ingredients: the smor bundle on
loop space and, in particular, its fusion product that was anticipated long ago by Stolz and Teichner
[ST]. These constructions are based on a given fusive loop-spin struate I! Spin(M ) on M , and involve
von Neumann algebra bundles and Connes fusion of bimodule bundlesn this paper, we reveal how
this structure yields a higher-categorical vector bundle, more pecisely, a2-Hilbert bundle, which we
call the Stolz-Teichner stringor bundle denoted S(I! Spin(M)). The theory of 2-vector bundles was
developed in KLWb , KLWa] in a Pnite-dimensional context, based on the idea that a 2-vectospace
is nothing but an algebra, while the morphisms are bimodules instead o&lgebra homomorphisms. It
was then extended to the inPnite-dimensional setting of 2-Hilbert lundles in [Lud23], where algebras
are replaced by von Neumann algebras.

The second advance is thestringor representation constructed in [KLWc]: a continuous, unitary
representation of the string 2-group on a 2-Hilbert space,
R : String (d) "U (A). Q)

Here, A is the hyperbnite type Ill;i-factor, realized as a certain von Neumann algebra completion
of an inPnite-dimensional Clilord algebra, and U(A) is the unitary automorphism 2-group of A (see
DebPnition 1.1.1). In this paper, we introduce an associated bundle constructionDePnition 2.3.2) which
produces a 2-Hilbert bundleQ# s A from a non-abelian bundle gerbeQ for a topological strict 2-group
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G and a continuous unitary representationR : G " U (A) on a von Neumann algebraA. In particular,
we may useQ = String (M), a string structure on M, the string 2-group G = String (d), and R the
stringor representation (1). The following is the main result of this article, stated as Theorem3.3.1in
the main text.

Theorem 1. Let M be a manifold with a fusive loop-spin structurel! Spin(M ) and corresponding
string structure String (M ). There exists a canonical isomorphism

String (M) # sing (@) A 2 (L Spin(M))

between the 2-Hilbert bundle associated witBtring (M ) via the stringor representation, and the stringor
bundle of Stolz and Teichner.

Our work joins the main forces of the above mentioned two approates and provides a step towards
a full picture of string geometry. For one, it shows the relevance bthe stringor representation (1)
for string geometry. At the same time, it provides justibcation for Stolz-TeichnerOs description of
the stringor bundle, by showing its equivalence to a structure obtaned in a completely dilerent but
probably conceptually clearer way. Last but not least, we have by ow established a perfect analogy
to the construction of the spinor bundle as an associated vector indle in spin geometry, in which the
stringor representation (1) plays the role of the spinor representation and thus deserves itaame. The
new perspective on the stringor bundle as an associated 2-Hilbertundle may be helpful in the future
for studying its spaces of sections, OstringorsO, and for studgrdilerential operators on such spaces.

Fusive loop-spin’ Section3.1 1String structure
strueture String (M)
[KW20a]

Spinor bundle on loop space
with its Connes fusion product

Associating along
the stringor representation
(DePnitions 1.3.1and 2.3.2

Section 3.2
Stolz-TeichnerOs . Associated
Stringor bundle 2-Hilbert bundle
e Theorem 1 String (M) # o A
S(E Spin(M)) (Section 3.3) 9 stig (d)

Figure 1: A schematic description of our constructions, and where to Pnd
them. The commutativity of the diagram is the statement of our main result
Theorem 1.

This article is organized as follows. In Sectiorl we recall the required details about von Neumann
algebras, Connes fusion, and the stringor representation fromuwr paper [KLWc]. Section 2 is devoted
to 2-Hilbert bundles, and contains a general construction of assated 2-Hilbert bundles. In Section3
we describe the Stolz-Teichner stringor bundle as a 2-Hilbert bundleand prove our main theorem. We
include three appendices: in AppendixA we recall 2-group bundles and bundle gerbes. In AppendiB
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we compare two dilerent notions of string structures involved into our constructions: fusive spin
structures on loop space and bundle gerbes for the string 2-gr@yand we give a new direct construction
to pass from the prst notion to the second. In AppendixC we establish a general relation between
rigged von Neumann algebra bundles and bimodules as used iK\V20a] and their continuous versions
established in this article; which is used in order to transfer the partal results of [KW20a] about the
stringor bundle into the present setting. Figure 1 provides a schematic overview.
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1 The stringor representation

The purpose of this section is to recall from KLWc ] the debnition of the automorphism 2-group of a
von Neumann algebra, the string group, and the stringor represetation, which is a homomorphism
between these two 2-groups.

1.1 The automorphism 2-group of a von Neumann algebra

Let A be a von Neumann algebra and let Aut@) be the group of %automorphisms of A. We recall
that every %automorphism ! is automatically continuous with respect to the ultraweak topology, and
hence is the dual map of some isometric automorphism of the predli@dx. The group Aut(A) is a
topological group with HaagerupOs u-topologywhich is the topology induced by identifying Aut( A)
with a subgroup of the isometry group of the predualAx, equipped with the strong topology.

If H is an A-B-bimodule (i.e., a Hilbert space together with commuting %representations of A
and B°P) and !; & Aut(A), !, & Aut(B), we say that a unitary U & U(H) is intertwining along !
and !, (which is short for left intertwining along !1 and right intertwining along !»), if

U@"#3$bh="11(a)"U#$!,(b), a,b&A, #&H. (1.1.1)
We denote by
I[(H)' Aut(A)# U(H)# Aut(B) (1.1.2)

the group of triples (!1,U,!2) such that U is intertwining along '; and !,. The group I (H) is a
topological group with the subspace topology, where the automashism groups carry the u-topology
and U(H) carries the strong topology. By debnition, the maps

ty tI(H)" Aut(A), sy :1(H)" Aut(B), (1.1.3)

given by projection onto the left, respectively right factor, are continuous.

Canonically associated toA is a Hilbert space L?(A), called the non-commutative L 2-space or
standard bimodule[Haa79. It comes with various extra structures, of which the following arerelevant
for the purposes of this paper:

(i) L2(A) is a faithful A-A-bimodule, with the property that any bounded operator x & B(L?(A))
that commutes with the left (right) action of A is given by right (left) multiplication with an

element of A.
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(i) L?(A) is equipped with an anti-unitary involution J, called modular conjugation, which satisPes

#$a= J(@ "J#), a&A, #&L2(A). (1.1.4)

(iii) The association A (" L?(A) is functorial on the category of von Neumann algebras and%
isomorphisms.

Since L?(A) is a faithful module, the projection 1 (L?(A)) " U(L?(A)) onto the middle factor is
injective. Its image is denoted by

!
N(A)= U &U(L3(A)) |)!1,!2 & Aut( A) such that U is intertwining along !; and !,

It turns out that the map | (L%(A)) " N(A) is in fact a homeomorphism whenN (A) ' U(L?(A))
carries the subspace topology; see Remark B.9 dfyd23] or Lemma A.18 in [BDH15]. Precomposing
the maps (1.1.3 with the inverse of this homeomorphism, we obtain maps

SAut( A)vtAut( A) N (A) " Aut( A) (115)

Explicitly, if U & N (A) is intertwining along !1 and !z, then tay a)(U) = 1 and say a)(U) = !a.
This can be reformulated to say that

U@"U*)=1(a)"4# and UU#$9= #$5(a) (1.1.6)

whenevera & A, # & L?(A). Moreover, it follows from (1.1.4) that JUJ is intertwining along !, and
1. Therefore, we have the relation

taur a)(U) = Sau a)(JUJ). (1.1.7)

Finally, it follows from the functoriality (iii) that for any ! & Aut(A), there is a unitary
L2(!) & U(L?(A)) that commutes with the modular conjugation and is both left and r ight intertwining
along!. This provides a section

L2:Aut(A) " N(A), L L2(1), (1.1.8)
called canonical implementation, which is continuous and has closed imageHaa75 Prop. 3.5].

We recall that a topological strict 2-group is a groupoid G whose set& of objects and whose set
G of morphisms are topological groups, and whose source map: G, " G o, target mapt : G " G o,
compositionG#,G " G 1, identity map i : & " G 1, and inversion (w.r.t. composition) inv: G "G 1
are all continuous group homomorphisms. Acontinuous homomorphismbetween topological strict 2-
groups is a functor whose assignments on objects and morphismesecontinuous group homomorphisms.

It is convenient to note that in every topological strict 2-group th e composition and the inversion
are already determined by the mapss, t and i. Explicitly, they are given by

X *Y = Xi(s(X)®$1Y = Xi (t(Y) 1y, (1.1.9)
wheneverX,Y & G are composable (i.e.s(X) = t(Y)), and by
inv(X) = i(s(X))X S Li(t(X)). (1.1.10)

One can, conversely, dePne composition and inversion by these foulae, provided that the subgroups
ker(s) ' G 1 and ker(t) ' G 1 commute. We refer to BL0O4, BCSS07 for a comprehensive treatment of
(topological) 2-groups, and to KLWc, 6] for more details about the formulae (.1.9 and (1.1.10.
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Debnition 1.1.1.  The unitary automorphism 2-group U(A) of A is the topological strict 2-group
with
U(A)o :=Aut( A) and U(A)1:= N(A),

source and target mapssayy Ay and tay a) from (1.1.5), and identity map i := L2 from (1.1.8).

Remark 1.1.2. In order to see that this su"ces to debne a strict 2-group, we ned to check that ker(s)
and ker(t) are commuting subgroups ofN (A). We observe that ker(s) consists of unitariesU on L2(A)
that commute with the right A-action. By property (i) of L2(A), this means that each suchU is left
multiplication by some element of A. Similarly, an elementV & ker(t) is right multiplication by some
element of A. Since the left and right A-actions commute, this shows thatU and V commute. We
hence can debne composition and inversion &f(A) by (1.1.9 and (1.1.10; for instance, we have

U*V = UL%(!)*V, (1.1.11)

if U is right intertwining and V is left intertwining along !.

The data of a topological strict 2-group G are conveniently encoded in its associateadtrossed
module. A topological crossed module is a pair of topological groupss and H, together with a
continuous group homomorphismt : H " G and a continuous action%: G# H " H of G onH
satisfying

t(%g,h) = gt(h)g®* and %t(h),x) = hxh®? (1.1.12)

for all g & G and h,x & H. The crossed module associated to a topological strict 2-groufs is
t: G "G g, where
G =ker(s) 'G ;

and & acts on G by conjugation with i(g). This procedure establishes an equivalence of categorie
between topological strict 2-groups and topological crossed mades, see BS76 Thm. 2], [Fio07,
Thm. 5.13] or [Por].

The crossed module associated to the unitary automorphism 2-grug U(A) of a von Neumann
algebra A, denoted by U(A), is tay a) : U(A) " Aut(A), where U(A) ' A denotes the group of
unitary elements of A equipped with the ultraweak topology, and Aut(A) acts on U(A) by evaluation;
see [W, Prop. 6.6].

Debnition 1.1.3. A unitary representation of a topological strict 2-group G on a von Neumann
algebraA is a continuous homomorphism of topological strict 2-groups

R:G"U (A).
Explicitly, R consists of continuous group homomorphismsRy : & "  Aut(A) and
R1:G " N(A) with the properties that
Ro*sg = SAut(A)*Rly RO*tG:tAut(A)*Rly Rl*iG: Lz*R(). (1113)

By formulae (1.1.9 and (1.1.10, the conditions in (1.1.13 imply automatically that Ro and R1
intertwine the composition and inversion maps.
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1.2 Twisted standard bimodules and Connes fusion

In this section, we compare the (strict) unitary automorphism 2-group U(A) of DePnition 1.1.1with the
abstract automorphism 2-group of the objectA in the bicategory VNAIg® of von Neumann algebras
[Lan01, Bro0O3]. For pnite-dimensional algebras, we carried out an analogous coragson in [KLWb,
Prop. 2.3.1]. Along the way, we provide some results on twisted starakd bimodules that will be
needed subsequently.

Given von Neumann algebrasA and B, we denote byA-B-Bimod the category of A-B -bimodules
and unitary intertwiners. It is the category of 1-morphisms B " A in the bicategory of von Neumann
algebras, i.e.,

Hom,ya g0 (B,A) == A-B-Bimod.

Composition in the bicategory vNAIgbi is given by the Connes fusion product which is a functor
I :A-B-Bimod # B-C-Bimod " A-C-Bimod,

and should be viewed as the appropriate Otensor product ov&O for bimodules [an01, Bro03, Tho11].
In particular, the Connes fusion product turns A-A-Bimod into a monoidal category.

There are several (more or less involved) explicit constructions ofhe Connes fusion product, but
in this paper, we only need its abstract properties. In particular, its functoriality means that two
unitary intertwiners U :H " H%andV : K " K %have a fusion productU! V:H! K" H% K%
The fusion product U ! V is, more generally, also debned iH and H *are right B*“modules, K and
K *are left B“modules, andU, V intertwine the right (respectively left) module actions along some
%isomorphism&: B " B %(see KW20a, Proposition A.2.3] or [Lud23, @A.3]). In fact, this generalized
Connes fusion product for intertwiners provides von Neumann algeras and their bimodules with the
structure of a double category see 5hu0§.

For ! & Aut( A), we denote byL?(A), the A-A-bimodule with underlying Hilbert space L?(A), the
standard left action, but right action modibed by ! ; we refer toL?(A), as atwisted standard bimodule
We consider the functor

T:UA)" A-A-Bimod 1.2.1)
that sends an automorphism! to the twisted standard bimodule L2(A),, while an elementU & N (A)
that is intertwining along !; and !, is sent to the intertwiner T (U) := L2(!1)U# : L2(A), " L2(A)1,.
We emphasize that this is an OhonestO intertwiner, in that it is intertwning along the identity auto-
morphism on both sides.

If 11,12 & Aut( A), then there is a canonical isomorphism
' FRP Lz(A)!l ! LZ(A)!Z ) LZ(A)!l&!za (122)

see [ud23, Example A.6] for its dePnition in terms of a particular model for the Connes fusion product.
Axiomatically, the isomorphisms (1.2.2) can be characterized by the properties that (i) when one of ;
or !, is the identity, they coincide with the usual unitor for the Connes fusion product, and (ii), when
given unitaries

Ur:L*(A), " L2(A)y, Uz :L%(A), " L%(A)y,

which are right intertwining (respectively left intertwining) along som e automorphism &, the isomor-
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phisms (1.2.2) bt into the commutative diagram

L2(A), ! L2(A), ——L2(A)1 a1,
Us! Us "U1L2(!1)L2(#)" UaL2(1)" (1.2.3)

ﬁ!LZ(A)!‘l&!;_
ol

L2(A); ! L2(A),

Taking & to be the identity, this shows that the isomorphisms (1.2.2) are the components of a natural
transformation ' . Indeed, let U; & N (A) be intertwining along ! #and !;. Then, T (U;) = L2(! U is
an intertwiner from L?(A),, to LZ(A),r and T (U1Uz) = L?(1343)U U7 is an intertwiner from L2(!;!5)
to L2(178%). Since

T(ULA ()T (U)L*(1)" = L2 D) Pkl ) b *(hg)UR L2(1)* = LA UZUT = T(Ui),
A A'

the diagram (1.2.3) becomes the claimed naturality diagram. The isomorphisms 1.2.2) satisfy, more-
over, the obvious associativity condition for triples of automorphisms (involving the associator of the
Connes fusion product), and hence turn the functorT into a monoidal functor, in other words, a
homomorphism of 2-groups.

It is easy to check that T is fully faithful. Hence, if we denote by Aut(A) := A-A-Bimod the
automorphism 2-group of the von Neumann algebraA as an object in the bicategory WA Ig® of von
Neumann algebras, T embeds our strict automorphism 2-groupU(A) as a sub-2-group ofAut(A).
Moreover, going through the Murray-von-Neumann classibcationof factors, one obtains that T is
essentially surjective ifA is a factor of type | or type Ill. Hence, in these cases, the stric-group U(A)
is equivalent to the general automorphism 2-groupAut(A).

1.3 The string 2-group and the stringor representation

For a smooth manifold M , we denote byP M the space of smooth pathg :[0,)]" M, which are Rat
at the end points, i.e., all derivatives vanish (in some, hence all localtarts). For x & M, we write
PyM ' PM for the subspace of paths( that additionally satisfy ((0) = x. Moreover, we denote by
LM the space of smooth loopsS' " M, where we setS! = R/2) Z. We denote by PM k! the k-fold
Pbre product of the end-points-mapPM " M # M, and consider the map

+:PME " LM, (1 + (2)(1) = (1(t) t&0)] (1.3.1)

(22) , t) t&D, 2]
that combines two paths (1, (2 with common endpoints to a loop, which is automatically smooth since
the paths are Rat. All path spaces discussed above have canonicgructures of inbPnite-dimensional
manifolds. In particular, for a Lie group G, we haveP.G, the space of 3at paths starting at the identity
elemente. Both P.G and LG are inbnite-dimensional (Frechet) Lie groups.

Let L' Spin(d) be a basic central extension oL Spin(d). Up to isomorphism of central extensions,
there are two possible choices, and each is unique up to unique isonpdism [LW]. Both of these
choices give rise to canonically isomorphic string groupsLIV]. It is a fact that L Spin(d) (in fact,
any central extension ofL Spin(d) [LW]) admits a unique fusion factorization [KW22, ©5.2], i.e., a Lie
group homomorphism

i : P Spin(d) "+ *L Spin(d) (1.3.2)
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covering the diagonal mapP Spin(d) * P Spin(d)?. Explicitly, the elements of +*I. Spin(d) have the
form (*1,%,,X), with *1,*, & P Spin(d) such that *1(0) = *,(0), *1()) = *»()) and X & L Spin(d)
projecting to *1 + *».
Debnition 1.3.1.  The string 2-group String (d) is the strict Lie 2-group with

String (d)1 := +*LL Spin(d)|p, spin(ayr~ @and  String (d)o := Pe Spin(d),
with source and target maps

Sstng (d) (*1,%2,X) 1= *2 and  tswing (a)(*1, %2, X) 1= ¥y,

and with identity map given by the restriction of the fusion factoriza tion i to Pe Spin(d).

Remark 1.3.2. The structure in Debnition 1.3.1 determines a Lie 2-group via (.1.9 and (1.1.10

becausel! Spin(d) is disjoint commutative; see L\W] for a detailed treatment. In particular, the com-
position, determined by (1.1.9), is given by

(*1,%2,X12) * (*2,%3, X 23) = ( *1, %3, X 121 (*2)"X 23). (1.3.3)

Remark 1.3.3. The string 2-group is a covering group of the spin group, in the seresthat there is a
strict 2-group homomaorphism
g: String (d) " Spin(d)gs ,

where Spin{d)gis denotes the standard way to view a group as a 2-group (set (Spidgis)o =
(Spin(d)gis )1 = Spin(d), and s = t = i = id). The homomorphism q is given by @ = evg, the
evaluation of paths at their endpoint. Under geometric realization, g becomes a 3-connected covering
map [BCSSO07 LW].

In [KLWc], we describe a representation of the string 2-grougstring (d) on a 2-Hilbert space,
whose underlying von Neumann algebra is the hyperbnite type I factor A. We will not need the
explicit construction of this representation, but we now recall the ingredients needed for the purposes
of this paper. The main players are group homomorphisms

+ P Spin(d) " Aut(A), (1.3.4)
#: Il Spin(d) " N(A), (1.3.5)
which are continuous with respect to the u-topology on Aut(A) and the strong topology on N (A),
respectively. A concrete debnition of+ is in [KLWc, Eq. 5.6], and of # in [KLWc, Eg. 5.3, Lemma 5.1].

We will use the following two properties of the maps + and #. If X & L Spin(d) lies
over *1 + *; & L Spin(d), then [KLWc, Theorem 6.9] shows thattay a)#( X)) = +¢ and
Saut( A)(#( X)) = +g, for the maps sau o) and tay ay from (1.1.5. In other words, the unitary
map #(X) & N(A) ' U(L?(A)) is left intertwining along +¢ and right intertwining along +g,. In
formulas,

#(X)a"#$D = +o (@) " #(X)# $ +y (D). (1.3.6)

Moreover, [KLWc, Thm. A.9] implies that

#(i(*)) = L3(+e) (1.3.7)
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for all * & P Spin(d), where i is the fusion factorization (1.3.2) and L2(+¢) is the canonical implemen-
tation (1.1.8 of the automorphism +g,

Debnition 1.3.4.  The stringor representation
R : String (d) "U (A)
consists of the group homomorphisms
Ro := +|p, spin(d) : Pe Spin(d) " Aut(A) and Ry:=#: L Spind)" N(A).

Remark 1.3.5. It follows directly from the properties of + and # alluded to above that Ry and R
satisfy the compatibility relations of (1.1.13 which ensure that R is indeed a homomorphism of strict
2-groups, namely

Ro(s(*1,*2, X))
Ro(t(*1,*2,X))

(Saut( A) *R1)(*1,%2,X) = +g

(taut Ay *R1)(*1,%2,X) = +9

as well as
Ri*i=L2*Ry. (1.3.8)

Additionally to the stringor representation, we will consider the group homomorphism
#% 1L Spin(d) " U(L?(A)), #%X):= J#(X)J, (1.3.9)

which establishes a unitary representation ofl! Spin(d) on the standard bimodule L2(A). The conju-
gation by J achieves an exchange of the left/right intertwining properties, sothat we get

#AX)(@"#30) = +y(a) " #AX)(#) $ +o (D) (1.3.10)

whenever X projects to *; + *,. This will be required to obtain a bimodule structure on the spinor
bundle on loop space that is compatible with our conventions for 2-Hillert bundles; see SectiorB8.2
We remark that relation ( 1.3.7) persists to hold for #% asJ commutes with canonical implementation.

2 2-Hilbert bundles

In Section 2.1, we debne a bicategory of von Neumann algebra bundles over a topgical spaceX,
whose 1-morphisms are bimodule bundles. Viewing the base space asaaiable, these form a presheaf
of bicategories. In Section2.2, we argue that it is necessary to stackify this presheaf to obtain asheaf
of bicategories, or 2-stack. The objects in this 2-stack are ouR-Hilbert bundles. In Section 2.3, we
introduce the associated 2-Hilbert bundle construction which produces a 2-Hilbert bundle Q # ¢ A
over a spaceX from a non-abelian bundle gerbeQ over X for a topological strict 2-group G and a
continuous unitary representation G " Aut(A) of G on a von Neumann algebraA.

2.1 Von Neumann algebra bundles

Let X be atopological space. In this section, we debne the bicategorjhA IgBdIbi (X) of von Neumann
algebra bundles overX , focussing on the properties necessary for the present papeA more extensive

treatment has been moved to a separate papel[id23, sA&B].
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The objects of vNAIgBdIbi (X) are locally trivial von Neumann algebra bundles overX . Such a
bundle A consists of a von Neumann algebra for each point x & X, together with a collection of
local trivializations , : Alo " O# A (O' X open,A the typical bbre, a von Neumann algebra) such
that the transition functions , ** , ®1 are continuous when considered as mapd® - 0% Aut( A); here
Aut( A) carries the u-topology, as always. We refer toeB.1 of [Lud23] for a more extensive treatment
of this notion. For the purposes of this paper, we only need the follwing feature: WheneverG is a
topological group with a continuous group homomorphismG " Aut( A) and P is a principal G-bundle
over X , then the associated bundle construction provides a von Neumanalgebra bundle

A=P#gA, (2.1.1)

see Example B.6 [Lud23].

If A, B are von Neumann algebra bundles, we denote b -B-BimBdI(X) the category of A-B-
bimodule bundles, which serves as the category of morphismB " A in vNAIgBdIbi (X). Here, an
A-B-bimodule bundle H is a continuous Hilbert bundle whose bPbresHy carry the structure of an
Ay -Byx-bimodule, and which admits local trivializations

U:Hlo" O#H

over open setfD ' X, such that H is a bimodule for the typical Pbres ofA and B and u is intertwining

along local trivializations of A and B [Lud23, Debnition B.6]. Such trivializations are called local
bimodule trivializations. Morphisms betweenA -B-bimodules are Hilbert bundle homomorphisms that
are bbrewise intertwiners.

Example 2.1.1. If A, B are von Neumann algebras andH is an A-B-bimodule, we obtain the trivial
von Neumann algebras bundleA = X # A, B = X # B and the trivial A-B-bimodule bundle H over
X. If moreover! : X " Aut(B) is a continuous map, we denote byH , the A-B-bimodule bundle
with total space X # H and bimodule action given by

(x,a)" (x,#) $(x,b) = (x,a"#$!(b)).

Example 2.1.2. If A is a von Neumann algebra bundle, ther.?(A) is the A-A-bimodule bundle whose
bbre overx is L?(Ay), the standard bimodule of A,, with local trivializations given by L?(&), where
& is a local trivialization of A.

In order to debne the composition of 1-morphisms, it is important torestrict to the subcategory of
bimodules whose typical PbreH is right implementing, in the sense that the mapsy debned in L.1.3
admits a unit-preserving section near the unit element. This is in paricular the case forH = L?(A),
the standard bimodule, as follows from the existence of the canonié implementation. Denoting
by A-B-BimBdI™ (X ) the corresponding subcategory ofright implementing A-B-bimodule bundles
composition is a functor

A-B-BimBdI™ (X ) # B -C-BimBdI™ (X)) "A -C-BimBdI™ (X), (2.1.2)

which is given bbrewise by the Connes fusion product. In more detailet H be a right implementing
A-B-bimodule bundle andK be a right implementing B-C-bimodule bundle and letu and v be local
bimodule bundle trivializations of H, respectively K over an open setO ' X. Then, if u and v
intertwine along the same the local trivialization & of B, the map

ul viH! Klo" O# (H! K)
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given by Pbrewise Connes fusion is a local trivialization oH ! K. The point here is that the right
implementing condition on H ensures that near any point, there exist local trivializationsu and v that
intertwine along the same the local trivialization & of B, thus providing the bbrewise Connes fusion
product with a Hilbert bundle structure, see [Lud23, Proposition B.21].

The standard bimodule bundlesL?(A), for A a von Neumann algebra bundle, are the identity
1-morphisms for the composition .1.2). The associativity of Connes fusion then shows that 2.1.2
is the composition of a bicategory.

We wrap up the discussion of this section as follows.

Debnition 2.1.3. The bicategory vNAIgBdI® (X ) of von Neumann algebra bundles oveX consists
of the following data.

¥ Objects are von Neumann algebra bundles;

¥ the category of morphismsB " A is the category A-B-BimBdI™" (X ) of right implementing
A-B-bimodule bundles overX;

¥ composition is bPbre-wise Connes fusion2(1.2);
¥ the identity morphism of A is the standard bimodule bundleL?(A) from Example 2.1.2 and

¥ associators and unitors are the bundle maps obtained by taking Plawise the associators and
unitors of the bicategory of von Neumann algebras and bimodules.

If f : X " Y is a continuous map, we obtain an obvious pullback functor
f#:VvNAIgBdI® (Y) " vNAIgBdI® (X).

Hence, the bicategories MAIgBdI® (X) assemble to a presheaf of bicategoriesNAIgBdI® on the
category Top of topological spaces. This presheaf is actually a pre-2-stacljnce bimodule bundles
form a stack (see KLWb , Prop. 4.5.1]).

2.2 Stackibcation

The pre-2-stack \/I\IAIgBdIbi is a preliminary version of the 2-stack of 2-Hilbert bundles. It is prelim-
inary because this pre-2-stack does not satisfy descent, and @gs to be stackibed. This phenomenon
is well-understood in the smooth setting, where the plus construdbn (..)* of Nikolaus-Schweigert
[NS11] can be used to turn a pre-2-stack into a 2-stack. This has beenxénsively studied for Pnite-
dimensional, smooth 2-vector bundles in KLWa] and can be carried over to the continuous von Neu-
mann algebra setting in a straight-forward way.

We remark that the category Top of topological spaces has several inequivalent Grothendiecl
topologies. The most common one is the Grothendieck topology gerated by open covers, which is
equivalent to the one generated by locally split maps, i.e., continuous mps) : Y " X such that each
point x & X has an open neighborhood with a section. We use this Grothendieclopology in the plus
construction.

Debnition 2.2.1.  The 2-stack of 2-Hilbert bundlesis debPned by

2HilbBdl := (v NAIgBdI®)* .
In [KLWa , ©2.3] we spelled out all details of the plus construction in the Pnite-dimasional smooth
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setting, and this explicit description carries over to the current context essentially without changes.
Here, we only need two pieces: the 2-Hilbert bundles themselves, dra certain notion of isomorphism,
called repnement. We now recall these notions.

Debnition 2.2.2. A 2-Hilbert bundle over a spaceX is a tuple V= (Y,), A,M , ) consisting of a
locally split map ) : Y " X, a von Neumann algebra bundleA over Y, an invertible pr A-pr§ A-
bimodule bundle M over Y@ and a unitary intertwiner

[JON prgs M ! prﬁz M* prfs M

of pr§ A-prf A-bimodule bundles overY B! such that the diagram

id! pri,s M
i # # 123 [ i
pr3;M 1 progM I opri; M PrayM I oprizM
pr;34 p!id pr134 H
# # 1 o#
pragM I opri; M - priaM
Prizg M

over Y ¥l commutes.
This structure can be depicted as follows:
*

o

v=' yE—yaE—yn

]

X

In Section 3 we describe two examples of 2-Hilbert bundles, and show that theyra isomorphic.
The isomorphisms we introduce are so-calledebnements parallel to [KLWa, Def. 3.5.1].

Debnition 2.2.3. Let V = (Y,),A,M,p) and V*= (Y%)%A%M *u% be 2-Hilbert bundles over
X. A rebnementV " V%is a triple R = (-,&,u) consisting of a continuous map- : Y " Y %such
that ) ¥ - =), of an isomorphism& : A" -#A%of von Neumann algebra bundles ovely, and of a
bimodule bundle isomorphismu : M " (-2)#M %over Y [? along the algebra homomorphisms pf &
and pr§ &, such that the diagram

1l
prisM ! pri, M 'pris M
Pros ul prip u | Prig u (2.2.1)
(-E)*(prisM 0 pri; M % ————tpri;(- )M *

(&) !

is commutative.

2.3 Associated 2-Hilbert bundles

Throughout this section, we bx a von Neumann algebraA. We consider the sub-bicategory of
vNAIgBdIb' (X) over a single object, the trivial von Neumann algebra bundleA = X # A. This
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is the delooping . .
B(A-A-BimBdI™ (X)) ' vNAIgBdI®(X) (2.3.1)

of the monoidal categoryA-A-Bidelimp (X) of endomorphisms ofA. Letting X vary, we obtain a
presheafA-A-BimBdI"™" of monoidal categories. One can show that this presheaf is in fact monoidal
stack.

Next we consider the automorphism 2-groupJ(A) as debned in Debnitionl.1.1, and set up in the
following a morphism of monoidal stacks

M od: U(A)-Bdl " A-A-BimBdI™ (2.3.2)

from principal U(A)-bundles (see AppendixA) to A-A-bimodule bundles. It will be the central ingre-
dient of our associated 2-Hilbert bundle construction.

First of all, we recall that associated to the topological strict 2-group G = U(A) are the topo-
logical groups & = Aut( A), G = N(A) and G = U(A). Let P be a principal U(A)-bundle over a
topological spaceX, i.e., P is a principal U(A)-bundle over X together with anchor, : P " Aut(A)
satisfying (A.2), which we write as, (pu) = t(u*), (p). We debne

M od(P) := (P # L?(A))/ U(A), (2.3.3)

where the U(A)-action is the diagonal right action; i.e., we identify (p,# $ (pau,# $u), wherep & P,
#& L2(A), and u & U(A). As U(A) acts strongly continuously on L?(A), the usual associated bundle
construction provides M od(P) with the structure of a Hilbert bundle. We equip the Pbres of M od(P)
with the A-A-bimodule bundle structure debned by

a"[p,#$b:=[p,a"#$,(p)(b], ab&A #&L?*A), p&P. (2.3.4)

One easily checks well-debPnedness on equivalence classes. Next h@wvsthat M od(P) is a right
implementing A-A-bimodule bundle in the sense of Sectior2.1. Any section p of P dePned over an
open setO " X gives a local trivialization

piModP)lo " LAA) () [P().A (" (x,#), (2.3.5)

where the right hand side denotes theA-A-bimodule bundle obtained by twisting the right action with
, *p:O" Aut(A), see Example2.1.1 In other words, ., is a family of unitary isomorphisms that is
intertwining along the identity and , (p). Indeed,

1 2
-p(@” [p(x), # $b = -p( p(x).a"#$, (p(x))(b) )< (x,a"#$, (D(X))(b))- (2.3.6)

In other words, ., is an intertwiner along the local trivializations Alo " O# A given by (x,a) (" (x,a)
and (x,a) (" (X,, (p(x))(a)), respectively. This shows that M od(P) is a bimodule bundle. It is right
implementing by [Lud23, Example B.15]. For later use, it will be good to determine the transition
function between two local trivializations. If p* V " P is another local section dePned over an oper
set O%' X, then, over O - O% we have p”= pau for a continuous function u : O - O%" U(A).
Therefore,

(o * ) = o ((p(X), #) = .o ([IPlX) aU()*, #) = . o ([P0X), # S UX)]) = ( X, # S U(x)).

for all x & O- O We see that the transition functions ., * .ﬁ are given by right multiplication by u,
which is intertwining along the identity and t(u). In other words, we have the commutative diagram
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of bimodule bundle isomorphisms ovelO - O%:

M od(P%
(p, d
M " (2.3.7)

|
L2(A) (p) Yo L2(A) (p).-

It is straightforward to see that any morphism f : P " Q between between principalU(A)-bundles
debnes an intertwiner

Mod(f): ModP)"M odQ), [p.# (" [f(p),#. (2.3.8)

For later use, we observe that sincd intertwines the anchors, : P " Aut(A)and/ : Q" Aut(A),
i.e.,,, =/ *f, it has the property that the diagram

M od(P) D 1y o(Q)
(5 o (2.3.9)

L2(A) (py == L2(A) (1 gp)

commutes for each local trivialization p of P.

So far we have debPnet! od as a functor. It is clearM odit is compatible with pullbacks, and so it
is a stack morphism as in £.3.2). It remains to verify that it is monoidal, relating the tensor produc t of
principal U(A)-bundles (see AppendixA) with the Connes fusion product of bimodule bundles debned
in Section 2.1. We use again the local trivializations. , constructed in (2.3.5 from a local sectionp of
P, and recall from (2.3.6) that they are bimodule bundle isomorphismsM od(P)|o " L2(A) oF

Proposition 2.3.1. Let P and Q be principal U(A)-bundles with anchors, : P " Aut(A) and
/ Q" Aut(A), respectively. Then, there exists a unique intertwiner

M od(P)! M odQ)$€ ModP. Q) (2.3.10)
such that for all local sectionsp of P and g of Q over a common open seD ' X, the diagram
M od(P)! M odQ) ——— M od(P . Q)
(! (a Gsa (2.3.11)

L2(A) (5! L2(A) () — 'L2(A) (e (a)

() ()

is commutative. Here,' is the natural transformation (1.2.2.

Proof. First we observe that by the debnition (A.4) of the anchor map of the tensor productP . Q,
we have, (p) */ (q) = (, . /)(p. 0); hence, the target of the local trivialization ., 4 is indeed
L2(A) (pye (-

It is clear that diagram (2.3.1]) determines the intertwiner completely for a given choice of local
sections. It remains to prove that dilerent choices of sections yi&d the same intertwiner. Let p and
p”»= péu be two dilerent local sections of P over some open seO, for which we have the commutative
diagram (2.3.7). Similarly, let q and g”= qgav be local sections ofQ over O, for which we have
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an analogous commutative triangle. These two triangles B togethewith functoriality of the fusion
product B show that the left square of the diagram

M od(P)! M M 'M od(P . Q)
(p! (q (-4 . PS g
" #
L2(A) (5! L2(A) (o ———'L2(A) (5 (9
Ou)t Ov) | 1)' (V) (2.3.12)
LZZ,A‘. ;'-(p!) ! LXA) (@) " (p')# (ah) LAA) (p’)*é?!()
lllll (( 's q!
! (g w(((
M od(P)! M od(Q) 'M od(P . Q).

is commutative. The top and bottom square are the debning square(2.3.11) for the morphism (2.3.10.
Commutativity of the central square is a special case of 1.2.3. Hence, in order to verify that the top
and bottom horizontal maps agree, it remains to show that the righ square is commutative.

To this end, we need to compare the elementp. gand p” g®of P. Q. We recallthat P. Q is
a quotient of P # Q by the equivalence relation A.3), and that the U( A)-action on P . Q is induced
by the action of U(A) on the brst factor of P # ) Q. Using these rules, we calculate

%

p”® g%= péau. qav

= pau. qa, (pau)® 1(, (P éU)(V))

= paud (pau)(v). q
=(p. 9 au, (pau)(v)
=(p. g au(tu®)*, (P)(v)

(A.3)
(DePnition of right action)
(A.2)

=(p. 9a (pP(V)u.

With a view on (2.3.7), this shows commutativity of the right square in (2.3.12. O

Now we are in position to describe our construction of associated Bfilbert bundles. Let G be
a topological strict 2-group and let R : G " U (A) be a unitary representation on a von Neumann
algebraA. As recalled in LemmaA.2, R induces a morphism of monoidal stacks

Ry :GBdl"U (A)-Bdl,
which can be composed with the morphismM od from (2.3.2), resulting in a morphism
M odr := R4+*M od: GBdl" A-A-BimBdI™? (2.3.13)
of monoidal stacks.

For convenience, we will spell out the composition 2.3.13, and simplify the result slightly. If P
is a principal G-bundle over M, then we have in the brst place

3( )
(P # U(A))/ G

4

M odk (P) = # L2(A) / U(A), (2.3.14)

where g & G acts by (p,u) &g = (pg,R1(9)® tu), and v & U(A) acts by ([p,u],#) av = ([ p, uv], # $ ).
The bimodule structure is given by

a" [[p,u], #$b=[[p,u],a"#$t(u)* "Ro(, (R(H],
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where, is the anchor of P. However, the single quotient
(P # L%(A)/ G, (2.3.15)

whereG; acts onP# L2(A) by (p,# & = (pg, #%R1(9)) yields a canonically isomorphic Hilbert bundle.
Indeed, the map p,# (" [[p, 1], # is a continuous, bPbre-preserving, Pbre-wise unitary isomorphisnirhe
bimodule action then simply becomes

a" [p.$b=[p.a"#3$Ro(, (F))(H). (2.3.16)

Summarizing, the bimodule bundleM odi (P) is given by the quotient (2.3.15 and is equipped with
the bimodule actions 2.3.1§. For a morphism f : P " Q of principal G-bundles, the intertwiner
M odr (f ) is dePned by the same formulaZ.3.8 as before.

Debnition 2.3.2. Let G be a topological strict 2-group, and letR : G " U (A) be a unitary rep-
resentation of G on a von Neumann algebraA. The associated 2-Hilbert bundle constructionis the
morphism of 2-stacks

+ BMOd;I ; imp y+ bi\+ :
GGb = B(GBd)* —— " IB(A-A-BimBdI™)* ' (vNAIgBdI®)* = 2HilbBdlI.

If Q is a G-bundle gerbe over a spacé&, its image is called theassociated 2-Hilbert bundle(for the
representationR) and is denoted by Q # ¢ A.

Here, we have used the debnition o&-bundle gerbes via the plus construction, see DePnitioi.3
and Remark A.5. We use further that M odg induces a functorBM odg between bicategories with
a single object, due to the fact that it is monoidal; and Pnally, we use hat the plus construction is
functorial.

We shall spell out the data of the associated 2-Hilbert bundleQ # ¢ A explicitly. For this purpose,
we suppose that aG-bundle gerbeQ over X consists of a locally split map) :Y " X, of a principal
G-bundle P over Y@, and of a bundle gerbe productp over Y, just as in Debnition A.3. Then, the
associated 2-Hilbert bundleQ # ¢ A is the following:

¥ |ts locally split mapis ) : Y " X.

¥ Its von Neumann algebra bundle overY is the trivial bundle A =Y # A.

¥ Its bimodule bundle over Y@ is M odk (P).

¥ Its product over Y is given by M odk (1). More precisely, it is the composite

pri; M odk (P) ! pr{, M odk (P)
M odr (pri; P)! M odk (prf, P)
L } (2.3.17)
M ods (prés P . pri, P) — = __IM ock (pr; P)
priz M odk (P),

where the vertical arrows are the canonical structure isomorplsms of the monoidal stack morphism
M odg .
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3 The stringor bundle

Let M be a string manifold. There are at least four equivalent options to malel string structures on
M ; in the present paper, two of these options are relevant: (a) fuse loop-spin structures and (b)
String (d)-bundle gerbes. In Section3.1 we recall these and recall the relation between them, on the
basis of AppendixB. In Section 3.2 we debne the Stolz-Teichner stringor bundle as a 2-Hilbert bundle,
based on a fusive loop-spin structure orLM . In Section 3.3, we prove our main result: the stringor
bundle is isomorphic to the 2-Hilbert bundle obtained by associating tte stringor representation to the
String (d)-bundle gerbe obtained from the fusive loop-spin structure.

3.1 Fusive loop-spin structures and string structures

We recall that a spin structure on an oriented Riemannian manifoldM is a principal Spin(d)-bundle
Spin(M) over M that lifts the orthogonal frame bundle of M ; i.e., it is equipped with a smooth
map q : Spin(M) " SO(M) that covers the identity on M and is equivariant along the projection
Spin(d) " SO(d). Taking free loops in Spin(M ), we obtain a principal L Spin(d)-bundle L Spin(M)
over LM . Let L Spin(d) be a basic central extension ofL Spin(d) (see Section1.3. A loop-spin
structure is a principal L' Spin(d)-bundle L' Spin(M ) over LM together with a smooth map

p: L Spin(M)" L Spin(M)

covering the identity on LM , and which is equivariant along the projection ! Spin(d) " L Spin(d) of
the basic central extension Kil87]. In other words, a loop-spin structure is a lift of the structure group
of ! Spin(M ) from L Spin(d) to its basic central extension. We remark that the map p is automatically
(the projection of) a principal U(1)-bundle.

For the following depPnition, we use the fact that the basic central &tension has a canonicafusion
product [Wal16, Debnition 3.4], i.e., an isomorphism

e pras +% L Spin(d) . pri, +* L Spin(d) " prf; +* L Spin(d)

of principal U(1)-bundles over P Spin(d)!®!, which is associative overP Spin(d)*! and additionally

a group homomorphism. Fusion products on loop group extensionsedlermine, and are determined
by fusion factorizations [KW22, ©5]; in the present situation, we may use the fusion factorizationi

from (1.3.2 and set

H(X23. X12) = Xo3i(*2)"X12, (3.1.1)
where X 1, projects to *; + *, and X 23 projects to *, + *3.

Debnition 3.1.1. A fusive loop-spin structureis a loop-spin structure whose principal U(1)-bundle
p is equipped with a fusion product, i.e. a bundle isomorphism

0:pras +# 1L Spin(M) . prf, +* L Spin(M) " pr; +* I Spin(M)

over P Spin(M )3 that is associative overP Spin) and is compatible with the fusion product p on the
basic central extension under the principal action, i.e.,

0(($ 23aX23). ($12 éxlz)) = 0($23. $12) au(X23. X12) (3.1.2)

holds for all $12, $23 & I! Spin(M ) and X 10, X »3 & L' Spin(d) such that both sides of (3.1.2) are debned.
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Fusive loop-spin structures can be viewed as a loop space versionstfing structures on manifolds
[Wall6, Wall5]. We now relate them to the following, more instructive notion of a string structure.
We assume again thatM is a spin manifold with spin structure Spin(M). A string structure on M
is a principal String (d)-bundle gerbe String (M) that lifts the structure group of Spin( M) along the
2-group homomorphism

q: String (d) " Spin(d)gis
from Remark 1.3.3 We refer to [NW13b, 7] and to Appendix B for a discussion and comparison to
yet other versions of string structures. The main idea is to view thebundle gerbeString (M) as the
string-oriented frame bundle of the string manifold M .

We describe now how to convert a fusive loop-spin structure into atsing structure. We provide in
Appendix B a proof showing that this conversion is well-debPned and bts into a péally known picture
of equivalences between dilerent notions of string structures. V& brst have to bx a pointx & M and a
spin-oriented framexdat x, i.e. an elementxd& Spin(M ). Then, the bundle gerbeString (M) consists
of the following structure:

¥ The surjective submersionY = PgzSpin(M) " M is the endpoint evaluation, followed by the
bundle projection Spin(M)" M.

¥ Over the double bbre productY @, we have the followingString (d)-principal bundle (in the sense
of Debnition A.1):

b Its total space is (see B.2))
P := Py Spin(M )@ # spinmy Lt Spin(M) # Pe Spin(d), (3.1.3)

where Pz Spin(M )P denotes the bbre product over Spin1). Thus, its elements are
quadruples (1,(2,%,*), where (1,(2 & PpSpin(M) with (1()) = (20)), $ is a lift of
(1+(2&LSpin(M) to Ll Spin(M) and * & Pe Spin(d).

b The bundle projection is (see B.3))

((1.(2,%,%) " ((1.(2**Y). (3.1.4)
b The anchor map is (see B.4))
((2,(2,%,%) (" ™. (3.1.5)
b the principal String (d)s-action is (see B.5))
((1,(2,5,%) & %e, X) = ( (1, (2* S 1 %8x & & (S 1) AX &) (> %8x), *%8le ), (3.1.6)

Here,i : P Spin(d) " L Spin(d) is the fusion factorization of (1.3.2).
¥ On the triple bbre product Y B!, the bundle gerbe product
Hstring (M) - prgs P. pr?z P pr?s P (3.1.7)
is given by (see B.9))
Hsuing (M) (((22 (3, %$23,%23), ((1,(2,$12,*12)) = ( (1, (3*12,0($ 23 &idog, . $12),*23*12), (3.1.8)

where 0 is the fusion product of the fusive loop-spin structure, see Debnibn 3.1.1

This completes the debnition of the (smooth)String (d)-bundle gerbeString (M ). Later in Section 3.3,
we will pass to the underlying topologies and regardstring (M ) as a topological bundle gerbe, without
introducing an explicit notation.
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3.2 The stringor bundle of Stolz-Teichner

In this section, we construct a 2-Hilbert bundle (I! Spin(M )) on the string manifold M, using a fusive
loop-spin structure IX Spin(M ) on the loop spaceLM of M. The construction stems from the loop
space approach to string geometry; it has been outlined by Stolz-@ichner [ST] and then constructed
rigorously in [KW22, KW20b, KW20a] in a setting of Origged von Neumann algebra bundlesO ove
di'eological spaces, which is a method to work with smooth, inPnite-dmensional bundles over inPnite-
dimensional manifolds.

In the following, we give an independent debnition of the Stolz-Teicher stringor bundle in a
purely topological setting, and we show afterwards that it reRecs the construction given in [KW20a].
The prst ingredient is the associated von Neumann algebra bundle ¢g 2.1.1))

A=P Spln(M ) # P Spin( d) A, (321)

where P Spin(M ) is the principal P Spin(d)-bundle over PM obtained by taking Rat paths in the total
space of the spin structure Spin ), and P Spin(d) acts on A through through the homomorphism +
from (1.3.4). We note that the debnition of A only requires a spin structure onM, not the loop-spin
structure.

The second ingredient is thespinor bundle on loop spacethe associated Hilbert bundle

Siv = L Spin(M) # L2(A), (3.2.2)

1! spin( d)

where I! Spin(M) is the loop-spin structure, and L Spin(d) acts on L2(A) via the representation #%
debPned in .3.9. We exhibit the pullback +#Sy to PM2 as a p# A-prf A-bimodule bundle. The
bimodule actions are debned by

[(2,a]" [$.#$[(2,0]=[$.,a"#38, (3.2.3)

where $ & ' Spin(M ) projects to (1+ (2 & L Spin(M ). We show the well-dePnedness of this bimodule
structure: if $ *projects to ( 7%+ (3¢ then (°= (; &% for (*1,*2) & Pe Spin(d)? and $%=$ ax for
someX & L Spin(d) projecting to *; + *,. We recall that # %X ) is left intertwining along +(*,) and
right intertwining along +(*1), see (.3.10. Hence, if formula (3.2.3 holds for (1, (2 and $, then we
also have

[(2a]" [$7HSI(120 = [(2,+0 ()] " [$, #(X)H S [( 1, +0q (D]
= (3, +op(a) " #H(X)# Sy (D)
=[$ . #(X)(a"#$Db]
=[$ *a"#$8.

Any local section $ of IL Spin(M) provides a local trivialization of S,y (as a Hilbert bundle). It
then follows directly from the formula (3.2.3 that the induced local trivialization +#$ of +¥S.y is a
bimodule trivialization.

The third ingredient is the fusion product on S.y , see BT], [KW20a, ©5.3], and [Lud23, Def.
2.15]: a unitary isomorphism

% :prhz+7Sim ! pri,+*Sum " priz+7Sim (3.2.4)
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of pr§ A-prf A-bimodule bundles overP M Bl that satisbes the following associativity condition over
PM®:

Progs ! 1id
Ppris +#Sm ! opri; +¥Suw

pri, +#Sim | priz+#Sim ! pri; +#Siw
id ! pr;z3 ! Prigg ! (325)

I
pri, +#Sim | priz +*Sum pris +#Sium

Pris !
In order to construct %, we recall that whenever $:0 " L' Spin(M) is a local section of the principal
bundle L' Spin(M ), we obtain a local trivialization u: Sy |o " O# L2%(A) of the associated bundle
Sum by requiring that u([$,#]) = # holds for all # & L?(A).

Theorem 3.2.1. Let M be a spin manifold equipped with a fusive loop-spin structerl! Spin(M )
with fusion product 0. Then, the spinor bundle on loop spaceS.y admits a unique fusion prod-
uct % such that the following condition holds: whenevelO ' PME! is an open set with sec-
tions $; : O " LSpin(M) along + * pry : PMBl " LM such that$13 = 0($23. $12), and
uij : pr}j!E +#S M o " O# L2(A) are the corresponding local trivializations, then the diagam

|

|
priz +#Sum | pri, +#Sim ‘priz +*Sim

Uz ! Uiz Uiz
'

L2(A)! L2(A) - 'L2(A)

is commutative, where' is the natural isomorphism (1.2.2).

Proof. It is clear that every point ((1,(2,(3) & PME! has an open neighborhoodO over which
sections & with $ 13 = 0($23 . $12) exist. This shows uniqueness of %. For existence, we depn
%|o separately on each open seD for some bxed choices of sections;$ in such a way that above
diagram is commutative. This yields unitary isomorphisms of bimodule bundles. Next we show that
these isomorphisms do not depend on the choice of sections. This isgued in [KW20a, Thm. 5.3.1];
for the sake of clarity we adapt the proof to the present setting.

Let $fj/° = $ &X; be a dilerent choice of local sections, withX; & L Spin(d) lifting the loop
*i +*; &L Spin(d), and such that $3% = 0($% . $%). By (3.1.1) and (3.1.2), this implies that

X13 = u(X 23 . X12) = X23 i(*2)$ 1X 12. (326)

Let ui® be the local trivialization of pri +* Sy corresponding to $°. Then, uj® =# *X; ) * u; , and
by functoriality of Connes fusion,

0, 0, 0, 0 )
! uls = #(X23) ! #X12) * (Uzs! Una).
Therefore,
0 0 f 9 0 [ ' ( " 0 )
%G = (u)™ (U1 udy) = u# X ) #X23) ! #X12) (Uzs! Ur2).
Comparing with %o = u%;' (U3 ! u12), we aim to show

#X13)' =" #X23)! #X12)) (3.2.7)
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By (1 3.10, #*%X ) = u%* uf is intertwining along +¢, and +y. By the commutative diagram (1.2.3
(applied with 1, = 1, = l%— 1%=id and & = +¢,), we therefore obtain

C#MX23) | #MX12)) = # AKX 23)L 2 (+o) X 12)' = # (X 23i(*2)* X 12)",

where we used 1.3.7) in the second step. The desired identity 3.2.7) now follows from (3.2.6). It
remains to prove that the associativity condition (3.2.5 holds b this follow from the associativity of"
and of Connes fusion is carried out asW20b, Prop. 5.3.3]. O

We are now in position to give a complete debnition of Stolz-TeichnerOsriagor bundle as a
2-Hilbert bundle.

Debnition 3.2.2. Let M be a spin manifold equipped with a fusive loop-spin structurel! Spin(M ),

and let x & M. The stringor bundle S(I! Spin(M)) of M (relative to the base point x) is the 2-Hilbert
bundle over M with

¥ locally split map evg : PxM " M,

¥ the restriction of the von Neumann algebra bundleA debned in 3.2.1) to PyM ' PM;
¥ the restriction of the bimodule bundle +#S_y debned in 3.2.2 to P,M 2 ' PM[;

¥ the restriction of the fusion product % of Theorem3.2.1to P,MEBl' PMEI

We may sketch this 2-Hilbert bundle as follows:

§ T % %

(U spin(M)) = PxM #:pxmm P.M

|

Remark 3.2.3. A somewhat more general construction is carried out in lfud23, ©2.5], taking as input
an arbitrary spinor bundle S on the loop spaceLM , debned as a certain irreducible left module bundle
for the Clilord von Neumann algebra bundle on the loop space (seelfud23, Debnition 1.4] and Lud]).
Given the input of a loop-spin structure L' Spin(M ), the bundle S,y from (3.2.2) is an example for
such a spinor bundle. We remark that in Lud23], the map + of (1.3.1) is replaced by an operation"
arising from exchanging the two factors. The use of+ here entails the conjugation byJ present in the
representation #”used in (3.2.2.

In the remainder of this section we compare the stringor bundle defred above with KW20a], which
represents the B up to this point B most complete construction ofhie stringor bundle. As mentioned
above, KW20a] works in a smooth setting of rigged von Neumann algebra bundles ahrigged bimodule
bundles, and additionally treats loop spaces and path spaces in theetting of di'leological spaces. More
precisely, KW20a] provides the following structure:

¥ a rigged von Neumann algebra bundleA™™ over the dileological spacePsiM of paths with sitting
instants in M .

¥ arigged Hilbert bundle S['ﬁ}, over LM , the smooth spinor bundle on loop spacelts pullback along
the map +5 : PsMP " LM is a rigged von Neumann pf A"9 -pr§ A"9 -bimodule bundle.
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¥ a fusion product: a bbrewise debned intertwiner oA} -A’Y -bimodules
rig . fig rig " rig
%+1,+2,+3 . SLM |+1) + ! SLM |+2) +3 S LM |+1) +3

for each ((1, (2, (3) & PsiM Bl Here, the bbres of the rigged bundle&\® and S/’ are completed
to actual von Neumann algebras and von Neumann bimodules, respgvely, and ! is Connes fu-
sion. Moreover, the intertwiners °/6+i‘-i”+2’+3 are smooth in a certain sense and satisfy an associativity
condition over Ps; M 1 [KW22, Prop. 5.3.3].

As noticed in [KW20a, ©5.4], above structure is already close to a 2-vector bundle. The onlgaveat
is that in [KW20a] we have not been able to lift Connes fusion (in the domain of the intewiners
%Eri?,*'z,*'a) to a rigged setting, and thus were not able to claim that these intetwiners yield a smooth
homomorphism between rigged Hilbert bundles.

Comparing this with our present version of the stringor bundle compises three issues: the brst
is to compare therigged with the continuous setting, the second issue is to compare thei'eological
with the manifold setting, and the third issue is that (in order to meet the conventions we pbxed
beforehand for 2-vector bundles) the ordering of factors in thefusion product is here opposite to the
one of KwW20a].

Concerning the brst issue, we describe in Appendi a general procedure how to completeigged
von Neumann algebra bundlesD to continuous von Neumann algebra bundlesD*%Proposition C.8),
and to complete rigged bimodule bundle<E into continuous bimodule bundles® (Lemma C.10). Con-
cerning the second issue, we recall that Frechet manifolds embeflly faithfully into di'eological
spaces, and we note that we have an inclusion: PssM " PM from the dileological space of paths
with sitting instants as in [ KW20a] to the Frechet manifold PM used here.

The rigged von Neumann algebra bundleA™ over P M was obtained in KW20a, ©5.1] by
pullback along the diagonal map & : PssM " LM from a rigged von Neumann algebra bundle
A9 whose debnition is recalled in ExampleC.5, i.e.,, A" = & %Al . In Example C.9 we
show that (Ar,_igM g | Spin(M) # | spinay A as von Neumann algebra bundles ovetM . We have
&*(L Spin(M)# | spin(4)A) = A, the von Neumann algebra bundle debned in3.2.1). Since &*i =& g,
this shows that we have a canonical isomorphism

(AT19)%B j#A (3.2.8)

of continuous von Neumann algebra bundles ovePs; M , establishing the claimed relation. We remark
that the elements on both sides can be represented by pairs(a) where * & Pgj Spin(M) and a & A,
and that the isomorphism of (3.2.8) is induced by the identity map on these pairs.

The smooth spinor bundle S['hg,, of [KW20a] and the continuous spinor bundle Sy debned
in (3.2.2 are related by an isomorphism

Se $ s*sy (3.2.9)

of Hilbert bundles over LM , described in ExampleC.3, wheres : LM " LM is induced by the
complex conjugation onS!. The elements on both sides can be represented by pairs ($) where
$ & I! Spin(M) and v & L2(A) and the isomorphism (3.2.9 is induced by the map ($,v) (" (s($) , V)
on these pairs, wheresdifts s to I! Spin(M ). It remains to compare the bimodule structure, for which
we brst have to address the third issue mentioned above. We let, : PsM P " P M2 be the swap
map, i.e., Sz(*1,*2) = (*2,*1). We note that + *s, = s*+, so that (3.2.9 becomes an isomorphism

+55[9 S sf+F Sy (3.2.10)
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of Hilbert bundles over Ps;M 2. By Lemma C.10the left hand side is a pf(A"9)*%r5(A"9 )*himodule
bundle. We note that under the algebra isomorphisms 8.2.8 the right hand side also becomes a
prif(A"9)%%ri (A" )*%himodule bundle, and we claim that the isomorphism @.2.10 is indeed an iso-
morphism of bimodule bundles. This is proved by observing that the fomulae (3.2.3) for left and right
actions are precisely those for the right and left actions debned inW20a, Lemma 5.2.1].

Finally, we claim that the fusion products coincide Pbre-wise, i.e., that

Wrsap 0, = % (3.2.11)

+1,+2,+3

forall ((1,(2,(3) & PsiM Bl This follows from the fact that both % and %"9 are characterized uniquely
by the same property, see TheorenB8.2.1and [KW20a, Thm. 5.3.1]. We remark that (3.2.11) shows,
in particular, that the pPbrewise debned intertwiners %f?’+2’+3 form a continuous morphism between
bimodule bundles.

3.3 The stringor bundle is an associated bundle
In this section, we prove the main result of this article:

Theorem 3.3.1. Let M be a spin manifold equipped with a fusive loop-spin structer! Spin(M ). Let
String (M) be the corresponding string structure constructed in Seabin 3.1. Then, there is a canonical
isomorphism

String (M) # suing (@ A 2 S(L! Spin(M))
of 2-Hilbert bundles overM , between the 2-Hilbert bundle associated witBtring (M) and the stringor
representation R : String (d) " U (A) and the Stolz-Teichner stringor bundle.

We start by spelling out the details of the associated 2-Hilbert bundle String (M) # sying (a) A
on the basis of Section2.3, but now using the explicit form of the string structure String (M) from
Section 3.1. This 2-Hilbert bundle consists of the locally split map ew : P Spin(M) " M, and the
trivial von Neumann algebra bundle A = Py Spin(M) # A with typical Pbre A. Over Py Spin(M ),
we have theA-A-bimodule bundle

M odr (P) = (P # L2(A))/ String (d)s,

where P is the principal String (d)s-bundle (3.1.3. Hence the elements oM odg (P) are represented
by pairs (p,# & P # L2(A), subject to the equivalence relation

(h,# $ (pé(*"/?e,x),#$R1(X)) (3.3.1)
for any p& P and (*%e, X) & String (d)s. The bimodule actions are given by
a"(p,#H$b=(p,a"#$+b) for p=((1,(2,%,%). (3.3.2)

Finally, the intertwiner over Py Spin(M)E! is the morphism M odg (1) debned in 2.3.17. The whole
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structure may be sketched as follows:
*

§ A M otk (P) M odk (1) %

String (M) # sprg () A= _ Py Spin(M ) 5— P Spin(M )2 g Py Spin(M )@

b

The isomorphism in Theorem3.3.1is constructed as a rePnement (see Debnitia.2.3) from the as-
sociated 2-Hilbert bundle String (M )# suing (g) A t0 the Stolz-Teichner stringor bundle (see Sectior8.2),
depicted as follows:

A) M odr (P
)>))))))f) 5))))))5
R M)a
gA +#S|_|v|
N
Py Spin(M,), # Py Spin(M )2l
***))))))) Mg
*** ))))))) \ )))))
, PxM g P,M [
*** ++++
*** ++++
M

The brst ingredient is the Ofoot pointO projection
- 1P Spin(M) " PcM, - (()(1) := r(( (1)),

wherer : Spin(M) " M is the bundle projection, going between the domains of the locally splimaps
of the two 2-Hilbert bundles. The map - is covered by the map

&:A"A (Ga) (" [(al, (3.3.3)

which yields an isomorphism&: A" -#A of von Neumann algebra bundles oveP; Spin(M ).
The second ingredient is the map

u:Modg (P)"S v, [(1,(2:8, % # (" [$,L2(+0)"H,

where+q, & Aut( A) is the automorphism obtained from the map+ in (1.3.4) and L?(+) is its canonical
implementation (1.1.8).

Lemma 3.3.2. The map u induces a well-debPned morphismu : M odg (P) " (-B)# +# S of
bimodule bundles ovePy Spin(M )2, intertwining along pri& and prfé&.

Proof. To show well-dePnedness, we need to show that is compatible with the equivalence rela-
tion (3.3.1), using the principal String (d)s-action on P givenin (3.1.6). Here, forp=((1,(2,%$,*) &P
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and (*%e, X) & String (d)s, we calculate

SR 2)

u pal*7e, X),#$#(X)
= lll([(l,(z*“*%ﬁ*, $4&(*%1) ax éi(*%ﬂ*),*%ﬂ;,#w(xn) (Action (3.1.6))
= 1$ i (%) ax & (* "), L2 (+om 10’ (# SH( X)) ) (DePnition of u)
= 1$,#° P(*)® L aX & (*PR*) L2 (+ogm 100" (# $H( X)) ) (Def. of Siwm , (3.2.2)
= 1$,J# Pi(*)PTax & (*?R*) JL2 (o 1007 (# $#(X))2 (Def. of #% (1.3.9)
= 1$,J# i(*)®ax ai(x%ex) L22(+%%1%)#J (# $#( X)) (J and L2(+¢) commute)
= 1$,JL2(+%)##(X)J(# $#(X))2 (Relation (1.3.7))
= "%, IL%(+o) " H(X)II (X ) I#t (Right action, (1.1.4)
=[$ ,L%(+o)"# (J and L?(+4) commute)
=ulp# (Debnition of u)

Now, u is the quotient map of the continuous map

P# L2(A)" L Spin(M)# L2(A), ((1,(2,%,%#) (" ($,L%(+%)"#), (3.3.4)

and hence is continuous. It is also bbre-preserving, as

P pre ((1,(28,%) = B4, (2**1) = (- (), - ((** ) = (- (), -((2) = pr g, (8, L2(+0)"#),

where pr, is the projection (3.1.4) of the principal bundle P, and prg , is the projection of the spinor
bundle on loop space. To verify the intertwining property, we calculae

u(((z*“(a)" ((1,(2,%,%#) $(( ,b))
=u (1!(2;$,*,a"#$+%(b)2 (Actions (3.3.2)
= 1$, L2(+o)*(a" # $ +ofb)) ) (Debnition of u)
= ', +opr(a) "L 2(+o)"# $b (L2(+y) intertwines along +g)
= [ (2, +oge1(a)] " [$, L2(+0)# $[( 1, b)) (Actions on S.y , (3.2.3)
= [(2*%%a]" [$, L2(+o) " $[( 1, ) (Debnition of A, (3.2.1)
= &((2**1 ) "u((1.(2,$,* #) $&(1,b), (Debnitions of u and &)
which is the desired identity. O

So far, we have shown thatu is an intertwiner of bimodule bundles, and thus provided the structure
of a rePnement between 2-Hilbert bundles, see DebnitioR.2.3 It remains to check the compatibility
with the intertwiners on triple Pbre products, see (2.2.1).

Proposition 3.3.3.  The following diagram over Py Spin(M )& is commutative:

M odr (K1)

prisM od (P) ! pri,M odr (P) 'prisM ode (P) (3.3.5)
proul priu \ "pfisu
(-B)*(priz +# Sim ! pri, +% Siw ) @) '(-Bly*pri; +# Siy
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P_r_oof_. We will check the commutativity of diagram (3.3.5 Pbrewise in the bPbre over a point
(O1,©,05) & Py Spin(M)E! (recall that the bbre product is taken along the end-point evaluaion
to M, so that the end points of the paths @ do not necessarily coincide but lie in the same bbre of

Spin(M)). Write (i := - (@) & PxM for their foot point curves. We make the following choices:
¥ Let (O @ @) & Ps Spin(M ) # spin w) Px, Spin(M ) # spin(m) Ps SPIn(M ) be other lifts of (;. That
is, —((0"/) = (i, and now the paths ¢/ P% have common start and end point in SpinM ), and

the common start point of the 0%|s X. Hence there exist paths*; & Pe Spin(d) such that
@=0* i=1,23

¥ Let moreover $12,$23 & L Spin(M) be lifts of @+ % and @&+ @ respectively, and set
$13 = O($ 23 . $12), which lifts @;é'i' @gﬁ

We obtain corresponding%isomorphisms/ ;i : Ay, " A, [Q“/:’a] (" a, and unitary intertwiners
Ui ©(Stm )y s " L2(A), [$i .4 (" #,
along/; and/ ;, respectively. On the other side, setting*; = *; *,$ 1 we consider the elements
S @ P8y @) P = (0,685 &)%)
of P over (%% @« 131 = (G, 0). By (2.3.5 these debne unitary intertwiners
oy IMOk(P)gy g " LAA), . oy A #.
These make the diagram

(pjj

M odk (P)s) 4 'L2(A),
Usy L%( ;) (3.3.6)
(Stm )+) + v IL2(A)

commute as follows from the calculation

1. . 2
(ui > u)(py ,#) :(Uij(l* U)( G0, 8 éj(*i);;ly*ij # )
uj  $j éi(*i)$l,L2(+0/q N3
< 2040 V| 2 #,2)
Uj , $ij  L(+op) L (+oq )7H#

< 204 V#

uj  $5,L (+%) #
L?(+o ) *#

L2(+°/9 )#- pij ([pij '#.I)
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Now we consider the diagram

M odr (M)
M odk (P)s,) 5, ! M ock (P)p,) 5, —'M 0otk (Py,) 5, - Ps,)5,) 'M ock (P)s,) »,
(pzsl’(’plé"',,’,_ (P23$P12--_'-_ ._.-'.(.913
L2(A), oy | LE(A). 5, =LA, o
Ugip iy Uty 1y L2( s3)! L2(, s5) L2(, s3) Uty gy

L2(A) ! L2(A) — L)
/72/3/'/91#//”/// %%Oo
n ///// .

(Stm )ea) +5 1 (Stm ey 42 HStm o) 4

! 96y %, %

The four-sided diagram at the bottom commutes by debnition. The entral square is a special case
of the commutative diagram (1.2.3. The four-sided diagrams on the right and on the left are copies
of (3.3.6); for commutativity of the left one, we also use functoriality of Connes fusion. The top
left diagram is a copy of the diagram @.3.11), which is commutative by monoidality of M odz. The
triangle on the top right is a copy of the commutative diagram (2.3.9. Hence the whole diagram is
commutative; this shows the claim. O

A 2-group bundles and non-abelian bundle gerbes

If G is a topological group, we denote byG-Bdl the stack of principal G-bundles over the site Top

of topological spaces. The Grothendieck topology ofmop is the one generated by locally split maps,
i.e., by maps) : Y " X such that eachx & X has an open neighborhoodJ ' X with a section

U " Y. This Grothendieck topology coincides with the one generated by opn covers. We recall that
a continuous group homomorphismf : G" H induces a morphism

fu:G-Bdl" H-Bdl (A.1)

of stacks, calledbundle extension In short, f4(P) := (P # H)/G, where G acts onP # H by
(p.h) ag := (pg, f(g)* *h).

Next we upgrade from principal bundles for ordinary groups to principal bundles for 2-groups.
We emphasize that these areot categoribed principal bundles, instead, they are ordinary bundlegor
categoribed groups.

Debnition A.1. Let G be a topological strict 2-group, and letG; := ker(s) ' G be the subgroup that
belongs to the crossed module os. A principal G-bundle over a topological spaceX is a principal
Gs-bundle P over X together with a G;-anti-equivariant continuous map , : P " G ¢ called anchor. A
morphism between principal G-bundles is a principal bundle morphism that preserves the anchors

The anti-equivariance of the anchor means that

, (ph) = t(h)**, (p) (A.2)

holds for all p & P and h & G;. The main point of principal G-bundles is that their category G-BdI(X)
is monoidal, in contrast to the category G-BdI(X ) of ordinary principal Gs-bundles. We recall this
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now. If P; and P, are principal G-bundles overX with anchors, ; and, ,, respectively, then the bPbre
product Py # x P, carries a left G-action debPned by

h&(pr, p2) = (prah®t, py 8% 1(p1)* 1, h))), (A.3)

where %is the action of g & &G on G in the crossed module ofG, i.e., it is conjugation by i(g). We
debneP;. P as the quotient by this action and denote the equivalence classes lpi. pz. The quotient
P1. P2 comes equipped with the rightGs-action (p1. p2) & := p:h. p2, the obvious projection map
P1. P2" X, and the anchor

v1e ,2:P1. P2 (", 2(p1)s 2(p2). (A.4)

That this construction result in a principal G-bundle is shown in NW13a, ©2.4].

It is clear that one can pull back principal G-bundles along continuous maps, and that the tensor
product is compatible with such pullbacks. It is then straightforwar d to show that principal G-bundles
form a monoidal stack G-Bdl over the site Top (w.r.t. to open covers).

SupposeF : G " H is a continuous homomorphism of topological strict 2-groups. Lef : G "H ¢
be the restriction, which is a continuous group homomorphism. Usingundle extension A.1) a princi-
pal G-bundle P with anchor , becomes a principaH -bundle f 4(P) with anchor [p, h] (* t(h)®1F (, (p)).
This debPnes a morphism of stacks

Fs: GBdlI"H -Bdl. (A.5)

Lemma A.2. The bundle extensionF; : G-Bdl "H -Bdl is a monoidal functor.

Proof. We provide a bundle morphism/ p, p, : F#(P1) . F#(P2) " F«(P1. P2). Let us brst describe
both sides. An element inF4(P1). Fx(P,) is represented by an element (1, h1), (p2, h2)). An element
in Fx(P1 . P2) is represented by a pair 01, p2), h). We debne/ p, p, by

! py.p, ((P1, 1), (P2, h2)) := (( P1, P2), AAF (, 1(P1)), h2)hy).

It is straightforward to show that this preserves anchors and the Hg-action, and a bit tedious but
still straightforward to prove that / p, p, is well-debPned under the two layers of equivalence relations
present onFx(P1) . Fx(P2). =

The monoidal structure of 2-group bundles is the key ingredient fo the debnition of non-abelian
gerbes. The following depnition is [NW13a, ©5].

Debnition A.3. Let X be a topological space, and leG be a topological strict 2-group. A G-bundle
gerbe Q over X consists of the following structure:

1. atopological spaceY together with a locally splitmap ) : Y " X.

2. a principal G-bundle P over the double Pbre productY 2| in the sense of DebnitionA.1.

3. abundle morphismpu : pri; P . pri,P " pri; P over YBI, called the bundle gerbe produciof G.
It is required that the usual associativity condition for bundle gerbe products overY ™ is satisped.

Lemma A.2 implies the following.

Corollary A.4. SupposeF : G " H is a continuous homomorphism between topological strict 2-
groups, andQ = (Y,),P,un) is a Gbundle gerbe overX. Then, F4(Q) := (Y,),F«(P),Fx(p)) is a
H-bundle gerbe oveiX .
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Remark A.5. One may adapt Nikolaus-SchweigertOs plus constructiolN$11] to topological spaces.
This exhibits above debnition of a bundle gerbe as the objects of a kategory

Gba(X) = B(GBd)* (X),

whereBC denotes B wherCis a monoidal category P the corresponding bicategory with a singlebgect.

B Four equivalent versions of string structures

In the dilerential-geometric setting of the present article, there are four equivalent versions of the
notion of a string structure on a spin manifold M :

(1) A trivialization of the Chern-Simons 2-gerbe overM , see YWall13].

(2) A thin fusive loop-spin structure, see Wall6].

(3) A lift of the spin frame bundle Spin(M) of M to a principal String (d)-2-bundle.

(4) A lift of the spin frame bundle Spin(M) of M to a String (d)-bundle gerbe, see$te06 Jurll].
Versions (3) and (4) involve models of the string 2-group.

The equivalence between versions (1) and (4) has been establish@d [NW13b, Theorem 7.9].
The equivalence between (1) and (2) has been established iWgl15, Theorem A]. The equivalence
between (3) and (4) comes from the general equivalence betwegnincipal 2-bundles and bundle gerbes
[NW13a, Section 7.1]. In this section we work out explicitly the passage from &rsion (2) to version
(4), which is induced by the above mentioned equivalences. We needhis explicit description because
the stringor bundle of Stolz-Teichner (see Sectior8.2) is debned using version (2) while the associatec
2-Hilbert bundle (see Section3.1) is debPned using version (4).

We suppose that we have a string structure in version (2), i.e., a fuse loop-spin structure on
the spin manifold M, as debned in\Wall6, Debnition 3.6] and recalled above in Debnitior8.1.1. The
passage to version (4) most naturally factors through version (B so we shall brst recall that setting.

Let String (d) be the smooth string 2-group of Section1.3. A principal String (d)-2-bundle over
M consists of a (Frechet) Lie groupoidP, a smooth functor) : P " My that is a submersion on
the level of objects, and a smooth right actionR : P # String (d) " P that preserves) , such that the
smooth functor
(prp,R): P#String (d) "P# m P

is a weak equivalence, seeNW13a, Def. 6.1.1]. Here, by smooth right action we mean a smooth
functor that strictly satispes the axioms of a right action, and by weak equivalence we mean a smoott
functor that is invertible by a smooth anafunctor, or bibundle. Now we are in position to explain
version (3) of a string structure on M .

Debnition B.1. A lift of the spin frame bundle Spin(M) of M to String (d) is a principal String (d)-
2-bundle P over M together with a smooth functor P " Spin(M )gis that respects the projections to
Mgis and is strictly equivariant along the projection String (d) * Spin(d)is -

Next we explain how to construct a lift of Spin(M ) to String (d) from a fusive loop-spin structure.

This construction is new and in fact simple and straightforward. We gart with the total space, the Lie
groupoid P. We need to choose a base point & M and a lift & & Spin(M ). We assume throughout
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that M is connected; otherwise, our procedure can be applied to each aoected component separately.

¥ The Frechet manifold of objects ofP is Py := Py Spin(M), the paths in Spin(M) that start at &
and are Rat at the endpoints.

¥ The Frechet manifold of morphisms ofP is
Py = Py Spin(M)@ # | spinmy L Spin(M).

Here, the bbre productPy Spin(M ) is the bbre product over SpinM ), and so contains pairs of
paths in Spin(M ) with starting point & and the same end point, and the map toL Spin(M) is the
map + debned in (.3.1). In total, P; consists of elements((1, (2, $), where (1, (2 & Py Spin(M ),
(1:0)= (20)and $is alift of (1+ (2 &L Spin(M) to L Spin(M).

¥ Source and target maps ares((1,(2,%$) := (2 and t((1,(2,%) == (1.

¥ Composition is the fusion product 0, see Debnition3.1.1 More precisely,

((3:(2,%23) * ((2,(1:%12) = ((3: (2,03 12. $23)).

¥ |dentity morphisms are induced from the fusion product O: id. is the unique element such that
0444+ (ds . ids) =id 4+; see Wall?, Prop. 3.1.1].
The bundle projection is given byPg " M :( (" 21((())) wherel : Spin(M) " M is the bundle
projection. This is a surjective submersion and extends to a smodt functor P " Mys. Next, we
debne the principal actionR : P # String (d) " P . On the level of objects, we put

Ro((,* ) = (*.

This uses pointwise the action of Spin¢) on Spin(M ), keeping in mind the fact that the objects of P
are paths in Spin(M ) starting at &, while the objects of String (d) are paths in Spin(d), starting at the
neutral element. On the level of morphisms, we put

Ri(((1,(2,%),(*1,%2, X)) == ((1%1,(2%2,$X), (B.1)

using the principal action of L' Spin(d) on L Spin(M). This clearly preserves source and target, and
it respects the composition precisely due to 8.1.2). Thus, we have debPned a smooth functor, which
obviously preserves the bundle projection and is a strict right actia. It remains to check the following.

Lemma B.2. The functor R := (pr,,R): P#String (d) "P # y P is a weak equivalence.

Proof. A well-known criterion to check for a weak equivalence is to check thathe functor is smoothly
essentially surjectiveand smoothly fully faithful. The Pbrst means that the map

(S# S) * pry (Po#String (d)o) Fi'o#t* t (Pl#M Pl) "P o#m Po

must be a surjective submersion. We shall see that it is surjective irthe prst place, which means
precisely that R is essentially surjective in the classical sense. Given({,(2) & Po #m Po, i.e.,

1((10) = 2((20)), we let g & Spin(d) be the unique element such that(1() )g = (2()). Since
Spin(d) is connected, there exists* & P Spin(d) with *()) = g. Thus, (1* and (> have the same
initial point and the same end point, and hence yield a loop(1* + (2 & L Spin(M ). This loop admits

alift $ &L Spin(M), i.e., a morphism in P from (, to (1*. We see that

(((lr*)!(id+11$)) & (PO#Stnng (d)O) R#t* t (Pl#M Pl)
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is a well-debPned preimage of((1, ( 2). It is clear that the choices of * and $ can be attained in a locally
smooth way, which then shows thatR is evensmoothly essentially surjective.

That R is smoothly fully faithful means that the diagram

Pl#String (d)]_ Fa 'P]_#M Pl

(s* st* t) (s* s,t* t)

(Po # String (d)o) # (Po # String (d)o) W!(Po #wm Po)# (Po#wm Po)

is a pullback diagram. In order to prove this, let us assume that we hae a cone, i.e., a Frechet manifold
N with smooth maps f, g such that the diagram

N 'Pi#n Py

g (s* s,t* t)
L}

(PQ # String (d)o) # (Po # String (d)o) ﬁl(Po # M Po) # (Po # M Po)
o* Ro

is commutative. We write g = ((2,*2,(1,*1) and f = ($ 1,%$2). Commutativity then means that
for all x & N, $1(x) is a morphism from (2(x) to (1(x) and $2(x) is a morphism from ((2*2)(x)
to ((1*1)(x). In other words, $1(x) projects to (1(x) + (2(x) & L Spin(M), and $,(x) projects
to ((1*1)(X) + ((2*2)(X) & L Spin(M). Since both loops inL Spin(M) project to the same loop in
LM, and L Spin(M) is a principal I* Spin(d)-bundle over LM , there exists a unique smooth map
X N " L Spin(d) such that X (x) projects to *1(x) + *»2(x) & L Spin(d) and $2(x) = $ 1(x)X (x).
This gives a smooth map

N"P ;#String (d)1 : x (" ($1(x), X (X)).

It is easy to see that it is the unique map rendering the required diagams commutative. O

Now we have constructed a principal String (d)-2-bundle P over M. In order to have a string
structure as in Debnition B.1, we have to show that it lifts Spin(M ). For this purpose, we consider
the functor

P:P" Spin(M)dis

given by ( (" (()) on the level of objects. Since morphisms inP between (; and (, exist only if
(10) = (20), this extends to a functor to Spin(M )qis. The projection to the base M is clearly
preserved. We recall that the projection String (d) " Spin(d)gis is given by * (* *() ) on the level of
objects. Thus, we see thatP is strictly equivariant under this projection. Summarizing, we have the
following result.

Proposition B.3.  Given a fusive loop-spin structure onLM , the Frechet Lie groupoid P together
with the action R is a principal String (d)-2-bundle overM , and it lifts the structure group of Spin(M )
from Spin(d) to String (d).

Next we pass from version (3) to version (4), using the functor costructed in Section 7.1 of
[NW13a]. We obtain from P the following String (d)-bundle gerbe String (M) (in the sense of Debni-
tion A.3):

¥ Its surjective submersion isY := Pg = Py Spin(M) " M, ( (" 1(((2)).
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¥ Over the double bbre productY #y, Y it has the following String (d)-principal bundle (in the sense
of DePnition A.1):

b Its total space is
P = Py # Pe Spin(d), (B.2)
and so the elements are quadruples (,(2,$,*), where (1,(2 & PgSpin(M) with
(10)= (20), $isaliftof (1+ (2&L Spin(M) to L' Spin(M) and * & P Spin(d).
b The bundle projection is

((1.(28,%) (" ((1.(2*%Y). (B.3)
P The anchor map, : P "'S tring (d)o is
((1.(2%,%) (" ™ (B.4)
b the principal String (d)s-action is
((1,(2,$,%) &(*%e, X) 1= ( (1, (28 1+ %8x ¢ 4i(xB 1) AX & (> %8r), *%8x), (B.5)

This requires some explanation, becauseNW13a] does not use principal G-bundles as in
Debnition A.1 but an equivalent formulation whose total space does not carry araction of
the group G; but rather an action of the groupoid G, see NW13a, Def. 2.2.1]. This G-action
is given by NW13a, Eq. 7.1.1], namely,

(1, (2,8,%)* (*,* PX) = ( (1, (2** 1% 7S Eidgger &, * 4. (B.6)

The equivalence between the two notions of principalG-bundles is described in [NW13a,
Lemma 2.2.9]. Under this equivalence, &-action is transformed into a Gs-action via the
formula

pah:= p* (h,t(h)**, (p)).
Here,h & G and (h,t(h®?), (p)) & G#. G $ G,. Under the latter canonical di'leomorphism,
see, e.g. W, a3],
(h,t(h)**, (p) (" hi(t(h)**, (p) & Gi.

In the present situation, we get forp=((1,(2,$,*) and h = (*%1,X)
(%1, X), t(* P2, 1, X $1)*) (" (*%1,X) &idogs 105 = (*,* % X &idlogs 10¢).

Letting this act according to (B.6), we get the claimed expression B.5).
¥ On the triple Pbre product Y # Y #y Y, it has the following bundle morphism

Hstring (M) - prgs P. prfz P pr’f3 P. (B.7)
As recalled in Appendix A, elements in the tensor product p4; P . prf, P are represented by pairs
((32(3.%23,%23) . ((1.(2.%12,%12) &P # P (B.8)

such that (%= (2*3,!; such a pair projects then to (1, (2*3!, (3*3,!) & Y. The anchor map
sends above element td*,3*12, and the principal Gs-action is the one on the brst factor. The
bundle gerbe product B.7) is then given by (see NW13b, Eq. (7.1.6)])

Hsung (M) (((3° (3,823, %23), ((1, (2, $12,%12)) = ( (1, (3*12,0($ 23 &idog, . $12),%25%12). (B.9)
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In the remainder of this section we will prove that the procedure introduced above to get from
Version (2) to Version (4) establishes the equivalence. We considehe following diagram

Version (1) ——!Version (2)

L H (B.10)

Version (4) #T Version (3)

The map T takes a trivialization of the Chern-Simons 2-gerbe and transgress it to a trivialization of
the spin lifting gerbe on LM , which in turn can be translated into a loop-spin structure [Wal16, Wal15].
The map L regards the Chern-Simons 2-gerbe as the lifting 2-gerbe for liftinghe structure group of
Spin(M) to String (d) [NW13b], and regards aG-bundle gerbe as a solution to this lifting problem.
The mapsT and L are bijections (on a level of equivalence classes). The map is the one constructed
above, and the mapA'is the canonical equivalence between principaG-bundles and G-bundle gerbes.

Proposition B.4. Diagram (B.10) is commutative.

Proof. We showthat T®1 = L*A*H. To this end, we consider a fusive loop-spin structurd! Spin(M )
and show that the two trivializations of the Chern-Simons gerbe obtined by T*! and L * A* H are
equivalent. We will use the fact that two trivializations of the Chern- Simons 2-gerbe are equivalent
if and only if the corresponding string classes coincide, i.e., the 3-class of the bundle gerbes over
Spin(M ), see Wall5, Thm. 5.3.1].

Under the map T®1, the string class is represented by the regression of the fusive ipcipal U(1)-
bundle that underlies the given fusive loop-spin structure, seeWall6, Cor. 4.4.8]; namely, the bundle
L Spin(M) " L Spin(M) and its fusion product 0. Thus, the regression (w.r.t. the already bxed point
¥) is the following bundle gerbe over SpinM ):

¥ the surjective submersion is the end point evaluationY = Py Spin(M) " Spin(M ).
¥ the principal U(1)-bundle over Y2 is +*I! Spin(M).
¥ the bundle gerbe product isO.

By construction, this bundle gerbe represents the string class.

Now we look at the mapL * A'* H. According to the description of the map L in [NW13b] we
have to consider the String (d)-bundle gerbe String (M) = A(P) associated the principal String (d)-
2-bundle P, take its pullback along 1 : Spin(M) " M, and then identify 1 #String (M) with a
String (d)-bundle gerbe of the formix(String (M )), where Q is a U(1)-bundle gerbe over Spini1) and
i :BU(1) " S tring (d) is the central inclusion. Then, Q represents the string class. The commutative
diagram

Py Spin(M ) —— Py Spin(M)

" e

Spin(M) ———'M

shows that 1 #Q has the surjective submersiorP; Spin(M) " Spin(M ). On double bbre product (over
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Spin(M)), we have a commutative diagram

Py 'p

Py Spin(M) # Spin( M ) Ps Spin(M) —!Pg) Spin(M) #u Py Spin(M)

where the left vertical map is ((1,(2,%) (" ((1,(2), the right vertical map is the bundle projec-
tion (3.1.49 and the map &is ((1,(2,%) (" ((1,(2,%,€), with ethe constant path at e & Spin(d). The
map left vertical map is a principal U(1)-bundle, and & is equivariant alongBU(1) " S tring (d), as

&(((1,(2,%) a2) = &((1,(2,%2)
=((1,(2,%2z,c)
=((1, (2%, Ce) * (Ce, Ce, 2)
= &((1,(2,9) * (Ce, Ce 2),

with the principal action debned in (B.6). This shows that & is an isomorphism
ix(P1) 2 Plya .

Finally, restricting the bundle gerbe product (B.9) along &, we recover0. Summarizing, the U(1)-
bundle gerbeQ we are looking for is precisely the one we got undef ® 1. O

C From rigged bundles to continuous bundles

In this section we recall the notions of rigged Hilbert spaces and riggd von Neumann algebras, and
the corresponding notions of locally trivial bundles, as set up in KW20b, KW20a]. Then, we explain
how to pass from thisrigged setting to the continuous setting considered in Section2.

A rigged Hilbert spaceis a Frechet spacd equipped with a continuous (sesquilinear) inner product;
we denote by B its Hilbert completion. A rigged C-algebrais a Frechet algebraD, equipped with
a continuous norm and a continuous complex anti-linear involutive ant-automorphism, such that its
norm completion 9 is a C*-algebra. A rigged D-module is a rigged Hilbert spaceE together with a
representation ofD on E whose action mapD # E " E is smooth, and the following conditions hold
forall a& D, and all v,w & E

Ja"#/ # lall #/, and 0a"#,21= O#,d&"21 (C.1)

The conditions in (C.1) guarantee that the action induces a%homomorphism® " B (B), i.e., a
representation of the C*-algebra® on the Hilbert space P, see KW20b, Rem. 2.2.11].

Debnition C.1. A rigged von Neumann algebras a pair (D, E) consjsting of_a rigged C-algebraD
and a riggedD-module E, with the property that the representation © " B () is faithful.

From a rigged von Neumann algebra D,E) we obtain an ordinary von Neumann algebra

D"/f.% B (Iﬁ{), see KW20a, Remark 2.1.7]. In particular, we consider later the topological grop
[ (B)'B () debned in (.1.2.
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Example C.2. Let A be the hyperbnite type Ill; factor. In [KW20a, ©3.2] we constructed a Frechet
subalgebraA™ ' A and a Frechet subspacd.?(A)" ' L2(A) such that L?(A)"9 is a rigged A"9 -
module, and (A"9,L2(A)"9) is a rigged von Neumann algebra, with completions

Bis = A | L¥A)i9 = L2(A) (C.2)

We remark that the group homomorphism + : P Spin(d) " Aut( A) from (1.3.4 extends to a group
homomorphism +%: L Spin(d) " Aut( A) along the doubling map & : P Spin(d) " L Spin(d), dePned
by
+0*)a = tau a)(#(#))(a),

where *-is any lift of * to the central extension and # is the group homomorphism from (.3.5. The
action + of P Spin(d) as well as the extension+“of L Spin(d) on A restrict to smooth actions on A"9
while the action # of I! Spin(d) on N (A) from (1.3.5) restricts to a smooth action on L2(A)"9 [KW20a,
Prop. 3.2.2].

We continue with recalling the notion of rigged bundles on the basis of Section 2 of KW20b].
Let E be a rigged Hilbert space. Arigged Hilbert bundle over a Frechet manifold M with typical
bbre E is a Frechet vector bundle E over M with typical Pbre E, equipped with bPbrewise inner
products such that local trivializations can be chosen to be bbrewss isometric. A unitary morphism
of rigged Hilbert bundlesis an isomorphism of Frechet vector bundles. The bbrewise compien P of
E is a locally trivial continuous Hilbert bundle over M with typical bbre B [KW20b, Lem. 2.1.13].
Likewise, a unitary morphism of rigged Hilbert bundles extends uniquéy to a unitary Hilbert bundle
isomorphism.

Example C.3. Let M be a spin manifold, and let Spin(M ) be its spin structure, a Spin(d)-principal
bundle over M . Let further L' Spin(M) be a spin structure onLM , i.e., a lift of the structure group
of L Spin(M ) along the basic central extension ofL Spin(d), see Sectionl.3. Then, continuing Exam-
ple C.2, the associated vector bundle
Sy = LspinM) #, spin(y L (A)™

is a rigged Hilbert bundle overLM with typical Pbre L2(A)"9, the smooth spinor bundle on loop space
see KW20a, Lemma 2.2.2 & Def. 4.1.4]. Due to C.2), the Pbrewise completion ofS[y, becomes the
Hilbert bundle

S = |l Spin(M) # L2(A).

I Spin( d)
In order to compare this with the continuous spinor bundle Sy, from (3.2.2) we have to consider the
di'erence between the representations # (used forSE,f’,| ) and #”%(used for S_y ). Let s: LM " LM
be the map induced by complex conjugation { (* 2) , t) on S'. We claim that s lifts to an in-
volution 5 of L' Spin(M) in such a way that ($ aX) = 5($) 43(X), where 3 is a similar lift of
complex conjugation to ! Spin(d). The lifts 5 and 3 can be induced from the fusion products0
and |, respectively, see SectiorB.1. The representation # is compatible with the lift 3 in the sense
that # %X) = J#(X)J = #(:3(X)); see KW22, Prop. 4.9 & 4.11]. Using this, one can check that
[$,# (" [s($),4#] establishes an isomorphism

e .
Sy = S"Sum

of continuous Hilbert bundles overLM .
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Similarly, we debne rigged ¢-algebra bundles. IfD is a rigged C'-algebra, then arigged C'-
algebra bundleover M with typical Pbre D is a Frechet vector bundleD where each bbre is equipped
with a norm and the structure of a %algebra, such that local trivializations can be chosen to be
bbrewise isometric%isomorphisms. A morphism of rigged G-algebra bundlesover M is a morphism
of Frechet vector bundles that is Pbrewise a morphism d¥algebras and locally bounded with respect
to the norms. The Pbrewise norm completion gives a locally trivial coninuous bundle of C*-algebras
with typical bbre ®, and strongly continuous transition functions [KW20b, Lem. 2.2.6]. Likewise,
any morphism of rigged C'-algebra bundles extends uniquely to a morphism of continuous burlds of
C*-algebras.

Let D be a rigged C-algebra andE be a riggedD-module, and let D be a rigged C-algebra
bundle over M with typical Pbre D. A rigged D-module bundle with typical bPbreE is a rigged Hilbert
bundle E with typical Pbre E, together with, for each x & X, the structure of a rigged Dy-module on
E, such that around every point in M there exist local trivializations , of D and u of E that Pbrewise
intertwine the actions, i.e., we haveuy(a"#) = , x(a) "ux(#) for all x & M over which, and u are
debned, and alla & Dx and v & E. A pair (,,u) of local trivializations with this property is called
local module trivialization. A unitary intertwiner between a riggedD;-module bundle E; and a rigged
D»-module bundle E, is a pair (&, U) consisting of a morphismé& : D; " D » of rigged C*-algebra
bundles and a unitary morphismU of rigged Hilbert bundles, such that &, is an intertwiner along Uy
for eachx & M [KW20a, Def. 2.2.6].

Debpnition C.4. [KW20a, Debnition 2.9.9] Let (D,E) be a rigged von Neumann algebra. Arigged
von Neumann algebra bundleover M with typical bbre (D, E) is a pair (D, E), where D is a rigged
C#-algebra bundle overM and E is a rigged D-module bundle with typical bbre E.

There is also a corresponding notion of morphisms between rigged mdNeumann algebra bundles,
called spatial morphisms, which is just a unitary intertwiner between the rigged module bundles.

Example C.5. We consider the smooth action+%: L Spin(d) # A9 " A"9 recalled in Example C.2.
Within the theory of rigged bundles, we form the associated rigged ¢-algebra bundle

D := L Spin(M ) #_ spin(ay A" (C.3)

over LM with typical Pbre A" [KW20a, ©5.1]. Next we consider the smooth action # ofit Spin(d) on
L2(A)"9 recalled in Example C.2 and form the associated rigged Hilbert bundle

E:= L Spin(M) # L2(A)"9 . (C.4)

! Spin (d)

It is shown in [KW20a, Prop. 5.1.2] that E is a rigged module bundle overD, and that the pair
AEEA = (D, E) is a rigged von Neumann algebra bundle ovetM .

Let (D, E) be a rigged von Neumann algebra bundle with typical bbre D,E) over M. In each
bbre overx & M, we obtain a rigged von Neumann algebra Dy, E), which can thus be completed to
a honest von Neumann algebra

DB (&) (C.5)

The collection D%%= (DY¥2 x of von Neumann algebras can be combined to a continuous bundle
of von Neumann algebras, as follows. Consider an open subsét' M supporting compatible local
trivializations , of D|o and U of E|p (see KW20a, Lemma 2.1.10]).
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Lemma C.6. Suppose(, 1,U;) and (, 2,Uy) are compatible local trivializations of D. Then, the cor-
responding local trivializations , 7nd , %%f D%obtained by extending, ; and , » with respect to the
ultraweak topology, are compatible in the sense that

(300 0, Au(D
is continuous with respect to the u-topology, wher®; is the domain of debnition of(, i, U;).

Proof. Denote by O1,0, ' X the open subsets on which the trivializations ofD are debned. As
local trivializations of rigged Hilbert bundles extend uniquely to continuous trivializations of ordinary
Hilbert bundles, the map
Q= 0% (B)":0:- 0" U(E)
is continuous. we have for allx & O; - O, that
O(a" GfH =(, 1% ( 3 )(a#,  a&D* #&B.

Hence we can factorize

% FPE00- 00 UE) Y Aut(D Y
where UIB) ' U(P) is the subgroup of unitaries that preserveD %% B () upon conjugation and
the second map sends a unitary to the automorphism it induces by agugation. The Prst map is

continuous as seen above, the second map is continuous bdyud23, Remark B.11]. Hence, 7% (, 3§81
is continuous. O

Debnition C.7. Let (D, E) be a rigged von Neumann algebra bundle with typical bPbre D, E) over
a Frechet manifold M , where B is a standard form of D*%The associated continuous von Neumann
algebra bundleis the collection D%% ( D% x together with the local trivializations , *#*hduced from
all local module trivializations (,,U ) of D.

The following result assures that associated continuous von Neunma algebra bundles are com-
patible with morphisms of rigged von Neumann algebra bundles.

Proposition C.8. Debnition C.7 establishes a functor between the category of rigged von Neann
algebra bundles with spatial morphisms to the category of mnuous von Neumann algebra bundles.

Proof. A spatial morphism (,,U ) : (D1,E)" (D2, E) between rigged von Neumann algebra bundles
extends Pbrewise (via conjugation byUy or, equivalently, ultraweak continuity of , ) to normal %
homomorphisms,  : (D% " (D3¥2, and these send local trivializations to local trivializations. It is
clear that all constructions are compatible with pullbacks. O

Example C.9. Applying DePnition C.7 to the rigged von Neumann algebra bundIeArLiﬁ’,I :=(D,E) of
Example C.5, we obtain a continuous von Neumann algebra bundle A[%, )*"bver LM with typical
Pbre A. In fact, we have _

(AR )72 L Spin(M) # | spin(ay A,

where the associated bundle is formed using the continuous represtation +“of L Spin(d) on A.
Finally, we have to consider rigged bimodule bundles. LetD;,E) and (D2, E) be rigged von

Neumann algebra bundles over a Frechet manifoldM with typical Pbres (D1,E;) and (D2, E>»), re-
spectively, and let E be a riggedD1-D,-bimodule. A rigged D;-D,-bimodule bundleE with typical
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Pbre E is a rigged Hilbert bundle E over M that is both a rigged D;-module bundle and a rigged
D5P-module bundle such that the actions commute, and such that arond every pointin M there exist
local trivializations , ; of Dy, Uy of By, , 2 of D2, U, of E;, and V of E with (, 1,U1), (, 2,U2), (, 1,V)

and (, 2, V) all compatible at the same time. KW20a, Lemma 2.2.14] shows that that each bbreg

is a rigged O1)x-(D2)x-bimodule, and [KW20a, Lem. 2.1.16] shows then that the completion®, is a
(D1)2%D,)%imodule.

Lemma C.10. If (D1, E) and (D2, Ey) are rigged von Neumann algebra bundles, arflis a riggedD1 -
D,-bimodule bundle, then the(D1)2%#D,)%%imodule structure on the PbredS turn the Hilbert bundle
Binto a D7D ¥imodule bundle.

Proof. We consider an open seD ' M that supports local trivializations

,1:Di1lo" O# D: U :Elo" O#E;
,2:D2lo" O# Dy U Blo" O#Ez

and
V.Ep" O#E

The compatibility conditions imply that for each x & M we have
Vx(ar "#$az) = (, 1)x(a1) "Vx(#) $(, 2)x(a2),  a &Di, #&E. (C.6)

The further compatibility conditions imply, as discussed above, that(, j)x extend to local trivializations
(, 19 . (D% " D*%f von Neumann algebra bundles (obtained by conjugation with the ompletions
(9)x : (B)x " E;). Thus, (C.6) extends by continuity to the completions, and becomes

Vela"#$a) = (, Fi(a) " W) $( Fi(a), & & (D, #&E. (C.7)
This shows that ¥, is an intertwiner along , 3and , 5% a
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